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In this paper, the generalized diffusion equation with perturbation u; = A(u, uy)ux, + €B(u,uy) is
studied in terms of the approximate functional variable separation approach. A complete classification
of these perturbed equations which admit approximate functional separable solutions is presented.
Some approximate solutions to the resulting perturbed equations are obtained by examples.
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1. Introduction

The symmetry group method plays an important
role in reducing and finding exact solutions of par-
tial differential equations (PDEs). Some of these meth-
ods have been employed to seek exact solutions of
PDEs for decades, for example, the Lie symmetry
method [1-5], the generalized conditional symme-
try (GCS) method [6, 7], and the potential symme-
try method [8], etc. Moreover, some variable sepa-
ration approaches were presented, and have been ef-
fectively used to construct exact solutions of PDEs,
such as the classical method [9], the differential geom-
etry method [10], the ansatz-based method [11-13],
the formal variable separation approach [14], and the
multi-linear variable separation approach [15, 16]. As
far as the symmetry group and the ansatz of the so-
lution form of PDEs are concerned, we point out
two types of the approaches, namely, the functional
variable separation approach (FVSA) [17] and the
derivative-dependent functional variable separation ap-
proach (DDFVSA) [18]. Both methods are used to in-
vestigate variable separation of the generalized nonlin-
ear evolution equations.

On the other hand, in recent years, more and more
researchers have been engaging in the study of the
nonlinear evolution equations with a small parameter
that were arising from science, technology, and en-

gineering. In order to solve such perturbed systems,
there are some approximate methods that are com-
monly used, for instance, the numerical and the pertur-
bation methods [19], the approximate conditional sym-
metry method [20], the approximate potential symme-
try method [21], the approximate generalized condi-
tional symmetry method (AGCS) [22], the approxi-
mate homotopy direct reduction method [23], and the
approximate direct reduction method [24].

Recently, we introduced the concept of the ap-
proximate functional separable solutions (AFSSs), and
proposed the approximate functional variable separa-
tion approach (AFVSA) that based on AGCS, and it
was applied to discuss the perturbed evolution equa-
tions [25, 26]. In this paper, we consider the approx-
imate functional variable separation of the following
generalized diffusion equations with perturbation:

ur = A(u,uy ) uy + EB(u,uy) (1)

where A(u,u,) and B(u, u,) are smooth functions of the
indicated variables, € is a small parameter.

The outline of the paper is as follows. In Section 2,
a complete classification to the generalized diffusion
equations with perturbation which admit AFSSs is ob-
tained. In Section 3, some AFSSs to the resulting per-
turbed equations are constructed by way of examples.
The last section is reserved for conclusion and discus-
sion.
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2. Classification of (1) Which Admits the AFSSs

Consider a kth-order differential system [E], which
is perturbed up to the first order in the small parameter
£, Viz.

EP (x,u,u(l),...,wk);s) EE([; (x,u,u<1),...,u(k))

; @)
+eE] (x,u,u(l),...,u(k)) =0, B=1,...,q,
where x = (x!,x%, ... x"), u= (u',u?,...,u"), Elﬁ are
smooth functions in their arguments, € is a small pa-
rameter, u(;) (i = 1,...,k) is the collection of ith-order
partial derivatives, and

P B .
D[: ﬁ‘i‘ul W‘i‘uuw—f—, 1= 1,...,11,

J

denotes the operator of total derivative with respect to
X'

Let
d 0
V=n—2= t,U,€)— 3
Mo, =Nt ue)s ©)
be an evolutionary vector field and 7 its characteristic.

Definition 1. The approximate solution u = u(x,7;€)
of (2) is said to be an approximate functional separable
solution (AFSS) if it satisfies (2) and the ansatz

fu) +eg(u) = y(x)+¢(t)

+e(ox)+0(1) +0(e?), @

where f(u,u,) and g(u,u,) are smooth functions of
u and u,, and y(x), ¢(¢), o(x), and 6(r) are some
smooth functions of x and ¢.

In particular, with respect to any perturbed (14 1)-
dimensional nonlinear evolution equations, we have
definition as follows:

Definition 2. The evolutionary vector field (3) is said
to be an AGCS of the perturbed nonlinear evolution
equation

uy = K(x,t,u;€) 5)
if and only if

VO (4, — K (x,1,u€)) | =0(e?), (6

WINE]

whenever u, = K(x,,u;€), where v ®) denotes the kth-
order prolongation to (3), K and n are differentiable
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functions of 7,x and u, uy, uyy, . .., [W] indicates the set
of all differential consequences of 1 = O(€?) with re-
spect to x, that is, D{n = O(€?), j=0,1,2,..., and [E]
denotes the solution manifold of (5).

Considering to the results in [26], we have the fol-
lowing theorem.

Theorem 1. Equation (5) possesses AFSS (4) if and
only if it admits the AGCS

0 0
V= na = [ux, + (p(u) +8q(u)>uxut} a3 @)

where

I\
0= (7). a0 = (%) ®)

where f = f(u), g = g(u), and the prime denotes the

corresponding order derivative with respect to u.

Next we classify to (1) that admits AGCS (3) by
means of AFVSA. By Definition 2 and Theorem 1, we
know that classification of (1) which possesses the AF-
SSs is equivalent to obtaining the AGCS of (3) satisfy-

ing

v (u, — A, )t — 83(“7””) ’[wm[E]

= |:Dzn - (Aun +AuxDxn)Mxx )
—&(B,n + B, Dyn) —AD? } :
(Bun n) n ][W] e

Using expressions chn =0,i=0,1,2,...,and (1),
and excluding the higher-order derivative of u in (9),
we obtain an expression of independent derivative of u,
which is

D] Ww]N[E] = € (Elu?cx + Ezu)z(x + Z3u + 54)

(10)
+ Esu}, + Sou + Sy = O(€7)
where
Zi=Ei(uuy) =0(g), i=1,2,3,4,
Ei=Ej(u,u) =0(e?), j=5,6,7. an
Since the expressions for Z; (j = 1,2,...,7) are

lengthy, we omit them here.

