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We firstly show how one can use the invariant criteria for a scalar linear (1+1) parabolic partial dif-
ferential equations to perform reduction under equivalence transformations to the first Lie canonical
form for a class of brain tumor models. Fundamental solution for the underlying class of models via
these transformations is thereby found by making use of the well-known fundamental solution of the
classical heat equation. The closed-form solution of the Cauchy initial value problem of the model
equations is then obtained as well. We also demonstrate the utility of the invariant method for the
extended form of the class of brain tumor models and find in a simple and elegant way the possible
forms of the arbitrary functions appearing in the extended class of partial differential equations. We
also derive the equivalence transformations which completely classify the underlying extended class
of partial differential equations into the Lie canonical forms. Examples are provided as illustration of
the results.
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1. Introduction

The applications of Lie symmetries and operator ap-
proaches to differential equations have attracted con-
siderable attention ever since the initial seminal works
of Lie on this subject. As a result, over the years a large
number of contributions have been reported by many
authors in the literature.

Lie in [1] studied properties of the one-parameter
groups of transformations of the linear (1 + 1)
parabolic partial differential equation (PDE) of one
space and one time variable,

ut = a(t,x)uxx +b(t,x)ux + c(t,x)u, (1)

where a, b, and c are smooth functions of t and x.
Moreover, he gave the complete group classification of

the parabolic PDE (1). He provided all the canonical
forms of the PDE (1) for which (1) admits nontrivial
point symmetry algebras of dimensions 1, 2, 4, and 6
(apart from the infinite dimensional algebra of trivial
Lie point symmetries of the superposition operators).

Ovsiannikov in his work [2] further studied the
parabolic PDE (1) by using the reduction to the fourth
Lie canonical form which is the special case of (1) with
a = 1 and b = 0. Bluman in [3] investigated the symme-
try properties of the parabolic PDE (1) and developed
a mapping algorithm. Equation (1) was first reduced to
the fourth Lie canonical form for this purpose.

In Johnpillai and Mahomed [4], the practical crite-
rion in terms of the coefficients of the equation, for
equivalence of the parabolic PDE (1) under point trans-
formations for the autonomous case to the classical
heat equation, was given. A brief account of the re-
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ducibility of the PDE (1) to the heat and second Lie
canonical form was reported in [5].

In a more recent work, Mahomed [6] obtained
a complete invariant characterization of the scalar lin-
ear (1 + 1) parabolic PDE (1). He derived refined in-
variant criteria for reductions to the four Lie canonical
forms thus giving practical conditions in terms of the
coefficients of the parabolic PDE (1), for reduction to
simpler forms. In [7], the invariant method is applied
to a bond pricing PDE taken from [8].

Here in this paper, we show how one can use these
invariant criteria for a class of brain tumor models to
find the equivalence transformations which reduce the
PDE to the first Lie canonical form, i.e. the classi-
cal heat PDE. We also construct the fundamental so-
lution for the model via these transformations by uti-
lizing the fundamental solution of the one-dimensional
heat equation. The solution of the Cauchy problem of
the model equation is also obtained using its funda-
mental solution. We also apply the invariant method
to the extended form of the class of brain tumor mod-
els which is a subclass of the PDEs of the form (1).
We demonstrate the utility of the invariant method to
find in simple and elegant manner the possible forms of
the arbitrary functions appearing in the extended class
of PDEs. We also derive the equivalence transforma-
tions which completely classify the underlying class of
PDEs so that it belongs to the Lie canonical forms.

The outline of the paper is as follows. In Section 2
we review the invariant criteria for the scalar linear
parabolic PDE (1) as given in [6]. In Section 3 we ap-
ply this invariant method to a brain tumor model taken
from [9, 10]. We present the equivalence transforma-
tions which reduce the underlying model to the linear
heat equation. Moreover, we also construct the funda-
mental solution of the model by means of these trans-
formation formulae. The closed-form solution of the
Cauchy problem of the underlying equation is then
constructed making use of its fundamental solution.
Section 4 deals with the application of the invariant
method to the extended form of the class of brain tumor
models which is a subclass of the PDEs of the form (1).
Concluding remarks are made in Section 5.

