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We present analytical bound state solutions of the spin-zero particles in the Klein-Gordon (KG)
equation in presence of an unequal mixture of scalar and vector Woods—Saxon potentials within the
framework of the approximation scheme to the centrifugal potential term for any arbitrary [-state.
The approximate energy eigenvalues and unnormalized wave functions are obtained in closed forms
using a parametric Nikiforov—Uvarov (NU) method. Our numerical energy eigenvalues demonstrate
the existence of inter-dimensional degeneracy amongst energy states of the KG-Woods—Saxon prob-
lem. The dependence of the energy levels on the dimension D is numerically discussed for spatial

dimensions D = 2-6.
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1. Introduction

The Woods—Saxon potential is a mean field poten-
tial for the nucleons inside the atomic nucleus, which
is used to approximately describe the forces applied
on each nucleon, in the shell model for the structure
of the nucleus [1]. It plays an essential role in micro-
scopic physics since it can be used to describe the in-
teraction of a nucleon with the heavy nucleus [2—7].
Although the Schrodinger equation with this poten-
tial has been solved for the ground state, and the sin-
gle particle motion in atomic nuclei has also been ex-
plained quite well, the relativistic effects for a par-
ticle under the action of this potential are more im-
portant, especially for a strong-coupling system [8].
Badalov et al. presented the analytical solution of the
radial Schrodinger equation for the Woods—Saxon po-
tential and also obtained the radial part of the Klein—
Gordon (KG) equation for the vector Woods—Saxon
potential [9, 10]. Arda et al. obtained the scattering so-
lutions of the one-dimensional Schrédinger equation
for the Woods—Saxon potential within the position-

dependent mass formalism [11]. Ikot and Akpan in-
vestigated the energy spectra and the wave function
depending on the c-factor for a more general Woods—
Saxon potential with an arbitrary /-state [12]. Very re-
cently, Pahlavani and Alavi derived the analytical solu-
tions of the radial Schrédinger equation for the central
Woods—Saxon potential together with spin—orbit inter-
action and centrifugal terms by using the Nikiforov—
Uvarov (NU) method [13].

The aim of the present work is to investigate the
KG equation in an arbitrary dimension D [14 — 17] with
an unequal mixture of scalar and vector Woods—Saxon
potentials:

_ Vo
V(V)——m7 (1a)
S(r)——m7 (1b)
S(r)=pV(r), -1<B<1, (1o

where V represents the potential well depth, a is
a length representing the surface thickness of the nu-
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cleus, Ry = roA'/? is the nuclear radius where ry =
1.285 fm, and A is the mass number. Also, f is an ar-
bitrary constant demonstrating the ratio of scalar po-
tential to vector potential [17]. When B = 1, it rep-
resents the case of spinless particle in equal mixture
potentials, i.e., S(r) = V(r), which is being equiva-
lent to the spin-1/2 fermion in the exact spin sym-
metric limit A(r) = S(r) — V(r) = 0 (the potential
difference is exactly zero). On the other hand, when
B = —1, it represents the case of spinless anti-particle
in equal magnitude potentials but opposite in sign,
i.e., S(r) = —V(r), which is being equivalent to spin-
1/2 anti-fermion in the exact pseudo-spin (p-spin)
symmetric limit X(r) = S(r) + V(r) = 0 (the poten-
tial sum is exactly zero). The strong singular cen-
trifugal term is being approximated within the frame-
work of an improved approximation scheme. Fur-
ther, the spinless D-dimensional KG equation with
the scalar and vector Woods—Saxon potentials is
solved using the parametric generalization of the NU
method [18—21] to obtain approximate analytical en-
ergy eigenvalues and corresponding wave functions
for any /-state. The bound states of the Schrodinger
equation for a second Poschl-Teller-like potential [22]
and a spherically harmonic oscillatory ring-shaped po-
tential [23] were also obtained exactly using the NU
method [18].

