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A theoretical study of the electronic properties of the ground state and excited states and the linear
and the third-order nonlinear optical properties (i. e., absorption coefficients and refractive indices)
in a spherical GaAs pseudodot system is reported. The variational procedure has been employed in
determining sublevel energy eigenvalues and their wave functions within the effective mass approxi-
mation. Our results indicate that the chemical potential of the electron gas and the minimum value of
the pseudoharmonic potential have a great influence on the electrical and optical properties of hydro-
genic impurity states. Also, we have found that the magnitudes of the absorption coefficient and the
refractive index change of the spherical quantum dot increase for transitions between higher levels.

Key words: Quantum Pseudodot; Pseudoharmonic Potential; Hydrogenic Impurity; Nonlinear
Optics.
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1. Introduction

The studies on nanostructures have gained great im-
portance for both pure theoretical physics and applied
science, therefore, there has been tremendous interest
recently in semiconductor quantum dots (QDs). As we
know, carrier confinement within QDs leads to quan-
tization of the allowed energy levels. Hence, the elec-
tronic and optical properties of QDs are quite differ-
ent from those of the bulk materials. From this point
of view, these effects of quantum confinement which
offer a wide range of potential applications for opto-
electronic devices explain the origin of the interest.
The impurity plays a fundamental role in a semicon-
ductor QD due to influences both the electronic and
optical properties of quantum devices. Several studies
have been reported on the binding energies of the hy-
drogenic impurities in a spherical QD formed by differ-
ent confining potentials, such as finite and infinite con-
fining potentials [1 – 4], parabolic confinement poten-
tial [5 – 8], Woods–Saxon potential [9], Gaussian and
modified Gaussian potentials [10, 11].

In the recent years, potential applications of semi-
conductor QDs in optoelectronic and photonic devices

have motivated many authors to investigate on the lin-
ear and nonlinear optical properties of these struc-
tures [12 – 16]. There have been several theoretical
studies on the optical absorption coefficient (AC) and
refraction index change (RIC) associated with optical
transitions (intersubband) in parabolic QDs [17 – 21].
In most previous studies, the harmonic oscillator po-
tential is usually considered, since it has exact eigenso-
lutions and matrix elements for various physical quan-
tities [22]. Although this potential has some advan-
tages, it is not realistic when compared to a real molec-
ular vibrational potential [23]. A pseudoharmonic po-
tential is commonly considered as anharmonic oscilla-
tor which is asymmetric about equilibrium distance r0
and becomes infinite as r→ 0 [24]. So the nonlinear
optical properties of QDs with pseudoharmonic poten-
tial have attracted much attention [25 – 29]. Very re-
cently, the optical ACs and RICs of a donor impurity
confined by a three-dimensional quantum pseudodot
are studied by Xie and Chen [30]. Their calculations
are made by using the matrix diagonalization method
within the effective-mass approximation. In addition,
Khordad [31] investigated the threshold frequency of
absorption in a quantum pseudodot under the influence
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of temperature and applied magnetic field. All of the
above mentioned studies are concentrate on the calcu-
lation of the ACs and RICs for the transition between
the lowest energy states, which is the transition 1s – 1p
between the ground state (l = 0) and the first excited
state (l = 1). To our knowledge up to now, these opti-
cal properties have not been investigated for the tran-
sitions between higher energy states. The purpose of
this paper is to investigate the linear and nonlinear op-
tical properties of a donor impurity confined by a QD
with a three-dimensional pseudoharmonic potential. In
calculations, the variational scheme within the effec-
tive mass approximation has been used to determine
the energy levels and their wave functions.

2. Theory

In the effective mass approximation, the Hamilto-
nian of a donor impurity with three-dimensional pseu-
doharmonic potential is given by

H =− h̄2

2m∗
∇

2 +V (r)− e2

4πε0εr
. (1)

Here, h̄ is the Planck constant, m∗ is the electronic ef-
fective mass in QD, r is the position of an electron, e
is the electronic charge, and ε is the dielectric constant
of the dot material. V (r) is the three-dimensional pseu-
doharmonic potential having the form [32, 33]

V (r) = V0

(
r
r0
− r0

r

)2

, (2)

where V0 is the chemical potential of the electron gas
and r0 is the minimum value of the pseudoharmonic
potential. Substituting the wave function in the form
ψnlm(r,θ ,φ) = Rnl(r)Y m

l (θ ,φ) into (1) with the ab-
sence of impurity, we obtain the radial part of (1) as

d2Rnl(r)
dr2 +

2
r

dRnl(r)
dr

+
2m∗

h̄2

(
Enl−

l(l +1)h̄2

2m∗r2

−V0

( r
r0
− r0

r

)2
)