2. Preliminaries

It is well-known from the work of Lie [1] that
the equivalence transformations of the linear parabolic

equation (1) is an infinite group that consists of the lin-
ear change of the dependent variable given by

ū = σ(t,x)u , σ 6= 0 , (2)

as well as invertible transformations of the independent
variables

t̄ = φ(t) , x̄ = ψ(t,x) , φ̇ 6= 0 , ψx 6= 0 , (3)

where φ ,ψ , and σ are arbitrary functions and the over
dot indicates differentiation with respect to t.

Two linear parabolic PDEs of the form (1) are called
equivalent if one can be transformed to the other by the
equivalence transformations (2) and (3).

It is shown in Lie [1] that a scalar linear parabolic
PDE (1) has the undermentioned four canonical forms:

ut = uxx ,

ut = uxx +
A
x2 u , A 6= 0 ,

ut = uxx + c(x)u , c 6= 0 , A/x2,

ut = uxx + c(t,x)u , A 6= 0 . (4)

The heat equation which is the first Lie canonical form
has six nontrivial point symmetries in addition to the
infinite number of trivial superposition symmetries.
The second, third, and fourth Lie canonical forms in
(4) have nontrivial symmetries 4, 2, and 1, respectively.

Theorem 1 ([6]). The necessary and sufficient con-
ditions for the reduction of the scalar linear (1 + 1)
parabolic PDE (1) to

(a) the heat equation

ūt̄ = ūx̄x̄ (5)

via the transformations

t̄ = φ(t) ,

x̄ =±
∫

[φ̇ a−1]1/2dx+β (t) ,

ū = ν(t)|a|−1/4uexp

[∫
b

2a
dx

− 1
8

φ̈

φ̇

(∫
dx

|a|1/2

)2

− 1
2

∫
1

|a|1/2
∂t

(∫
dx

|a|1/2

)
dx

∓ 1
2

β̇

|φ̇ |1/2

∫
dx

|a|1/2

]
, (6)
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where φ̇ and a have the same sign, are that the coeffi-
cients of the PDE (1) with φ ,β , and ν of the transfor-
mations (6) defined by f (t),g(t), and h(t) given by

f (t) =
1

16
φ̈ 2

φ̇ 2
− 1

8

(
φ̈

φ̇

)
t
,

g(t) =±1
4

φ̈

φ̇

β̇

φ̇ 1/2
∓ 1

2

(
β̇

φ̇ 1/2

)
t

,

h(t) =
1
4

φ̈

φ̇
+

1
4

β̇ 2

φ̇
+

ν̇

ν
, (7)

satisfy the invariant condition

2Lx +2Mx−Nx = 0 , (8)

where

L = |a|1/2(|a|1/2Jx)x ,

M = |a|1/2[|a|1/2
∂t(b/2a)]x ,

N = |a|1/2
∂

2
t (1/|a|1/2) , (9)

and J is

J = c− bx

2
+

bax

2a
+

axx

4
− 3

16
a2

x

a
− at

2a
− b2

4a
, (10)

as well as the constraining relation

J +∂t

∫
b

2a
dx− 1

2

∫
1

|a|1/2
∂

2
t

(∫
dx

|a|1/2

)
dx

+ f (t)
(∫

dx

|a|1/2

)2

+g(t)
∫

dx

|a|1/2
+h(t) = 0 (11)

holds;
(b) the second Lie canonical equation

ūt̄ = ūx̄x̄ +
A
x̄2 , (12)

where A 6= 0 is a constant, via transformations (6) with
β = 0, are that the coefficients of the PDE (1) with φ

and ν in the transformations (6) defined by f (t) and
h(t) in (7), satisfy the invariant condition, provided
that condition (8) does not hold,

20Lx +20Mx−10Nx +10(|a|1/2Mx)x

∫
dx

|a|1/2

−5(|a|1/2Nx)x

∫
dx

|a|1/2
+10(|a|1/2Lx)x

∫
dx

|a|1/2

+[|a|1/2(|a|1/2Lx)x]x

(∫
dx

|a|1/2

)2

+[|a|1/2(|a|1/2Mx)x]x

(∫
dx

|a|1/2

)2

− 1
2
[|a|1/2(|a|1/2Lx)x]x

(∫
dx

|a|1/2

)2

= 0 , (13)

where L,M,N, and J are as given in (9) and (10), to-
gether with the constraining relation

A =
(∫

dx

|a|1/2

)2
[

J +∂t

∫
b

2a
dx

− 1
2

∫
1

|a|1/2
∂

2
t

(∫
dx

|a|1/2

)
dx+ f (t)