The present work is organized as follows. In Sec-
tion 2, the parametric NU method is briefly introduced.
In Section 3, we give a review to the KG equation in
D-dimensional space and then obtain the bound state
solutions of the hyperradial KG equation with unequal
mixture of scalar and vector Woods—Saxon potentials
by using a shortcut of the NU method. The approx-
imate numerical energy levels for arbitrary values of
orbital / and principal n quantum numbers are also ob-
tained. Finally, we end with our concluding remarks in
Section 4.

2. Parametric Nikiforov—Uvarov Method

This powerful mathematical tool is used to solve the
second-order differential equations. It begins by con-
sidering the following differential equation [18 —21]:

" @ s G (s)
Vi) + ¥+ o

l//n(s) = 07 (2)

where o (s) and &(s) are polynomials with at most of
second degree, and 7(s) is a first-degree polynomial.
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To make the application of the NU method simpler and
straightforward without need to check the validity of
solution, we present a recipe for the method. At first we
write the general form of the Schrodinger-like equation
(2) in a more general parametric form:

v+ (025 ) o

(1 —c3s)
oL 3)
+< P28+ pi1s Po) Wn(s) =0,

$2 (1 —c35)?
satisfying the wave functions

Vn(s) = @(s)yn(s). @

Now, comparing (3) with its counterpart (2), one can
obtain the following identifications:

T(s) =c1—cas, o(s) =s(l —c3s),
5 2 &)
G(s)=—pas +pis—po.

Further, following the NU method [15], the bound state
energy equation can be found as [19-21]

con—(2n+1)es+ (2n+1) (y/cg — ¢34/c3)

6
+n(n—1)c3+c74+2c3c8 —24/cgcg =0. ©)
On the other hand, we can also find the functions
p(s) =51 (1 —c3s)M,
o(s) =512 (1 —c35) 3|
c2>0, c13>0, (7a)
yu(s) = plawen) (1—2c¢3s),
C10>—1, Cl1 >—1,
which are used in calculating the wave functions
Vaals) = Ns™ (1) P R0
(1 —=2c¢3s),
(1,v) _ _ _ -
where B,""/ (x), 0 > —1,v > —1,x € [-1,1] are Ja

cobi polynomials with constant parameters [19, 20]

1
64:5(1—c1), C5:§(C27263),

c6 =i+ p2, ¢7="2c4c5—pi,
8 =Cﬁ+1707 cg = c3(c7+c3¢8) + ¢,
cio=c1+2c4—2+/cg—1>—1,
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2
cii=1—ci—2c4+ —/cg>—1, c3#0,
3
Ccl1p =c4—+/cg >0,
1
c13 = —C4+a(\/C9—Cs) >0, c3#0, (8

where cjp > 0,c;3 >0and s € [0,1/c3],c3#0.
When considering a more special case of c3 =0, the
wave function (7b) becomes

nmop,i“wm)(l —2c35) = L9 (cy15),
c3—

limo(l —c35)°13 = 13 ©)
c3—

y(s) = Ns12e L0 (¢q1s),

where L% (x) are the associated Laguerre polynomials.

3. Hyperradial Part of the Klein—-Gordon Equation
in D-Dimensional Space

In spherical coordinates, the KG equation with vec-
tor V(r) and scalar S(r) potentials can be written (in

units i=c=1) as [14-17, 24]

|40+ (B =V (1)) = (M +5(r))

(10)

: Wnlm(rv QD) =0

with
1 o 0

AD = v% = rD*I E (}’Dl ar>
(11)

_ Aj(Qp)

2

where E,;, A3(Q2p)/r?, and Qp are the energy eigen-
values, generation of the centrifugal barrier for D-
dimensional space, and the angular coordinates, re-
spectively [14]. The eigenvalues of A3(€2p) are given
by [14-17]

(D+21-2)*—1

AB(Qp)Y"(Qp) = y)

D>1,

Y"(2p),
(12)

where Y/"(Qp) is the hyperspherical harmonics.
For D = 2, we have A}_,(2p)Y"(2p=2) =
(m* —1/4) Y"(Q2p—>) and for D = 3, we have a famil-
iar form Aj_;5(Qp=3)Y"(2p=3) = 1(1+1)Y"(2p=3).
Using the procedure of separation of variables
by means of the wave function Y, (r,Q2p) =

r~(P=V2R,(r)Y"(2p), (10) with the substitution of
(11) and (12) can be rewritten as [15—17]

d2
52— (M? = Eq) =2 (EnV (r) + MS(r))

(13)
(D+20—2)*—1

+V2(r) =S ()

Rn[(r) =0.

