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The Klein—Gordon equation for a recently proposed Yukawa-type potential is solved with any or-
bital quantum number /. In the equally mixed scalar-vector potential fields S(r) = +V(r), the ap-
proximate energy eigenvalues and their wave functions for a particle and anti-particle are obtained
by means of the parametric Nikiforov—Uvarov method. The non-relativistic solutions are also inves-
tigated. It is found that the present analytical results are in exact agreement with the previous ones.
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1. Introduction

Relativistic wave equations and particularly Dirac
and Klein-Gordon (KG) equations have been of in-
terest for theoretical physicists in many branches of
physics [1, 2]. In recent years, there has been an in-
creased interest in finding exact solutions to relativis-
tic spinless KG particles with various vector and scalar
potentials [3 — 8]. The most commonly used techniques
to explore these wave equations are the Nikiforov—
Uvarov (NU) method [9-12], the super-symmetric
quantum mechanics method [13, 14], the point canon-
ical transformation [15, 16], the asymptotic iteration
method [17, 18], the proper quantization rule [19, 20],
the shifted large 1/N expansion (SE) technique [21],
and the ansatz approach [22].

Very recently, Hamzavi etal. [23, 24] presented ex-
act spin-1/2 relativistic solutions for the Mie-type po-
tential and approximate solutions for the Morse poten-
tial in the presence of a Coulomb-like tensor potential
interaction. Moreover, Hamzavi etal. [25] introduced
anovel potential, the so-called inversely quadratic
Yukawa (IQY) potential. They solved it in the con-
text of the Dirac equation with spin and pseudo-spin
symmetric limits taking the Coulomb-like potential as

a tensor interaction. Over the past few years, the non-
relativistic and relativistic wave equations have been
solved for various types of quantum potential models
by different authors [26 —47].

In this work, we introduce a novel potential in the
form of a Yukawa potential very similar to the combi-
nations of the IQY potential [25] and Yukawa poten-
tial [46] (i.e., IQY-plus-Yukawa potential) on the en-
tire positive line range, r € (0, ), as shown in Figure 1.
In short screening regime, it is an intermediate between
Vigy(r) and Vy(r) as demonstrated in Figure 1. Fur-
ther, in Figure 2, we also compare this potential with
the Coulomb potential. The Yukawa-like potential has
the form [48].
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where « is the screening parameter, and Vj is the cou-
pling strength of the potential. It comes asymptotically
to a finite value as r — oo and goes to infinity at r = 0.
A form of Yukawa potential has been earlier used by
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Taseli [49] in obtaining a modified Laguerre basis for
hydrogen-like systems. Also, Kermode etal. [50] have
used different forms of the Yukawa potential to obtain
the effective range functions.

The aim of the present work is to introduce a more
general ansatz for the IQY potential studied in our pre-
vious work [25]. Further, we aim to investigate the
bound states of a spin-0 particle in the field of Yukawa-
type potential (1). We want to calculate the energy
eigenvalues and the corresponding wave functions ex-
pressed in terms of the Jacobi polynomials.

This paper is organized as follows. In Section 2,
we briefly introduce the Klein—Gordon equation with
equal scalar and vector Yukawa-type potential for ar-
bitrary orbital quantum number /. The parametric NU
method is briefly introduced in Section 3. The en-
ergy eigenvalue equation and the corresponding eigen-
functions are obtained in Section 4. The Schrodinger
and KG equations are studied for Yukawa-type, IQY,
and Yukawa potentials in Section 5. We end with our
conclusions in Section 6.

2. Klein—-Gordon Equation for Equally Mixed
Scalar-Vector Yukawa-Type Potential

In relativistic quantum mechanics, we usually use
the KG equation for describing a scalar particle (i.e.,
the spin-0 particle dynamics). The discussion of the
relativistic behaviour of spin-zero particles requires
understanding the single particle spectrum and the ex-
act solutions to the KG equation which are constructed
by using the four-vector potential A; (A = 0,1,2,3)
and the scalar potential S(r). In order to simplify the
analytical solution of the KG equation, the four-vector
potential can be written as A, = (A9, 0,0,0). The first
component of the four-vector potential is represented
by a vector potential V(r), i.e., Ao = V(r). In this case,
the motion of a relativistic spin-0 particle in a poten-
tial is always described by the KG equation with the
potentials V (r) and S(r). For equally mixed scalar and
vector potentials, S(r) = £V (r) cases [42], the (3+ 1)-
dimensional KG equation is reduced to a Schrodinger-
type equation, and thereby the bound state solutions
are easily obtained by using the well-known meth-
ods developed in non-relativistic quantum mechan-
ics [51, 52].

