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The transient electro-osmotic flow of generalized second-grade fluid with fractional derivative in
a narrow capillary tube is examined. With the help of the integral transform method, analytical ex-
pressions are derived for the electric potential and transient velocity profile by solving the linearized
Poisson–Boltzmann equation and the Navier–Stokes equation. It was shown that the distribution and
establishment of the velocity consists of two parts, the steady part and the unsteady one. The effects of
retardation time, fractional derivative parameter, and the Debye–Hückel parameter on the generation
of flow are shown graphically.
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1. Introduction

With the development of microfluidic devices and
their applications in microelectromechanical systems
and microbiological sensors [1, 2], the research field
of electro-osmosis (EO) has become very attractive.
Recently, some researchers [3, 4] pointed out that
the micelle structure of polymer electrolyte mem-
branes (PEMs) might consist of only cylindrical nano-
channels, which facilitate water and proton trans-
port, rather than large water pore clusters connected
by smaller nano-channels as in Gierke’s model. This
raises the problem that how to model the fluids electro-
osmotic flow in a straight pipe of circular cross section.

Most of the theoretical researches on electro-
osmotic flow are limited to the fully developed steady-
state flow [5 – 8]. An electro-osmotic flow problem
in an infinite cylindrical pore with a uniform sur-
face charge density has been studied analytically by

Berg and Ladipo [9]. The results reveal the distri-
bution of the electric potential and the counter-ions
(protons), the velocity profile of the water flow and
its associated total flux, as well as the protonic cur-
rent, conductivity, and water drag. Chang [10] pre-
sented a theoretical study on the transient electro-
osmotic flow through a cylindrical microcapillary con-
taining a salt-free medium for both constant sur-
face charge density and constant surface potential.
The exact solutions for the electric potential distri-
bution and the transient electro-osmotic flow veloc-
ity are derived by solving the nonlinear Poisson–
Boltzmann equation and the Navier–Stokes equation.
With the application of a stepwise voltage, Mishchuk
and González-Caballero studied a theoretical model
of electro-osmotic flow in a wide capillary [11]. Both
periodical and aperiodical flow regimes were studied
with arbitrary pulse/pulse or pulse/pause durations
and amplitudes.
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On the other hand, microfluidic devices are usu-
ally used to analyze biofluids, which are often so-
lutions of long chain molecules and their behaviour
is very different from that of Newtonian fluids, such
as memory effects, normal stress effect, yield stress,
etc. These fluids can not be treated as Newtonian flu-
ids. Many researchers have recently focused on non-
Newtonian fluid behaviour of biofluids in electroki-
netically driven microflows. The first research of non-
Newtonian effects to electro-osmotic flow was done
by Das and Chakraborty [12, 13]. In their studies, the
biofluids were treated as power-law fluids, and the
analytical solution, describing the transport charac-
teristics of a non-Newtonian fluid flow in a rectan-
gular microchannel, was obtained under the sole in-
fluence of electrokinetic effects. For the same non-
Newtonian fluid model, Zhao and Yang [14] obtained
the general Smoluchowski velocity for electro-osmosis
over a surface with arbitrary zeta potentials. Park and
Lee [15] derived a semi-analytical expression for the
Helmholtz–Smoluchowski velocity under pure electro-
osmosis conditions for the full Phan-Thien–Tanner
(PTT) constitutive equation, and they used a finite vol-
ume method to calculate numerically the flow of the
full PTT model in a rectangular duct under the action
of electro-osmosis and a pressure gradient [16]. By us-
ing the PTT constitutive model, Choi et al. [17] studied
the electro-osmotic flow of viscoelastic fluids analyt-
ically. Assuming a planar interface between two vis-
coelastic immiscible fluids, Afonso et al. considered
a steady two-fluid electro-osmotic stratified flow in
a planar microchannel [18]. Bandopadhyay et al. [19]
derived the flow patterns for a linearized Maxwell
fluid in presence of modulated surface charges on mi-
crochannel walls in presence of a time-periodic elec-
tric field. Through the combined deployment of vis-
coelastic fluids and oscillatory driving pressure forces,
Bandopadhyay and Chakraborty [20] reported a mech-
anism of massive augmentations in energy harvesting
capabilities of nanofluidic devices.