The unequal scalar and vector potentials in the frame-
work of KG was first discussed by Greiner in 2000 [25]
and then by Dong and Lozado-Cassou [26]. The ex-
act solutions of the KG equation (13) with unequal
scalar and vector potentials in D dimensions were ex-
actly found for the energy eigenvalues and wave func-
tions [26, 27]. By the substitution of the scalar and vec-
tor Woods—Saxon potentials (1a)—(1c) into (13), one
obtains

@ _ g2 4 HEVo 1 MSp) (Ve —S3)

dr? 1+ elr—Ro)/a (1+ e(r—RO)/a)Z 4
D+21-2)*—1

_ % Ru(r) =0,

where €2 = M? — E,%l. It is obvious that (14) does not
admit an exact solution due to the presence of the
singular centrifugal term 1/r2. Therefore, we need to
make the Pekeris-type approximation to deal with this
centrifugal term [28]. In this approximation, we ex-
pand the centrifugal potential around r = Ry (x = 0)
in a series of powers of x = (r — Ry) /Ry as

(D+21-2)*—1 (D+20-2)*—1
Vi(x) = 2 = 2 2
4r 4R;(1+x)
, (15)
(D+21—-2)*—1

— 2 3

= 4—1?(2)(1 —2x+3x"—4x’+...).
It is sufficient to keep the expansion terms only up to
the second order. The following form of the potential
can be used instead of the centrifugal potential in the
Pekeris-type approximation scheme:

3 D+21-2)"—1
v,@):%
0 (16)

D1 2
' (D‘”L Trexp(va) (1 —|—eXp(Vx))2) )

where v = Ry /a and D; is the parameter of coefficients
(i =0,1,2). After expanding (16) up to the terms of
order x?, followed by making some arrangements and
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Analytical value Constant Table 1. Parametric constants used in calculat-
ca 0 ing the energy eigenvalues and wave functions.
Cs 0
22
cs @ (S5 V5 +1D2), = P
c7 —a? (2 (Ean() +MS()) — D )
cg a? (82 + )/()D())
) a* (€2 455 — Vg —2(EuVo +MSo) + ¥ (Do + D1 + D))
10 —2a\/82+YoD0
cn 2ay /€2 + 5~ Vg — 2 (EuVo +MSo) + 3 (Do + D1 + Do)
1 —a\/e*+ Do
13 a\/82+5(2)—V02—2(En1V0+MSo)+Vo (Do +Dy +Ds)

further combining equal powers in x with (15), we ob-
tain relations between the coefficient parameters and
the potential parameter v as follows [29—31]:

4 12 8 48

Do=1-=+—3, Di==——,
\4 \% 1% \%

(17)

The use of the Pekeris-type approximation to the cen-
trifugal term was also mentioned by Wei and Dong [32,
33].

Taking the potential V; (16) instead of the centrifugal
potential (15), (14) reduces to the following form:

@ e 2(EuVo +MSp) (V¢ —53)
dr? 1 +exp(vx) (1+exp(vx))?
_(D+21-2) -1 LD
4R2 O T4 exp(vx)

D,

e +exp<vx>>2)] Ru(r) =0. (%)

Further making a suitable change of variables as z =

ﬁp(w), we can thereby recast (18) as follows:
d a?

P2
{dz2+ 22(1—2z)?