Rnl(r) = 0 ,

(3)

where n, l, and m are the principal, orbital, and
magnetic quantum numbers, respectively. The energy
eigenvalue and eigenfunction of (3) are given in [33]:

Enl =−2V0+
h̄
r0

√
2V0

m∗

(
(2n+1)+2

√
β +

1
16

)
(4)

and

Rnl(r) = Nr−
1
2 +2

√
β+ 1

16 exp(−αr2)

·L
2
√

β+ 1
16

n (2αr2) ,
(5)

where N is the normalization constant and

α
2 =

V0

r2
0

m∗

2h̄2 , β =
m∗

2h̄2

(
V0r2

0 +
l(l +1)h̄2

2m∗

)
. (6)

The wave functions of the ground state (n = 0, l = 0,
and m = 0) and of the first (n = 1, l = 1, and m = 0)
and second (n = 2, l = 2, and m = 0) excited states,
respectively, in the absence of the impurity are

ψ000 = Nr−
1
2 +2

√
β+ 1

16 exp(−αr2)

·L
2
√

β+ 1
16

0 (2αr2)Y 0
0 (θ ,φ) ,

(7)

ψ110 = Nr−
1
2 +2

√
β+ 1

16 exp(−αr2)

·L
2
√

β+ 1
16

1 (2αr2)Y 0
1 (θ ,φ) ,

(8)

ψ220 = Nr−
1
2 +2

√
β+ 1

16 exp(−αr2)

·L
2
√

β+ 1
16

2 (2αr2)Y 0
2 (θ ,φ) .

(9)

We assume that the trial wave functions of the ground
state and the excited states for the case with the impu-
rity are

ψλ = ψnlm(r,θ ,φ)exp(−λ r) , (10)

where λ is the variational parameter. The binding en-
ergy of a hydrogenic impurity is defined as

EB = E0(n, l)−Eimp . (11)

Here E0(n, l) and Eimp are the energy of the QD with-
out and with the impurity, respectively. Eimp is deter-
mined by energy minimization with respect to the vari-
ational parameter λ by means of

Eimp = minλ

〈ψλ |H|ψλ 〉
〈ψλ |ψλ

, (12)

where minλ is the minimum of the expectation value
of the Hamiltonian in (1). This quantity is found by
varying the variational parameter.

Analytic forms for the linear α(1) and third-order
nonlinear ACs α(3)(w, I) are given respectively by [17,
20]
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α
(1)(w) = w

√
µ

εR

|M21|2σV h̄Γ12

(E21− h̄w)2 +(h̄Γ12)2
(13)

and

α
(3)(w, I) =−w

√
µ

εR

(
I

2ε0nrc

)
· |M21|2σV h̄Γ12[

(E21− h̄w)2 +(h̄Γ12)2
]2
[

4|M21|2

−
|M22−M11|2

[
3E2

21−4E21h̄w+ h̄2(w2−Γ 2
12)
]

E2
21 +(h̄Γ12)2

]
.

(14)

The total AC is then given as

α(w, I) = α
(1)(w)+α

(3)(w, I) . (15)

The linear ∆n(1)(w) and third-order nonlinear
∆n(3)(w, I) RICs are determined by [20, 26]

∆n(1)(w)
nr

=
σV

2n2
r ε0
|M21|2

(E21− h̄w)
(E21− h̄w)2 +(h̄Γ12)2

(16)

and

∆n(3)(w, I)
nr

=− Ic
4n3

r ε0
|M21|2

·

[
σV I[

(E21− h̄w)2 +(h̄Γ12)2
]2
]

(17)

·

[
4(E21− h̄w)|M21|2−

(M22−M11)2

E2
21 +(h̄Γ12)2

{
(E21− h̄w)

·
[
E21(E21− h̄w)− (h̄Γ12)2

]
−(h̄Γ12)2(2E21− h̄w)

}]
.

Then the total RIC is given as

∆n(w, I)
nr

=
∆n(1)(w)

nr
+

∆n(3)(w, I)
nr

. (18)

In the above equations, σV is the electron density, µ is
the magnetic susceptibility, h̄w is the incident photon
energy, c is the speed of light in free space, ε0 is the di-
electric permittivity of the vacuum, nr is the refractive
index of the dot material, E1(E2) is the initial (final)
state energy, Γ12 = 1/τ is the relaxation rate for states 1
and 2, τ is the relaxation time, E21 = E2−E1 is the en-
ergy difference between two different electronic states,
and I is the incident light intensity. M21 is the transition

matrix element between the initial and final states and
is defined as M21 =

〈
ψ2|ez|ψ1

〉
. The matrix element is

important for the calculation of different optical prop-
erties of the system related to electronic transitions. In
highly symmetrical QDs, transitions from a lower state
to an upper state are forbidden according to the selec-
tion rules. In spherical QDs, dipole transitions are al-
lowed only between states satisfying the selection rules
∆l = ±1, where l is the angular momentum quantum
number [34]. We have chosen a polarized electromag-
netic radiation in the z-direction.