As one kind of typical biofluid, it is well known that
blood is constituted of a suspension of many asym-
metric, relatively large viscoelastic particles: it is a in-
homogeneous, anisotropic, polarized, composite fluid.
While it has long been well established that blood is es-
sentially a ‘shear-thinning fluid’, i.e., apparent viscos-
ity decreases with increase in shear rate, the validity
of existing constitutive models for different flow ge-
ometries over microscopic length scales remains yet

to be rigorously tested and justified [13]. Massoudi
and Phuoc [21] used a modified second-grade fluid
model to study the pulsatile flow of blood in an artery,
and they pointed out that the modified second-grade
fluid is the simplest constitutive model that can de-
scribe shear-thinning (or shear-thickening) and nor-
mal stress differences. In recent years, fractional cal-
culus has encountered much success in the description
of viscoelastic non-Newtonian fluids flow. The consti-
tutive equations with fractional derivative have been
found to be quite flexible in describing the viscoelas-
tic behaviour of non-Newtonian fluids. In past decades,
many researchers studied the unsteady flow of gener-
alized second-grade fluids [22 – 25].

In the present study, the non-Newtonian behaviour
of biofluids is modelled by the generalized second-
grade fluid with fractional derivative. Although for
some viscoelastic fluids, such as polymeric liquids,
there is a depletion layer in the vicinity of the wall,
which leads to the formation of a Newtonian layer
close to the wall and therefore alters the flow physics,
we do not consider the effect of depletion layer in the
present study. So it is important to mention here that
we consider the case of no depletion layer formation
such that there is only one region in the channel. The
purpose of this paper is to present the analytical so-
lution of unsteady electro-osmotic flow of generalized
second-grade fluid in a cylindrical capillary, and to dis-
cuss the effects of physical parameters, such as the re-
tardation time, fractional derivative parameter, and the
Debye–Hückel parameter on the generation of flow.

2. Governing Equations

2.1. Constitutive Equation of Generalized
Second-Grade Fluid

The continuity equation for an incompressible fluid
is

∇ ·V = 0 . (1)

In one dimension, the constitutive equation of gener-
alized second-grade fluid can be expressed in terms
of [26]

τ = µγ + µλ
α
r

dα

dtα
γ , (2)

where τ is the shear stress, γ is the shear strain, µ is
viscosity constant, λr is the retardation time of vis-
coelastic fluids, α is the fractional parameter such that



S. Wang et al. · Exact Solutions of Electro-Osmotic Flow of Generalized Second-Grade Fluid 699

0≤α ≤ 1, and dα/dtα is the Caputo fractional deriva-
tive [27]

dα

dtα
f (t) =

1
Γ (α−1)

∫ t

0

f ′(τ)
(t− τ)α

dτ . (3)

2.2. Mathematical Model of the Flow

Consider the electro-osmotic flow of generalized
second-grade fluid of dielectric constant ε , at rest at
time t ≤ 0, contained in a straight pipe of circular cross
section and radius R. It is assumed that the pipe wall
is uniformly charged with a zeta potential, ψw. When
an external electric field E0 is imposed along the ax-
ial direction, the fluid in the pipe sets in motion due to
electro-osmosis, as shown in Figure 1.

All quantities are referred to cylindrical polar coor-
dinates (r,θ ,z), where r is measured from the axis of
the pipe and z along it. If we assume a velocity distri-
bution of the form

(0,0,u(r, t)) , 0≤ r ≤ R , t > 0 , (4)

the initial condition is given by

u(r,0) = 0 , 0≤ r ≤ R , (5)

and the equation of continuity (1) is satisfied automat-
ically.

According to the theory of electrostatics, the net
charge density ρe is expressed by a potential distribu-
tion ψ , which is given by the Poison equation,

∇
2
ψ =

1
r

∂

∂ r

(
r

∂ψ

∂ r

)
+

1
r2

∂ 2ψ

∂θ 2 +
∂ 2ψ

∂ z2

=−ρe

ε
,

(6)

where ε is the dielectric constant of the solution in the
pipe. The boundary condition is that the zeta potential
ψw is given on the wall of the pipe,

ψ(R,θ) = ψw ,
∂ψ

∂ r

∣∣∣∣
r=0

= 0 . (7)

Fig. 1. Schematic of the electro-osmotic flow in a microchan-
nel (from [28]).