(∫
dx

|a|1/2

)2

+h(t)

]
(14)

being satisfied;
(c) the third Lie canonical equation

ūt̄ = ūx̄x̄ + c̄(x̄)ū , (15)

are that the coefficients of the PDE (1) satisfy the in-
variant criterion, provided that the conditions (8) and
(13) do not hold,

∂

∂ t

[
J +∂t

(∫
b

2a
dx

)
− 1

2

∫
1

|a|1/2
∂

2
t

(∫
dx

|a|1/2

)
dx

]
= 0; (16)

moreover, c̄ in (15) satisfy

ε c̄ =J +∂t

(∫
b
2a

dx

)
− 1

2

∫
1

|a|1/2
∂

2
t

(∫
dx

|a|1/2

)
dx . (17)

It must be noted that if a > 0, then ε = 1, otherwise
ε =−1;

(d) the fourth Lie canonical form

ūt̄ = ūx̄x̄ + c̄(t̄, x̄)ū , (18)

are that the coefficients of the parabolic PDE (1) sat-
isfy the condition, provided that the conditions (8),
(13), and (16) do not hold,

∂

∂ t

[
J +∂t

(∫
b

2a
dx

)
− 1

2

∫
1

|a|1/2
∂

2
t

(∫
dx

|a|1/2

)
dx

]
6= 0 . (19)
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3. Application of the Invariant Method to Brain
Tumor Model and Fundamental Solution

In this section, we consider the following linear
parabolic PDE which is a particular class of (1) given
by

ut = Ωuxx +
2Ω

x
ux +F(t,x)u , (20)

where Ω is an arbitrary constant and F(t,x) is an ar-
bitrary function of its variables. In the brain tumor
model, (20) takes the form

ut = Ωuxx +
2Ω

x
ux +[p− k(t)]u , (21)

where u(t,x) denotes the concentration of tumor cells
at location x at time t, the arbitrary constant Ω is
known as the diffusion coefficient which captures the
invasiveness of the cells of the tumor called glioblas-
toma multiforme, p is the proliferation rate of the tu-
mor, k(t) is an arbitrary function which is the (therapy-
dependent) killing rate at time t. Moreover, the tu-
mor spread is assumed to be spherically symmet-
ric in this class of models, and x measures the dis-
tance from the centre (i.e. the origin of glioblas-
toma multiforme), (see [9, 10] and the references
therein).

3.1. Equivalence Transformation Formulae and
Reduction to Lie Canonical Forms

Here we use the theorem of invariant approach dis-
cussed in Section 2 to find the equivalence transforma-
tions which reduce the model (21) to the Lie canonical
forms.

From (21), we deduce a(t,x) = Ω , b(t,x) = 2Ω/x
and c(t,x) = p− k(t). By using (10), we evaluate J as

J = p− k(t) . (22)

Firstly we look at the reduction of (21) to the first
canonical form, i.e. the linear heat equation (5). In-
voking (9), we obtain L = 0, M = 0, and N = 0 for
the PDE (21). Thus obviously the invariant condition
(8) is satisfied and we get reduction to the heat equa-
tion (5). The relation (11) gives f = 0, g = 0, and
h = k(t)− p.

There now arise two cases depending on the sign of
Ω .

Case 1 (Ω > 0).
In this case, using (6) and (7), we find the following

equivalence transformation formulae:

t̄ = t +a1 , x̄ = Ω
−1/2x+b1 ,

ū = b2Ω
−1/4x exp

[∫ t

0
k(r)dr− pt

]
u , (23)

where a1 and bi, i = 1,2, are constants, which reduces
(21) to the linear classical heat equation (5).

Case 2 (Ω < 0).
Here the equivalence transformation which reduces

(21) to the linear one-dimensional heat equation (5) is

t̄ =−t +a1 , x̄ = (−Ω)−1/2x+b1 ,

ū = b2(−Ω)−1/4x exp

[∫ t

0
k(r)dr− pt

]
u , (24)

here again a1 and bi, i = 1,2, are constants.
Since L = M = N = 0 for the PDE (21), the in-

variant conditions for reduction to the second, third,
and fourth Lie canonical forms are not satisfied, thus
we do not obtain equivalence transformations formu-
lae which enable reduction for these cases.