3. Results and Discussion

In this section, we present numerical results of bind-
ing energies and optical properties of a GaAs spherical
QD with pseudopotential. The atomic units have been
used through the calculations, h̄ = m0 = e = 1. The ma-
terial parameters have been taken as following: The ef-
fective mass m∗ = 0.067m0 (m0 is the mass of a free
electron), ε = 13.18, σV = 5.0 ·1024 m−3, nr = 3.2, and
Γ12 = 5.0 ps−1.

In Figure 1, the binding energies EB of the ground
state (0s), the first (1p) and second (2d) excited states
are plotted as a function of dot radius for two differ-
ent zero point parameters r0 with V0 = 300 meV. As
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Fig. 1. Variation of the ground state (0s), the first (1p) and the
second (2d) excited states binding energies with dot radius
for two different values of zero point parameters (r0 = 3.0
and 6.0 nm).
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Fig. 2. Absorption coefficients of 0s – 1p and 1p – 2d transi-
tions versus the incident photon energy h̄w for different zero
point parameters (r0 = 4.0, 5.0, and 6.0 nm) at V0 = 300 meV
and I = 0.6 MW/cm2.

seen from Figure 1, for increasing dot radius, the bind-
ing energies for both the ground state and the excited
states decrease and approach the bulk value for large
dot sizes. Also, we observe that the binding energy of
the ground state decreases more quickly than that of
the excited states for the same r0 value. In addition,
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Fig. 3. Variation of ACs as a function of photon energy for various values of the chemical potential (V0 = 300, 350, and
400 meV) at r0 = 4.0 nm, r = 7.0 nm, and I = 0.6 MW/cm2 for (a) 0s – 1p and (b) 1p – 2d transitions.

the binding energy of the r0 = 3 nm case is higher than
that of the r0 = 6 nm case. This physically means that
with increasing r0, the electron wave function becomes
more splayed which leads to less binding of the donor
electron. This result is consistent with Khordad’s re-
sult [35]. We can also note that r0 has more influence
on higher energy levels. These results show that the ef-
fect of r0 on the binding energies of the 0s, 1p, and 2d
states of the hydrogenic impurity depends strongly on
the quantum numbers n and l.

Figure 2 illustrates the ACs of 0s – 1p and 1p – 2d
transitions versus the incident photon energy h̄w for
three different zero point parameters (r0 = 4.0, 5.0, and
6.0 nm). In this calculation, the chemical potential and
the incident light intensity are taken as V0 = 300 meV
and I = 0.6 MW/cm2, respectively. As shown in this
figure, the linear AC is positive throughout the pho-
ton energy scale considered, whereas the third-order
nonlinear optical AC term is negative. So the total AC
is reduced by third-order nonlinear AC. All the ACs
(absolute values of third-order coefficients) decrease
with increasing r0 for the 0s – 1p and 1p – 2d transi-
tions. We know that the incident light energy equals
to the energy difference between the levels. This en-
ergy is called resonance transition energy, which cor-
responds to the peak energy of the AC. We observe that
the peak positions shift to lower photon energies (red
shift) with r0 increasing as the energy difference be-
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Fig. 4. Total ACs as a function of the photon energy for five
different values of optical intensity (I = 0.2, 0.3, 0.4, 0.5, and
0.6 MW/cm2) at r0 = 5.0 nm, r = 7.0 nm and V0 = 300 meV.

tween the electronic states decreases. Further we note
that the amplitudes of the ACs for 1p – 2d transition
are much stronger than that of the 0s – 1p transition.
The reason for this situation is the increment in the
electronic dipole transition matrix element, and the in-
crement in the energy interval of two different elec-
tronic states shows that there exists an optical transi-
tion [20].
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Fig. 5. Variation of the RIC as a function of the photon energy with different values of zero point parameters (r0 = 4.0, 5.0,
and 6.0 nm) at V0 = 300 meV, r = 7.0 nm and I = 0.6 MW/cm2 for (a) 0s – 1p and (b) 1p – 2d transitions.

In Figure 3, in order to see the influence of the chem-
ical potential V0, we set V0 = 300, 350, and 400 meV
and plot the ACs as a function of photon energy with
I = 0.6 MW/cm2 for a) 0s – 1p and b) 1p – 2d transi-
tions. It is clear that when V0 increases, the peak posi-
tions shift to larger photon energies (blue shift) and the
absorption peak moves to right. This behaviour can be
explained with the fact that the wave function is more
localized and the separation between the neighbouring
energy levels becomes wider with increasing V0. We
should also mention that the total AC peak intensity in-
creases due to the increasing of the electronic dipolar
transition matrix elements with increasing V0. These
results are in agreement with the matrix diagonaliza-
tion method results found in the literature [30].