For pure electro-osmotic flows (i.e., absent of
any pressure gradients) of incompressible liquids, the
Navier–Stokes equations take the following form [29,
30],

ρ
∂v
∂ t

= µ∇
2v+ρeE(ωt) , (8)

where v is the flow velocity, t is the time, ρ is the fluid
density, µ is the fluid viscosity, and E(ωt) is a gen-
eral time-periodic function with a frequency ω , which
describes the applied electric field strength. In present
research, we assume that the charge distribution in the
Debye layer is not affected by time, i.e., it has a con-
stant electric potential E0, then the relevant equation of
motion reduces to

ρ
∂u
∂ t

=
1
r

∂

∂ r
(rτrz)+ρeE0 , (9)

which has the following initial and boundary condi-
tions:

u(r,0) =
∂u
∂ r

∣∣∣∣
r=0

= 0 , (10)

u(r, t) = 0 , r = R . (11)

3. Exact Solution for the Model

Neglecting all non-electrostatic interactions be-
tween the ions including the ionic finite size, i.e., here
we assume that the ions are point sized, for small
values of electrical potential ψ of the electrical dou-
ble layer (EDL), the Debye–Hückel approximation can
be used successfully, which means physically that the
electrical potential is small compared with the ther-
mal energy of the charged species. So we have the lin-
earized charge density

ρe =−2z2
ve2n0ψ

kBT
, (12)

where zν is the valence of ions, e is the fundamental
charge, kB is the Boltzmann constant, and T is the ab-
solute temperature.

With the help of the Debye–Hückel approxima-
tion [31, 32], (6) can be linearized to

1
r

∂

∂ r

(
r

∂ψ

∂ r

)
= κ

2
ψ . (13)

Then the equation of motion (9) becomes

ρ
∂u
∂ t

=
1
r

∂

∂ r
(rτrz)−κ

2
εψE0 (14)
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Here κ =
(

2z2
ν e2n0

εkBT

)1/2
is the Debye–Hückel parameter

and κ−1 characterizes the thickness of the EDL.
In cylindrical coordinates, (2), i.e., the constitutive

equation for generalized second-grade fluid with frac-
tional derivative, can be expressed as

τrz = µ
∂u
∂ r

+ µλ
α
r

∂ α

∂ tα

(
∂u
∂ r

)
. (15)

Eliminating τrz from (14) and (15) yields

ρ
∂u
∂ t

+κ
2
εψE0 =µ

(
1+λ

α
r

∂ α

∂ tα

)
·
[

1
r

∂

∂ r

(
r

∂u
∂ r

)]
.

(16)

Introducing the below listed non-dimensional pa-
rameters,

ψ
∗ =

ψ

ψw
, u∗ =

u
us

, r∗ =
r
R

,

t∗ =
µ

R2ρ
t , us =−εψwE0

µ
,

(17)

and substituting the above normalized variables into
(13), (16) and the initial boundary conditions (7), (10),
(11) yields (for simplicity, the non-dimensional sym-
bol "*" is omitted hereafter)

1
r

∂

∂ r

(
r

∂ψ

∂ r

)
= K2

ψ , (18)

∂u
∂ t
−K2

ψ =
(

1+λ
∂ α

∂ tα

)
·
[

1
r

∂

∂ r

(
r

∂u
∂ r

)]
,

(19)

ψ(1) = 1 ,
∂ψ

∂ r

∣∣∣∣
r=0

= 0 , (20)

u(r,0) =
∂u
∂ r

∣∣∣∣
r=0

= 0 , (21)

u(r, t) = 0 , r = 1 , (22)

where K = κR is called the non-dimensional electroki-

netic width, and λ =
(

λrµ

R2ρ

)α

is the normalized retar-
dation time.

The solution of problem (18) and (20) is

ψ(r) =
I0(Kr)
I0(K)

, (23)

where I0 is the zero-order modified Bessel function of
the first kind. In order to get the exact solution of the
model, we introduce the Laplace transform and inverse
Laplace transform,

ū(r,s) =
∫

∞

0
u(r, t)e−st dt , (24)

u(r, t) =
1

2πi

∫
σ+i∞

σ−i∞
ū(r,s)est ds , (25)

and the Hankel transform and its inverse,

ũ(βm, t) =
∫ 1

0
ru(r, t)J0(βmr)dr , (26)

u(r, t) = 2
∞

∑
m=1

J0(βmr)
J2

1 (βm)
ũ(βm, t) , (27)

where J0 is the zero-order Bessel function of the first
kind, the βm values are the positive roots of J0(β ) = 0.
Substituting ψ(r) into (19), then using Laplace trans-
form and Hankel transform with respect to t and r,
respectively, results in the solution of velocity in the
Hankel–Laplace domain