Let us now consider the (3 4+ 1)-dimensional time-
independent KG equation describing a scalar particle
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with Lorentz scalar S(r) and Lorentz vector V (r) po-
tentials which takes the form [53, 54]

Ry~ (V(r) ~ Er)?
+ (S0 + M) | wia () = 0,

where M and ERr denote the reduced mass and rela-
tivistic binding energy of two interacting particles, re-
spectively, with P, = —ihV is the momentum oper-
ator. It would be natural to scale the potential terms
in (2) so that in the non-relativistic limit the interaction
potential becomes V (r), not 2V (r). We will follow Al-
haidari etal. [52] to reduce the above equation to the
form [52-57]

@

AR 3)
_ (Mc2+ 2S(r)) ] }WKG(I') =0.

Now making use of the equal scalar and vector
Yukawa-type functions S(r) = £V (r), (3) recasts to

1
{V2 —s {MZ Y _EZ+V(r)
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: (McziER)} }ch(r) =0
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In addition, we take the interaction potential as in (1)

and decompose the total wave function ykg(r), with

a given angular momentum /, as a product of a radial

wave function R;(r) = g(r)/r, and the angular depen-
dent spherical harmonic functions ¥;"(7") [54]

8y, 3)

r

Vka(r) =

with angular momentum quantum numbers being / and
m. This reduces (4a) into the simple form

dzg(”) 1 2 4 2 2
2 pa|Me —Eq £V (r) (Mc* £ ER)
114 1)K*c? ©
+ c
+r2‘| g(r) = 0,
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Fig. 1 (colour online). Behaviour of the Yukawa-type potential compared with the Yukawa potential [46] and the IQY po-
tential [25] for screening parameter values (a) Vp = 1.0 fm=!, o = 0.10fm™', (b) Vy = 1.0fm~!, o = 0.05fm~!, (¢
Vo=50fm™ !, & =0.10fm™!, and (d) Vo =5.0fm~!, oc = 0.05 fm~!.

where /(1 +1)r~2 is the centrifugal potential and the
boundary conditions g(0) = 0 and g(ee) — O satisfy-
ing the asymptotic behaviours as we are dealing with
bound state solutions. Since the KG equation with the
Yukawa-type potential has no exact solution, we re-
sort to an approximation if / is not sufficiently large,
the case of the vibrations of small amplitude about the
minimum, for the centrifugal term as [58-61].

1 efzar
= =lim (40> ————— | . 7)
r a—0 (1 _ efzocr)

In accordance with the above approximation, the novel
Yukawa-type potential (1), turns out to become

6740”

e
V(r)=—-40’A———— —20B—————
(r) (o tary? 1<

Finally, the solution of (6) with the approximations (7)
and (8) can be found for S(r) = +V(r) and S(r) =
—V(r) corresponding to the particle and anti-particle
cases, respectively, by employing the parametric NU
method which is briefly introduced in the following
section.

3. Parametric Nikiforov—Uvarov Method

This mathematical tool is used to solve second-order
differential equations in the form [62 — 65]
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Fig. 2 (colour online). Behaviour of the Yukawa-type poten-

tial compared with the Yukawa potential [46], the IQY poten-

tial [25], and the Coulomb potential for screening parameter

values Vo = 1.0fm~!, e =0.10fm~!, and @ = 0.05 fm~".