The linear AC does not depend on the photon in-
tensity I. However, the nonlinear AC depends on the
intensity and so does the total AC. Figure 4 shows
the total AC as a function of the incident photon en-
ergy for five different values of the optical inten-
sity, I = 0.2, 0.3, 0.4, 0.5, and 0.6 MW/cm2 with
r0 = 5.0 nm, r = 7.0 nm, and V0 = 300 meV. The to-
tal AC reaches a maximum at a certain photon energy
value, and this peak value reduces when the optical in-
tensity increases. The absorption spectrum has been
strongly bleached at sufficiently high optical intensi-
ties. When the difference between the magnitudes of
the linear and the nonlinear ACs is small, the reso-
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Fig. 6. Variation of the RICs as a function of the photon energy with different values of the chemical potential (V0 = 300, 400,
and 500 meV) at r0 = 5.0 nm, r = 7.0 nm, and I = 0.6 MW/cm2 for (a) 0s – 1p and (b) 1p – 2d transitions.

nant peak splits up into two separate peaks known as
bleaching effect [36]. This is due to the negative con-
tribution of the third-order nonlinear term. The reso-
nant peak is significantly split up into two peaks due
to the strong bleaching effect and this bleaching ef-
fect can be clearly observed when I = 0.5 MW/cm2

for 0s – 1p and I = 0.4 MW/cm2 for 1p – 2d. This in-
tensity value decreases when the transitions occur be-
tween the higher energy states. Figures 2 – 4 show that
we may adjust the resonance conditions of the optical
absorption by r0, V0, and I parameters.

The RICs are other important parameters in the opti-
cal studies of QDs. The variation of the RIC as a func-
tion of the photon energy with the zero point param-
eters is presented in Figure 5 at V0 = 300 meV, r =
7.0 nm, and I = 0.6 MW/cm2 for 0s – 1p and 1p – 2d.
It is obvious that the largest change in the total refrac-
tive index is contributed by the linear term. On the
other hand, the nonlinear term is opposite of sign of
the linear term. Thus, the change in the total refractive
index will be reduced. As r0 increases, the maximum
values of RICs, though slightly, decrease and the max-
ima of the refractive index move toward lower energies
(red shift) due to the same reason discussed in Figure 2.
Similarly, the amplitudes of the RICs for 1p – 2d are
much stronger than that of 0s – 1p. We can also say
that the total change in RICs is almost constant as r0
increases for both 0s – 1p and 1p – 2d transitions.

Figure 6 presents the dependence of the RIC as
a function of the photon energy with the chemi-
cal potential at r0 = 5.0 nm, r = 7.0 nm, and I =
0.6 MW/cm2 for 0s – 1p and 1p – 2d. The confinement
effects on the carriers motion increase and thus the en-
ergy difference between the electronic states increases
with V0. Therefore, the magnitude of the RIC increases
and its peak moves to the larger energy regions, with
the increment of V0. From this figure, it is noted that
the chemical potential does not considerably affect the
peak value of the RICs. As seen from Figures 5 and 6,
we can conclude that the variation of the RICs for
0s – 1p and 1p – 2d transitions strongly depends on r0
and V0 parameters.

4. Conclusion

We have studied theoretically the binding energies
of ground state and excited states, the linear, nonlin-
ear, and total ACs and the RICs for 0s – 1p and 1p – 2d
in a spherical GaAs pseudodot system. The determi-
nation of the energy levels and their wave functions
has been done within the effective-mass approxima-
tion, using the variational calculations. We have found
that the binding energies decrease with the minimum
value of the pseudoharmonic potential r0 and they de-
pend strongly on r0, especially in the 1p and 2d states.
The calculated results show that the optical absorption
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spectra and the RICs are affected by r0 and V0. The res-
onant peaks both of the optical ACs and RICs are red
shifted with increasing r0, while their resonant peaks
are blue shifted with increasing V0. In addition, the
amplitudes of the ACs and RICs for 1p – 2d are much
stronger than that of 0s – 1p. We hope that the present
theoretical results could stimulate and guide more ex-
perimental studies and have a significant influence on
improvements of optical devices.

In this study, we have investigated the electronic and
optical properties of one electron in a spherical GaAs
pseudodot. However, these properties for two interact-
ing electrons in this system have not been examined. It
would be most interesting to see what similarities and
differences occur between these two systems. In addi-
tion, it is possible to consider other effects on the sys-
tem such as electric field, magnetic field, hydrostatic
pressure and temperature, polaron effect, etc.
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