[= (e*+ Do) + (2EuVo +2MSo — %D1 ) z

1-2z 4.
zZ(l1—2z) dz

19)

— (86— Vo — wD2) 2] }an(z) =0,

2
(21271 Hence, (19) can be solved by
0

comparing it with (3) to get

where 1 =

=1, po=a* (e*+ D),
=2, p1=a*(2EyVo+2MSo—%D1) , (20)
ca=1, p» =d’ (S(%—Voz—f—’)/()Dz) .

In addition, the values of constant parametric coef-
ficients ¢; (i = 4,5,...,13) are found from (8) and
displayed in Table 1. Thus, the energy eigenvalue
equation can be obtained via (6) as follows:

1
n+t 3 +a\/M2—E51+Sg—V02 —2(EuVo+MSo) +

2

D+21-2) 1 D+21-2)—1 1
—a\/M2—E3,+<+)DO =d’ (sg—VO2+(+)Dz) +-,

4R3

where —M < E,;; < M. Some approximated numerical
energy states are calculated in Tables 2 to 4. The em-
pirical potential parameters are taken as ro = 1.285 fm,
Vo= (40.5+0.134) MeV = 47.78MeV, Ry = rpA'/? =
4.9162 fm, a = 0.65fm for the atomic mass num-

(D+21-2)*—1

iR (Do + D1+ D)
0

ey

4R}

ber of target nucleus A = 56 and a pion with mass
Myc? = 139.570 MeV [9, 10, 34]. In Table 2, we cal-
culated energy states E(n,l,D) for various values of
dimensions D and quantum numbers n and / when
the vector potential is different from the scalar one,
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Table 2. Bound state energy levels of the KG particles in the field of scalar and vector Woods—Saxon potentials for various D,
n, and [ values with V # 8.

E,; (MeV)
n,l 1,0 2,0 2,1 3,0 3,1 32
D=2 —96.73917303 —88.51608375 —88.51104985 —81.03713418 —81.03255004 —81.01879952
3 —96.73771236 —88.51482354 —88.50475852 —81.03598655 —81.02682066 —81.00848741
4 —96.73333834 —88.51104985 —88.49595103 —81.03255004 —81.01879952 —80.99588728
5 —96.72604676 —88.50475852 —88.48462860 —81.02682066 —81.00848741 —80.98099889
6 —96.71584009 —88.49595103 —88.47079486 —81.01879952 —80.99588728 —80.96382416

Table 3. Bound state energy levels of the KG particle subjects to scalar and vector Woods—Saxon potentials for various D, n,
and / values with Vj = S.

E,,_/ (MeV)
n,l 1,0 2,0 2,1 3,0 3,1 32
D=2 —138.6285863 —137.4598557 —137.4383488 —135.8431759 —135.8152852 —135.7353424
3 —138.6248328 —137.4544218 —137.4121295 —135.8361250 —135.7813395 —135.6785084
4 —138.6137138 —137.4383488 —137.3765274 —135.8152852 —135.7353424 —135.6120883
5 —138.5955263 —137.4121295 —137.3324213 —135.7813395 —135.6785084 —135.5372268
6 —138.5707336 —137.3765274 —137.2807174 —135.7353424 —135.6785084 —135.4549553

Table 4. Bound state energy levels of the KG particle in the field of scalar and vector Woods—Saxon potentials for various D,
n, and [ values with Vy = —Sj.

E,; (MeV)
n,l 1,0 2,0 2,1 3,0 3,1 32
D=2 138.6285863 137.4598557 137.4383488 135.8431759 135.8152852 135.7353424
3 138.6248328 137.4544218 137.4121295 135.8361250 135.7813395 135.6785084
4 138.6137138 137.4383488 137.3765274 135.8152852 135.7353424 135.6120883
5 138.5955263 137.4121295 137.3324213 135.7813395 135.6785084 135.5372268
6 138.5707336 137.3765274 137.2807174 135.7353424 135.6785084 135.4549553

i.e. V(r) # S(r). In Table 3, we obtained energy lev-  obtain the necessary functions
els for various values of dimensions D and quantum
numbers n and [ when the vector potential is equal