— o Wa(s) =0, ©))

where o (s) and & (s) are polynomials with at most of
second degree, and 7(s) is a first degree polynomial.
To make the application of the NU method simpler
and direct without need to check the validity of the so-
lution. We present a simple shortcut for the method.
We begin by writing a more general form of the above
Schrodinger-like equation (9) as [63 —65]

16+ (=2 i)

—p2s> +pis—po {10
(g wer =0
satisfying the wave functions
Wn(s) = @(5)yn(s).- (1D

When comparing (10) with its counterpart (9), we can
obtain the following identifications:

T(s) =ci—cas, o(s)=s(l—czs), 12)
&(s) = —p2s®+p1s—po,

and following the NU method [62], we obtain the en-

ergy equation [63 —65]

con—(2n+1)es+ (2n+ 1)(\/c79—C3\/&)

+n(n—1)c3+c7+2c3c8 —24/cgcog = 0.

(13)
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On the other hand, the wave function can be found as

pls) =501 —c3s)t, (s) = s (1 - c35),

C]2>07 C‘]3>07 (14)

() = PO (1-2¢38), e10> —1, e > —1,
Wi (8) = Nyies12(1 — 63s)c'3P,EC'°’C”)(1 —2c35),
where P,E”’v)(x), u>-1,v>—1l,andx € [—1,1] are
Jacobi polynomials with the parametric constants

1 1
c4= 5(1*61), c5 = 5(62*203), co=ci+pa;
¢7=2¢c4c5—p1, €8 =Ci+po, Co=c3lcr+cacs)+ce,

610:C1+264*2\/&71>71,

2
cii=1—ci1—2¢c4+—\/cg>—1, c3 %0,
c3

1
clp=c4—+/cg >0, c13= —C4+?(\/69—C5) >0,
3

c3#0,

where c12 > 0, ¢j3 >0, and s € [0,1/c3], c3 £ 0.
In a rather more special case where c¢3 = 0, the wave
function (11) turns out to become
lim PO (1 = 2¢35) = L0(cyy5)
3—)
lim (1 —¢35)13 = €°13%,
C3—>0

W(s) = Ns“12e135 010 (¢ 15) .

as)

(16)

where P (x) is the Laguerre polynomials.

4. Bound State Solutions of the KG Equation

Now, we seek to solve the KG equation with our
novel potential in the framework of the above para-
metric NU method. We consider the particle and anti-
particle cases.

4.1. Equal Mixture of S(r) =V (r) Case

The KG equation (6) for equally mixed scalar S(r)
and vector V(r) potentials, i.e., S(r) = +V(r), be-
comes

dg(r) 1| 5 5
dr2 *% O(z (al +V(V))

+ 71(1 ki 12)h2C2] g(r)=0,

o} =M —Er, 05 =Mc*+Eg,

a7

I%
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and using the change of variables s = e ~>*’, we can
re-write the above equation in the form
Pals) , (1=9) dgl) |1
ds?  s(1—s) ds = s2(1—s)? (18a)
. (—VS2—|—5s—n2)g(s) =0,
2 2
oy (B  ai—C
=== — —A 18b
B2 c2 (20{ 402 ’ ( )
2 2
o o —C
§=—2_(B+ )—11+1, 18¢
20th%c? ( o (I+1), (18
2—0‘722(052—0) (18d)
T = 4wz \ M '

Note that the solution of the (3 + 1)-dimensional
KG equation can be reduced to the solution of the
Schrodinger equation with an appropriate choice of pa-
rameters: of — —Engr, and 0o /%c? — 2 /1%, where
W =mymy/(m; +my) is the reduced atomic mass for
a two interacting particle system.

In the non-relativistic limit, (18) becomes

2u { B (Ea+C)

Yo
5—“2{(’5“1*@}1(”1), (19)
ah o
2o B (Ey+0)
n zazhz nl
Comparing (17) with (10), we obtain
ci=1,c=1,c=1,
1 2 3 . 20)
p1=6, pp=Vv, pp=1n-,
and by the use of (15), we can obtain
=0 ! —1+v =-0
C4 =V, C5= 2506_4 , 1= )
2 ) 0
C8:n s C9:(l+1/2) —%A,
(21)

2
o
cio=—21n, c11 —2\/(l+1/2)2hzi2A,

= L Jas i %a
cz=-1, 3=5 22t

Further, the energy equation can be found by us-
ing (13), (20), and (21) to get
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1 o 1
= [+1/2)2 — =2A—
<”+2+\/( T2 2 e Take

2
2 2
2(.2 _ o (oj-C B
%) (al _C)> _h2C2( 4a2 +2 A )

or it can be explicitly expressed in terms of the energy
as(inunitsi=c=1)

(22)

(n-i-;-i- 1727 — A+ En)

(23)

200

. \/(M+En1)(M—En1—C)>2

M—-E,;—-C B

= (M+Enl) |:(402) + E A:| .
Note that once B = C = 0, (23) becomes identical
to [25, (30) therein] with same energy spectra already
found as in [25, Table 2 therein] if one sets C; = 0 and
H=0.