3.2. The Fundamental Solution

In this section, we construct the fundamental so-
lution of the Cauchy problem for the brain tumor
model [10]

ut −Ωuxx−
2Ω

x
ux +[k(t)− p]u = 0 ,

0 < x < x0 , 0 < t < t0 ,

u(t0,x) = δ (x− x0) . (25)

Here the function δ (x) is the Dirac delta measure.
Moreover, we use the approach as given in the
work [11].

Now we utilize the equivalence transformations (23)
and (24), which reduce the brain tumor model (21) to
the classical heat equation (5), in the construction of
the fundamental solutions of the underlying model.

The fundamental solution of the Cauchy problem
for the heat equation (5) is well-known [12], and we
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give it in bar coordinates as follows:

ū(t̄, x̄) =
1√
4π t̄

exp

(
− x̄2

4t̄

)
. (26)

Case 1 (Ω > 0).
For the above-mentioned case, we look for the fun-

damental solution for the Cauchy problem (25). The
solution (26) is transformed using the transformation
formulae (23) so that we derive the following solution
for (21):

u(t,x) =
Ω 1/4

2b2x
√

π(t +a1)

· exp

pt−
∫ t

0
k(r)dr−

(
x

Ω 1/2 +b1

)2

4(t +a1)

 . (27)

The solution in (27) is a fundamental solution when-
ever

lim
t→t0

u(t,x) = δ (x− x0) (28)

is satisfied. Evidently, the functional form of u(t,x) in
(27) suggests that it is not possible to obtain a solution
that satisfies the condition (28).

Case 2 (Ω < 0).
In this case, we construct the fundamental solution

for the Cauchy problem (25) using the equivalence
transformation (24). Thus by applying the transforma-
tion formulae (24) to the solution (26), we obtain the
solution

u(t,x) =
(−Ω)1/4

2b2x
√

π(a1− t)
(29)

· exp

pt−
∫ t

0
k(r)dr−

[
x

(−Ω)1/2 +b1

]2

4(a1− t)

 .

Thus the Cauchy problem (25) has the fundamental so-
lution (29) provided the limit (28) holds.

Let t0 := a1 and z(x)− z0 := x
(−Ω)1/2 +b1, where the

constant z0 is defined by z0 = z(x0). By using the well-
known limit

lim
p→0

1√
4pπ

exp

[
− (x− x0)2

4p

]
= δ (x− x0) , (30)

we obtain from (29) that

lim
t→t0

u(t,x) =
(−Ω)1/4

b2x

· exp

[
pt0−

∫ t0

0
k(r)dr

]
δ (z− z0) . (31)

To find the Dirac function in the new variable z = z(x),
we use the formula as given in [13], that is,

δ (x− x0) =
∣∣∣∣∂ z(x)

∂x

∣∣∣∣
x=x0

δ (z− z0) . (32)

Now using the condition (28), we deduce that

b2 = (−Ω)3/4x−1
0 exp

[
pt0−

∫ t0

0
k(r)dr

]
. (33)

Thus by substituting (33) for b2 into (29), we obtain the
following fundamental solution of the Cauchy problem
(25):

u(t,x) =
x0√

4(−Ω)π(t0− t)
x−1

· exp

[
− p(t0− t)+

∫ t0

t
k(r)dr

− (x− x0)2

4(−Ω)(t0− t)

]
. (34)

Remark 1. The concentration of tumor cells denoted
by u(t,x) given by the solutions (27), (29), and (34) of
(21) can be explained by taking into account the criti-
cal nature of the value of the expression p−k(t). In the
case when p− k(t) > 0, the number of cells increases
exponentially with time which is one of the character-
istics of glioblastoma multiforme and the cause for the
fatal outcome. The case in which p−k(t) < 0, one can
see that the solutions imply a rapid drop in the number
of cells. The two- and three-dimensional sketches for
the solution (34) are given in Figures 1 and 2, respec-
tively.