˜̄u(βm,s) =
K2ψ̃(βm)

s[s+(1+λ sα)β 2
m]

. (28)

Here we use the Laplace transform formula for the Ca-
puto fractional derivative [27]

L
{

dp

dt p f (t)
}

= spF(s)−
n−1

∑
k=0

sp−k−1 f (k)(0) ,

n−1 < p < n ,

(29)

where F(s) = L{ f (t)}.
Applying the Hankel transform to (18) yields the ex-

pression for ψ̄(βm) as

ψ̃(βm) =
βmJ1(βm)
β 2

m +K2 , (30)

using the operational property of finite Hankel trans-
form for derivatives,∫ 1

0
r

[
f ′′(r)+

1
r

f ′(r)
]

J0(βmr)dr

=−β
2
m f̃ (βm)+βm f (1)J1(βm) .

(31)

Substituting (30) into (28) and using inverse Hankel
and Laplace transforms, we can obtain the analytical
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solution

u(r, t) =1− I0(Kr)
I0(K)

−2K2
∞

∑
m=1

U(βm, t)J0(βmr)
βm(β 2

m +K2)J1(βm)
,

(32)

where

U(βm, t) =
∞

∑
n=0

(−1)nβ 2n−1
m

n!
tnE(n)

1−α,nα+1(−λβ
2
mt1−α)

+
∞

∑
n=0

(−1)nλβ 2n
m

n!
tn+1−α E(n)

1−α,(n+1)α+2(−λβ
2
mt1−α) ,

(33)

and E(n)
α,β is the nth derivative of the Mittag–Leffler

function [27], which is defined by the following series:

Eα,β (z) =
∞

∑
k=0

zk

Γ (αk +β )
. (34)

4. Spacial Cases

4.1. Steady Flow for t→ ∞

When t→ ∞, U(βm, t)→ 0 and the flow in the tube
becomes a steady flow, and (32) becomes

u(r, t) = 1− I0(Kr)
I0(K)

, (35)

which is the distribution of a steady velocity profile in
the capillary.

Fig. 2. Dimensionless velocity profiles of generalized
second-grade fluid with fractional derivative for different α

at the centre of the pipe.

4.2. Newtonian Fluid Model

The Newtonian fluid is a special kind of generalized
second-grade fluid with λ = 0. From general formula
(28), the exact solution can be expressed as

u(r, t) = 2K2
∞

∑
m=0

[
1− e−β 2

mt
] J0(βmr)

β 2
mJ2

1 (βm)
ψ̄(βm) , (36)

Fig. 3. Electroosmotic flow velocity distributions for differ-
ent fractional derivative parameter α . (a) t = 0.1; (b) t = 0.5;
(c) t = 5; (d) t = 50.



702 S. Wang et al. · Exact Solutions of Electro-Osmotic Flow of Generalized Second-Grade Fluid

or another from:

u(r, t) =1− I0(Kr)
I0(K)

−2K2
∞

∑
m=0

e−β 2
mtJ0(βmr)

βm(β 2
m +K2)J1(βm)

.

(37)

Equation (36) has the same form with the result ob-
tained by Kang et al. [33] using the Green’s function
method. Obviously, the advantage of the solution in
this paper, (37), is its simplicity, which is resolved into
two parts. The steady part

1− I0(Kr)
I0(K)

(38)

is known and consistent with the result given by Rice
and Whitehead [34], and the rest is the unsteady one.

4.3. Standard Second-Grade Fluid Model

When λ 6= 0 and α = 1 in (32), we get the solution
for a second-grade fluid, which takes the form

u(r, t) = 1− I0(Kr)
I0(K)

−2K2
∞

∑
m=0

exp

{
− β 2

mt
1+λβ 2

m

}
J0(βmr)

βm(β 2
m +K2)J1(βm)

.

(39)

Furthermore, the above expression reduces to the result
for a Newtonian fluid, i.e., (36) when λ = 0.