In the limiting case when the screening parame-
ter oo — 0 (low screening regime), the potential ap-

proximates as Vigy (r) = —Vplimg_o(1+ Le %)% ~
r% — % + ¢, where the potential parameters are defined

asa=—Vy, b=—-2(1—-a)Vy, c = —(1 — a)*Vp. This
potential is well known as Mie-type potential [23, 32].
The energy eigenvalue equation for this potential has
recently been found in [32] as

VM2~ EX+ (En+ M)
B (EnlJrM)b
14+20+2y/(+1/2)2+ (En+ M)a

(24)

In the special case when a = ¢ = 0, it gives the energy
formula for the Coulomb-like potential as [6, 32]

A4 1) —b?

Eg=M——""7 " 25
T A I 1282 25)

For the case when n — oo, one obtains E,; = M (con-
tinuum states), that is, it shows that when n goes to
infinity the energy solution of (25) becomes finite.

On the other hand, to find the corresponding wave
functions, referring to (14), we find the functions

2
% 2
— 2 (?-C
pls) = A s 4 6)
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2
2\ (141722~ P25 4
(1—s) et
2
%9 2
—— (o —C
o(s) :J 402122 ( 1 )
(26)
1 2. 09
T4y (+1/22- 254
(1—y) he
Hence, (19) with the help of the weight function p(s)
in (26) gives
2 2
) 2 %
(2\J pyeray (o —C),ZJ (1+)2— hzczA)
yu(s) =P
(1-25). 27)

Further, using Ryi(s) = @(s)y,(s), we get the wave
function for the spinless KG particle as

0‘% 2
o\ (4 =)
Ru(r) :Anl(e* W) 402K ¢

with A, is the normalization constant. The above wave
function can be expressed in terms of the energy as

Rnl (I") — Anl e (M+Ey)(M—Ey—C)r

(1 e2er) b/ (127 A+ )
29
(@72 (1+1/2)27A<M+En1)> )

-P,

. (1 _2672Gr> ,

satisfying the asymptotic behaviours at r = 0 and r —
oo, Note that the energy eigenvalue equation (22) ad-
mits two solutions (negative and positive), however,
we are forced to choose the positive energy solution
for this case.
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4.2. Equal Mixture of S(r) = =V (r) Case

Here, we want to solve the following KG equation:
d’g (r) 1 2( 2

i e | (A -ve)

202
+l(l+12)h ]g(r):().

To avoid repetition in the solution of (30), it is nec-
essary to apply the following appropriate transforma-
tions [55]:

(30)

ot —0f, 03— ol (e, E— —E),

and V(r) — =V (r), G

on (22) and (28) to obtain the energy eigenvalue equa-
tion and wave function. We just write the final forms
for energy equation as

+1+ (I+1/2)2+ i A+ 1
n4 - el
2 R2c2 2ahe

) ) , (32)
of (s +C B
'\/O‘lz(o‘zz+c)> :h2c2< 12 20 A
or equivalently
1
(n+ 5t \/(l +1/2)2+A(M —Ey)
— (33)

M= E) M+ Eq1C) )
20

— 1A
402 20(+

— ()|

We choose the negative energy solution to (32), i.e.
EI((_G) Further, the wave functions become

(34)
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or equivalently
Rnl(") — Anl e~ (M*E,”()(M+E,,K+C)r

_ (1 _ e,zw)l/ﬂ (I4+1/2)2+A(M—Ey)) (35)

(—V WL MEEYO) 5 1 /2)2+A(M7En1)>
(1—-2e727).

We remark that (33) and (35) are corresponding to
the energy equation and wave function for the spinless
anti-particles.