We now find another form of solution for the
PDE (21) with boundary conditions during the pe-
riod of treatment for the growth of the tumor
as follows. Clearly the concentration of the tumor
cells u(t,0) = 0. During the chemotherapy treatment
the killing rate k(t) = k is a constant. Therefore,
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Fig. 1 (colour online). Two-dimensional sketch for the solu-
tion (34) for 0≤ x≤ 3 and 0≤ t ≤ 120. The concentration of
tumor cells is denoted by u(t,x). From [10], it is known that
for the glioblastoma multiforme cells, the diffusion coeffi-
cient is −Ω = 0.0013 cm2 per day and the proliferation rate
of the tumor is p = 0.0393 per day. The tumor is diagnosed
when the diameter of the tumor that is visually detectable
reaches 3 cm.

exp
[∫ t

0 k(r)dr− pt
]
= exp[(k− p)t]. If k− p > 0, then

the concentration of tumor cells is decreased rapidly, so
we can assume u(t,x0) = 0. The transformed boundary
conditions are then ū(t,0) = 0 and ū(t,x0) = 0. Now
another form of solution in series of the heat equation
(5) for these boundary conditions is [14]

ū =
∞

∑
n=1

An exp

[
−
(

nπ

x0

)2

t̄

]
sin

(
nπ x̄
x0

)
, (35)

where An are constants, and (35) converges uniformly
for 0≤ x≤ x0, t ≥ 0. Thus by using the transformation
(24), the solution of (21) is given by

u(t,x) =
∞

∑
n=1

An(−Ω)1/2

b2x

· exp

[
pt−

∫ t

0
k(r)dr−

(
n2π2

x2
0

)
(−t +a1)

]
· sin

(
nπ

x0
[(−Ω)−1/2x+b1]

)
. (36)

Fig. 2 (colour online). Three-dimensional sketch for the solu-
tion (34) for 0≤ x≤ 3 and 0≤ t ≤ 120. When p− k(t) > 0,
the number of cells increases exponentially with time. For
p− k(t) < 0, the solutions imply a rapid drop in the number
of cells. During the chemotherapy treatment the killing rate
k(t) = k is a constant. If the tumor is decreasing in size during
the chemotherapy treatment, it implies that k > p. Therefore,
one can assume that the killing rate is k = 0.04 per day.

3.3. Cauchy Initial Value Problem and Closed-Form
Solution of (25)

Here in this section, we derive the closed-form ana-
lytical solution of the Cauchy problem (25). We make
use of the appropriate results on the evolution of the
Cauchy problem from [11, 15], with necessary adapta-
tion, to obtain the solution of our problem.

Let S(t,x;ξ ,τ) be the fundamental solution of the
Cauchy problem

ut −Ωuxx−
2Ω

x
ux +[k(t)− p]u = 0 ,

u(0,x) = ϕ(x) . (37)

If we suppose the existence and uniqueness of the so-
lution for the Cauchy problem (37), then it is given
by [11, 15]

u(t,x) =
∫

Rn
S(t,x;ξ ,0)ϕ(ξ )dξ . (38)

Now let s := x0, t0 := T in the fundamental solution
(34). If we note that ϕ(x) = 1, then the solution to the
Cauchy problem (25) using (38) results in

u(t,x) =
x−1√

4(−Ω)π(T − t)
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· exp

[
−p(T − t)+

∫ T

t
k(r)dr

]
·
∫

∞

0
sexp

[
− (x− s)2

4(−Ω)(T − t)

]
ds . (39)

The value of the integral in (39) can be obtained in
terms of the Kummer confluent hypergeometric func-
tions as we have T > t.

4. The Invariant Approach to the Extended Linear
Parabolic PDE (20)

In this section, we show how one can use the in-
variant method to find in a simple manner the possi-
ble forms of F(t,x) for which the linear parabolic PDE
(20) can be transformed to the Lie canonical forms. To
this end, we again use the theorem given in Section 2.

We first consider the reduction to the heat equation.
The parabolic PDE (20) has

L = |Ω |Fxx , M = N = 0 ,and J = F(t,x) . (40)

The invariant criterion (8) for reduction to the heat
equation yields

Lx = 0 . (41)

Since |Ω | 6= 0, we obtain

Fxxx = 0 . (42)

Thus from (42), we infer that

F(t,x) = B(t)x2 +C(t)x+D(t) , (43)

where B(t), C(t), and D(t) are arbitrary functions.
From the constraining relation (11), we obtain, f (t) =
−|Ω |B(t), g(t) = −|Ω |1/2C(t), and h(t) = −D(t)
which imply that the transformations (6) depends on
the solution of a Riccati equation for the transforma-
tion in t. The others are then derived from this.