5. Results and Discussion

As is known to all, the fractional parameter α plays
an important and fundamental role of constructing dif-
ferent fractional models. We now first study the start-

Fig. 4. Generation of steady electroos-
motic flow velocity when α = 0.6.

up pipe flow for the fractional second-grade model.
Figure 2 shows the generation of flow for different val-
ues of α at the centre of the pipe. Without loss of gen-
erality, these curves were constructed with λ = 1 and
K = 10. It is of interest to investigate that the frac-
tional derivative parameter α greatly affects the veloc-
ity profiles. In a short time, the flow for the general-
ized second-grade fluid model with smaller fractional
derivative parameter is easier to start up. It is because
of the smaller α means that the elasticity of the vis-
coelastic fluid is in a dominant position, the driving
force deriving from the applied external electric field
is more effective to be transmitted in the viscoelas-
tic fluid, so the generalized second-grade fluid with
smaller α is easier to be driven by the applied elec-
tric field. Although the decreasing fractional deriva-
tive parameter α accelerates the flow of the fluid in
a short time, the smaller α makes the elastic behaviour
of the fluid be dominant, which helps the fluid to be
at rest. Whatever to say, the corresponding generalized
second-grade fluid model always represents a fluid-like
property. As time t progresses enough, the center ve-
locity finally tends to the steady state flow, indicated by
1− I0(10r)/I0(10)≈ 1.0, and it is reached much faster
for a smaller value of fractional parameter α . The same
phenomenon of the effect of fractional derivative pa-
rameter on the velocity profiles can be found in Fig-
ures 3 and 4, which present the velocity profiles for
increasing specific values of α and increasing times,
respectively.

When α = 0.6, the effect of K on the generation
of flow at the centre of the pipe is shown graphically
in Figure 3. As shown in the figure, the decreasing K
dampen the velocity amplitude. Particularly, the steady
velocity tends to 1.0 when K � 1. In fact, asymptotic
expansions show that I0(Kr)/I0(K) can be negligible
when K� 1.



S. Wang et al. · Exact Solutions of Electro-Osmotic Flow of Generalized Second-Grade Fluid 703

Fig. 5. Effect of K on the generation of velocity at the centre
of pipe.

Figure 4 gives the curves of the center velocity with
respect to t for various values of λ when α = 0.6 and
K = 10. It can be observed that the increasing retar-
dation time stabilizes the flow in the tube. When λ is
very small, λ → 0, the fractional second-grade model
(2) reduces to the classical Newtonian fluid model, and
the behaviour of the flow will tend to that of a Newto-
nian fluid. In addition, for greater values of retardation
time, it needs more time to reach the steady state flow.
Physically, larger retardation time of any viscoelastic
fluid enhances the viscoelastic effect of the fluid, and
makes it to need more time for the stress respond to de-
formation, which results in a decrease in its unsteady
flow velocity.

6. Conclusion

An analytical solution of the unsteady electro-
osmotic flow of a fractional second-grade fluid in
a capillary under the Debye–Hückel approximation is
presented in this work. The solution involves solving
the linearized Poisson–Boltzmann equation, together
with the Cauchy momentum equation and the consti-
tutive equation of viscoelastic fluids considering the
electro-osmotic forces as the body forces. With the
method of integral transform, the distributions of ve-
locity profiles in the capillary are obtained analytically.
The effects of retardation time, fractional derivative pa-
rameter, and the Debye–Hückel parameter on the gen-
eration of flow have been analyzed numerically. The
normalized steady state velocity increases monotoni-
cally to 1 with the increasing Debye–Hückel parame-
ter.

Fig. 6. Effect of λ on the distribution of velocity at the centre
of pipe.

Appendix

The Derivation of (32) and (33)

Substituting (30) into (28) yields the solution in the
dual-transform domain

˜̄u(βm,s) = K2 · βmJ1(βm)
β 2

m +K2 ·
1

s[s+(1+λ sα)β 2
m]

. (A1)

Applying partial fractions and Taylor series yields

1
s [s+(1+λ sα)β 2

m]

=
1

sβ 2
m
− 1

β 2
m
· 1+λβ 2

msα−1

s+(1+λ sα)β 2
m

=
1

sβ 2
m
−

∞

∑
n=0

(−1)n β
2(n−1)
m s−(n+1)α

(s1−α +λβ 2
m)n+1

−
∞

∑
n=0

(−1)n λβ 2n
m s−nα−1

(s1−α +λβ 2
m)n+1 .

(A2)

Then by using the formula of Laplace transform of the
Mittag–Leffler function [27]

L−1

{
k!sα−β

(sα ∓a)k+1

}
= tαk+β−1E(k)

α,β (±atα), (A3)

we can get (33).
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