4.3. Numerical Results

We present some numerical results in Table 1 with
parameters values M = 5.0 fm~!, o0 =0.015fm~!, and
Vo = 1.0. We calculate the energy eigenvalues of KG—
Yukawa-like problem by taking various values of n and
! quantum numbers in the equal mixture of scalar and
vector Yukawa-like potentials, i.e., S(r) = £V (r).

5. Some Special Cases

Here, we study the solutions of Schrédinger and KG
wave equations for some special cases of much inter-
est.

5.1. The Schridinger Solution

In the non-relativistic limit, the Schrodinger solu-
tion can be obtained from the S(r) = V(r) case by
means of (23). Applying the transformations Ey, +M =~
2u/ i, En —M = Ey, one obtains the energy formula

2u
En=—C=—5
o <n+ I+ \/(1+ 1/2)22/,LA/h2> 2
2
H (36)
2
(2aA —B)

+

2 <n+;+\/(z+1/2)2—2uA/h2)

and the radial wave function

Rnl(r) _ Dnl C_V —2u(En]+C)/h2r
(11— e—2ar) 3V (1+1/2)2-2uA/R
( AN <l+1/2)2—2uA/”2> -

-P,

-(1—2e*2“’).

When B = C = 0, we obtain the non-relativistic energy
levels of the IQY potential:

2u
Enl = _P
o (n+§+ \/(1+ 1/2)2—2uA/h2> h?
2
H (39)
2
20A

_|_

2 <n+ I+ \/(l+ 1/2)2 —2uA/h2>
and the wave function

Table 1. Energy levels for spinless KG particle with new
Yukawa-type potential for various values of n and / quantum
numbers.

n 1 S(r)=V(r) S(r)=-V(r)
0 0 —4.999975083 4.999979490
1 —4.999900329 4.999917959
2 —4.999775737 4.999815405
3 —4.999601302 4999671828
1 0 —4.999900335 4.999917954
1 —4.999775741 4.999815402
2 —4.999601306 4.999671825
3 —4.999377023 4.999487219
2 0 —4.999775763 4.999815388
1 —4.999601317 4999671818
2 —4.999377032 4.999487213
3 —4.999102892 4.999261576
3 0 —4.999601369 4.999671782
1 —4.999377052 4.999487199
2 —4.999102907 4.999261566
3 —4.998778901 4.998994893
4 0 —4.999377155 4.999487130
1 —4.999102943 4.999261542
2 —4.998778925 4.998994876
3 —4.998405041 4.998687162
5 0 —4.999103121 4.999261421
1 —4.998778982 4.998994838
2 —4.998405077 4.998687138
3 —4.997981299 4.998338377
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Rnl(r) _ Dnle—\/ —2,LLEn1/h2r
(1 — e-2ar) F V2T

<7V*2‘;E"]/7’2,2 (l+1/2)2—2uA/h2>
. P}’l

-(1 —2e*2°">.

IfA=C=0and B — A, it turns to the Yukawa poten-
tial solution, and the energy levels of (36) become

(39)

A R(n+1+1) ?
o

2(n+1+1) 2u

2u

-5 (40)

En =

)

which is identical to [46, (52) thereof], and the wave
function is

Rnl(r) =Dy e —2,L1En1/h2r (1 — e—2ar)l+1
<7V 72;;15“1/;‘12 ,21+1>
P (1-2e72).
Finally, when we setA — —A,C — —C, and o =0, (1)
turns to become the Kratzer-type potential [66] with
non-relativistic energy eigenvalues obtained via (36) as

2uB?/h?
27 (42
(2n+1+\/(21+1)2+8uA/h2> (2

which is identical to [66, (27) thereof].