— 21‘]1 _ 261
to the scalar one, i.e. V(r) = S(r) which represents p(2) =z (1=2)™,

the energy spectrum for a particle [16]. Finally, in o(z)=z"(1 —Z)SZ,

Table 4, we listed bound state energy eigenvalues for Vi (2) = pl2n1.28) (1-22) (22)
various values of spatial dimension D and quantum " " ’2 ’s

numbers n and / when the vector potential is oppo- Rt (z) = Nuz™ (1= 2)% P24 (1 = 27),

site to the scalar one, i.e. V(r) = —S(r) which repre-

sents the energy spectrum for an anti-particle [16]. It or in a more convenient form in terms of the potential
is obvious from Tables 2—4 that the inter-dimensional  parameters as

degeneracy of eigenvalues of upper/lower dimen-
sional system forms the well-known eigenvalues of

a lower/upper dimensional system by means of the Ry (r) = Ny <1>m

transformation (n,1,D) — (n,l 4+ 1,D F2) [35]. We 1+ elr=Ro)/a

observe from Tables 2 to 4 the following degener- e(r—Ro)/a % (2m1.28,) e(r—Ro)/a _ (23)
ate energy states: E(2,1,2) = E(2,0,4); E(2,1,3) = ——— | B

1+ e(r—Ro)/a elr—Ro)/a 4 1

E(2,0,5); E(2,1,4) =E(2,0,6).
Let us now calculate the corresponding wave func-
tions; for this purpose, we use the relations in (7) to  with
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(D+21—-2)*—1
4R2
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(24a)

o = a\/£2 +83—VE—2(EuVo+MSo) +

where N,; is the normalization constant.

(D+21—-2)*—1
4R2

(Do+D1+D>), (24b)

From (18), we obtain the energy eigenvalues of the KG particles in two-dimensional (2D) and three-

dimensional (3D) spaces as

n+ % +a\/M2 —E%+ 83 —VE—2(EuVo+MSo) + m1/4 R%1/4 (Do + D1 +Dy)
5 (25)
—a\/M2 —E%+ ”121;(2)1/4% =a’ (sg —Vi+ ”12];(2)1/402> +%
and
n+ % +a\/M2 —E2+ 83— V¢ —2(EqVo+MSo)+ Z(IR%I) (Do +D; + D)
' (26)

I(1+1
—a\/M2—E3,+ (R2 )Do
0

2
I(1+1 1
—612 (S(z)—[/oz—f— ( )D2>+

RZ

0 4’

respectively, where, in (18), we inserted [ — m — 1/2 in two dimensions.

When we set V(r) — V(r)/2, S(r) — S(r)/2, Ey +
M — 2u/l‘12, and E,; — M — E,; [36], we can ob-
tain the solution in the non-relativistic limit of the
KG-Woods—Saxon problem. Here y = mymy/(m; +
my) is the reduced mass. Under these conditions,
one can obtain the non-relativistic energy eigenval-
ues of the Woods—Saxon potential in closed form
as

1
z 27
{n—l— 3 (27)
2UE, uVy  I(1+1)
+ay|— - (Do + D1+ D)
\/ N R}
QUEy 1(1+1) 1% dA(I+1) 1
_ — D, =——"D —.
a\/ PR R 2T

4. Concluding Remarks

To sum up, we have used a parametric NU method
as well as an appropriate approximation for the sin-

gular centrifugal term to obtain approximate analyt-
ical bound state solutions including energy eigenval-
ues and wave functions of the D-dimensional KG
equation for scalar and vector Woods—Saxon poten-
tials. Numerical tests using energy calculations show
the existence of inter-dimensional degeneracy of en-
ergy states prevailing to the following transforma-
tion: (n,l,D) — (n,l +1,D F2) as shown in Ta-
bles 2—4.

In the present solution, we have not faced any cum-
bersome and time-consuming procedures in obtaining
the numerical results for the energy eigenvalues KG-
Woods—Saxon problem by the present simple method-
ology. The present analytical expressions can be used
in nuclear physics.
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