Now we look at the possibility when the parabolic
PDE (20) is reducible to the second Lie canonical form
(12) by making use of the invariant condition (13)
which simplifies to

x2Lxxx +10xLxx +20Lx = 0 , (44)

where Lx 6= 0, so from (40) and (44), we derive

x2Fxxxxx +10xFxxxx +20Fxxx = 0 . (45)

Thus from (45), we have

F(t,x) =B(t)x−1 +C(t)x−2 +D(t)x2

+E(t)x+G(t) , (46)

where B(t), C(t), D(t), E(t), and G(t) are arbitrary
functions. Moreover, by invoking the constraining re-
lation (14), one can determine a simplified form for the
function F(t,x) given by

F(t,x) = AΩ x−2 +D(t)x2 +G(t) , (47)

where D(t) and G(t) are arbitrary functions. Construc-
tion of the transformations (6) again requires the solu-
tion of a Riccati equation.

Next we consider the instance when the parabolic
PDE (20) is equivalent to the third Lie canonical form
(15). One can readily find from the invariant condition
(16) of Theorem 1 that

∂J
∂ t

= 0 , (48)

provided that the invariant conditions (8) and (13) do
not hold. Thus from (40) and (48), we have Ft = 0, and
hence F(t,x) = F(x) and c̄ = F(x) from (17). There-
fore, for the functional forms of F(x) which are not
of the forms of (43) and (47), the PDE (20) can be
reduced to the third canonical form. A transformation
which does the reduction is t̄ = t, x̄ = x/

√
Ω , ū = xu.

For example, the parabolic PDE ut = Ωuxx + 2Ω

x ux +
x3u is reducible to the third Lie canonical PDE of the
form ūt̄ = ūx̄x̄ + c̄(x̄)ū, where c̄(x̄) = x3, by means of
the above equivalence transformation.

We now look at the situation when the parabolic
PDE (20) is reducible to the fourth Lie canonical form
(18). The invariant condition (19) reduces into

∂J
∂ t
6= 0 , (49)

provided that (8) and (13) and (16) do not hold. So we
have Ft 6= 0 and then one gets reduction to the fourth
fourth Lie canonical form. Moreover, the transforma-
tion which reduces to the form ūt̄ = ūx̄x̄ + F(t̄, x̄)ū is
again t̄ = t, x̄ = x/

√
Ω , ū = xu. An example for this

case is the parabolic equation ut = Ωuxx + 2Ω

x ux +
γ(t)x4u, which is reducible to the fourth Lie canoni-
cal PDE of the form ūt̄ = ūx̄x̄ + c̄(t̄, x̄)ū, where c̄(t̄, x̄) =
γ(t)x4, under the above equivalence transformation.
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5. Concluding Remarks

We have studied a class of scalar linear (1 + 1)
parabolic PDEs which models brain tumors. These
models are used to weave the insights gained from ex-
perimental observations of individual biochemical and
biomechanical processes into a coherent description
of tumor growth. We applied the invariant method [6]
to find an equivalence transformation which reduced
the underlying class of PDEs to the first Lie canonical
form, i.e. the classical heat PDE. We constructed a fun-
damental solution for the brain tumor PDE using the
equivalence transformation and the well-known funda-
mental solution of the heat equation. These transfor-
mation formulae and the fundamental solution for (21)
were not reported previously in the literature. Using
this approach, for the first time the closed-form solu-
tion of the Cauchy problem (25) for the brain tumor
model is derived. We also obtained another solution
for the model under discussion with possible bound-
ary conditions, using the transformation formulae and
a known solution of the heat equation with boundary
conditions. We also utilized the invariant approach to
the extended form of the class of brain tumor models to
perform classification via equivalence transformations
to reduce the class of PDEs in a simple way to the four
Lie canonical forms.

It is noteworthy that the authors (see [16, 17]) intro-
duced the group theoretical approach called invariance
principle for boundary value problems to find funda-
mental solution of the Cauchy problem of linear PDEs.
The above-mentioned method is a combination of ap-
plication of Lie symmetries and the use of the theory
of generalized functions. That is, if the boundary value
problem is invariant under group G, then the funda-
mental solution is found among the functions invariant
under G.

In the invariant approach to obtain fundamental so-
lutions of parabolic linear PDEs [6], one utilizes the
equivalence transformation formulae which map the
given PDEs to the Lie canonical forms, their funda-
mental solutions, and the properties of the Dirac func-
tion.
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