(41)

Ey=C-—

5.2. Spinless KG Solution of IQY Potential

When B = C =0, we obtain the energy equation and
wave functions for the KG-IQY problem for the S(r) =
V(r) case

2
1 \ MZ_EZl
net s (120 =AM+ Ey) +

20

(M +Eq)(M — Ey —40%A)

= o : 43)
Rnl(r) =Bje VvV MziEl%lr
(1- 672ar) 1/244/ (14+1/2)2 ~A(M+Ey)
<M?+E§]’2 <l+]/2)27A(M+Enl)> (44)
. Pﬂ

-(1—2e*2°").
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When B = C = 0, we obtain the energy equation and
wave function for the KG-IQY problem for the S(r) =
—V(r) case

2
1 5 VM2—E§1
n+§+\/(l+1/2) +AM — En) + —————

200

(M —En) (M+Ey +40°A)

= 12 ) (45)
and
Rui(r) = Age VM= Er
(1 720”) 4V (1+1/2)2+AM—Ey)
(1—e
(46)

(7%_%,2 (l+1/2)2+A(M—En1))

P,

-(1—2e*2‘">.

When we set ¢« =0, A — —A, and C — —C,
(1) becomes the Kratzer-type potential V(r) =
D, (r2/r* —=2r./r+1) (see [66, (13) and references
therein]). The KG solution can be simply obtained fol-
lowing similar procedures in pNU method where we
apply the case c3 = 0. The energy eigenvalue equation
becomes

\/ M2 — B2+ (ER n McZ) c (47

(Mc*+ER)B

fic <1—|—2n—|—hzc \/(M02+ER)A+(Z+ 1/2)2h2c2>

)

and the wave function is

gl (r) = An e—\/M2c4—E§+(ER+Mc2)Cr

3 V12212 (M +Eg)A

L(% VH1/22 23+ (M2 +Er)A)

: (2\/M204 ~E3+ (Er +Mc2)Cr> .

6. Conclusion

(48)

To sum up, in this paper, we have obtained the
bound state solution of the KG wave equation for
anovel potential which is an intermediate between
the Yukawa potential [46] and the inversely quadratic
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Yukawa (IQY) potential [25] that milds the strong sin-
gularity of 1/r? in the IQY potential and the soft sin-
gularity 1/r in the Yukawa potential. The energy lev-
els of this potential are very close to energy levels
of the other two potentials studied in our previous
works [25, 46]. The present solution is a more gener-
alized one and can be easily reduced into the other
two potential forms [25, 46]. We have obtained the ap-
proximate bound states of a spinless KG particle con-
fined to the field of equal mixture of scalar and vector
Yukawa-type interactions. We used a parametric ver-
sion of the powerful NU method [62]. Some numerical
values of the energy levels are calculated in Table 1 in
view of the S(r) =V (r) and S(r) = —V (r) case, respec-
tively. We find out that the spectra in Tables 1 and 2
of the present potential when the potential parameters
B = C = 0 are identical to those ones obtained in [25]
when the spin and pseudospin symmetries are exact,
i.e., Cs = Cps = 0. Further, it has a continuum spectrum
once n — oo. The relativistic solution reduces into the
Schrodinger solution for the Yukawa potential [46] and
the IQY potential [25] under appropriate transforma-
tions of the parameters. Moreover, the Klein—-Gordon
positive energy solution with mixed scalar and vector
potential S(r) = V(r) describes the energy for the par-
ticle, whereas the Klein—Gordon negative energy solu-
tion for the S(r) = —V(r) case gives the energy for the
anti-particle.

It is worth mentioning that the potential (1) when
o = 0 turns to become the Kratzer-type potential with
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non-relativistic solution given by (42). However, it is
not possible to obtain the spinless KG solution of (1)
with o = 0 since this problem admits an exact solution
(c3 = 0 special case, see Section 3) and can be easily
solved without need to make an approximation to the
centrifugal term. It is necessary to state that we can
also obtain the N-dimensional bound state solutions
in any arbitrary dimension N > 2 by making the fol-
lowing replacement [ — [ + (N — 3) /2 throughout this
work [66].

It is also notable that solving such a flexible form
of the Yukawa-like potential allows one to generate
some other potentials used in molecular [66] and par-
ticle [67] physics. In the low screening region where
o < 1, the potential turns to become the Cornell po-
tential or Killingbeck (harmonic oscillator plus Cor-
nell) potential (see [67, and references therein]). These
potentials are usually used to study the mesons and
baryons. If the screening parameter oo — 0, the poten-
tial turns to become the modified Kratzer potential [66]
which is used in molecular physics to study the di-
atomic molecules [67 —70].
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