By solving over-determined system of differential
equations (11), we obtain the classification theorem as
follows:
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Theorem 2. Suppose A(u,u,) # 0 and B(u,uy) #
constant, the perturbed equation

Uy = A(u,uy )ity + €B(u, uy)

admits AFSS of the (4) if and only if it is equivalent to
one of the following equations, up to first order in €:

(1) ur = u®u®

12
+é& |:<F1 <LZC) +C3) u?otl +62u] , (12)

13)

N =ux— ;qut;
crea(200+1)
oa+2

F; m
+eics ey(al)u/a) M?+2—|— 2(u;)e +c4:| 7

(2) u =cre™ulu,+¢€ [(

N =uy+ 8(C2 e_yu +c3 e_yu/a)uxl/‘h
o(|ea| +e3) #0;

cp e

(3) Uy = Lt2

X

B ( ux) eou
o

Uy + € —3cicaIn(uy)

+ecic; eSOcu/Z +C4:| ,
N=uy+e {cz e®/2 4 oy efo‘“} Uyl
(Je2|+lesl) #0;

2 a—+1 o+2
(4) u,:cluf‘uxx+8{< crea(e+ iy

o+2

(14)
+C4) u +F2(Mx)] )

N = uy +€(cou+c3)uxy

o(|eal +e3) #0;

(5) u = %uxx—&—e[(a; —2c1czln(ux))u+F2(ux)} ,

X

N = uy + &(cou+c3)uucuy , (|c2|+|c3]) #0;

15)

(6) uy =cre™uy+e [;clczuz + B (uy) e™ + 03] ,
N =uy+ecre Mugu;, o0 #0;
1) = cusete | (urstw) - [ ERE) 08 )il
—|—F2(ux)—|—czu} ,
uF3(u) — | §F3(€)dé>uxu,;

C1

n:uxt+£(

(8) uy = cru®uyy + € {(Fl (w) +C4) u%t!
u

16
n clcz(a—6)u§+c ; (16)
2(a—2) )7
1 l—o
N=uy+| ——+ecu Uyl ; a7
u

9) u= ity + € [(Fl (ux> +C3>u3
u

+ <2c102 In(u)u? + C4) u} ,

1 (&)
N=uy+| ——+E— Juxy,
u u

(%) e

3a_o
ci1co0u 2 — C4U
o—2 ’

ua
(10) u; = ?uxx—&—e

X

—3ciczuln(uy) +

1
n=uy+ {— - +8(62u%°“2 +63u1“")] Uulty

(le2| +les]) #0;
(11) u,:cl(ufc)auguxereB(u,ux),
aB(B+2)#0,
n=uy+ {— +8(cz(u—c)1°‘
u—c

_o+2B
+c3(u—c) P >}uxut,

where B = B(u,uy) satisfies

ot,B—Ez—BB
Buer |22
,c2[a@B+1)=6(B+1) o0
B+2

L Bu—(totPp)B—(a+PH+K o

where H = H(u), Ku:_lg(u), and L = L(u) satisfy
(u—c)K'—K—(o+B)[(u—c)H —H|
—(u—c)*L' =0.
(12) wy = A,y )ty + €B(u, 1y
0 =+ (plw) + eq(u) Ju,

where A = A(u,uy), B= B(u,u,), p= p(u), and q =
q(u) satisfy
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A(p = p*)+cu =0, ¢ #0,

(2402 + pA, =249 ) A = Ap,

—24%(p' — p*) — A(pAu — Aw) — AL =0,
A [(un +4Apg — ZA‘/)AMX - qAAuux} “iy

+ [(4176] —-24') _A2<pB“x'4x +gAu) +A (PAuxBux
— pBAuu,) + pBAﬁX} e — BA, (A +AAy,)
+A(ABu, — AuBu, +BAu,) =0,

A [(21%1 —q)A—A(q" —2pq — 2p’f1)} w;

+ [(B (pAu oA+ 3p2A> n pABu)Aux

—A (A(Buxp, + By, p) + pBAWX>:| u?(
+ [A%Bu+ A(pA — B+ (42 (297 1)
+A(Au — 2pA) —Aﬁ)B} e =0:

where a, B, v, ¢, and c; (i € Z) are arbitrary constants
in their sets of definition when not specified.

3. Construction of AFSSs for the Resulting
Equations

Using the AFVSA, we present some AFSSs of the
resulting equations by the following some examples.

Example 1. Equation (12) enjoys the following AF-

SSs,
. <1+e(w(x)+9(t))>
ap +asz
,exp(l//(x)+¢(f)—a1—a4)’ i 40,
ap +as
where y(x), ¢(7), @(x), and 6(r) satisfy
(1) =0.
A
w(x) = —fx—I—SZ
2
-In %<blexp (2\/Ix> —b2> ] )
A crar
o)=L 4,
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/
—|—a§ [F1<wa(x)> +C3:| +A =0,
2

_ (czag—?q)t
o) =<2
(2) =0, A <0.

+bs, (|b1]+ b2 #£0);

2
—bzcos< Ax ) ],
crar
At
¢(’):;2+b37

Q
(1S}

3 (30" () + 209/ (1)) (x) - a3 (w(x))?)

/
—|—a§ F1<wa(x)> +C3:| +A =0,
2

crad — A )t
9(02%“747 (1b1]+ |b2| #0);
a,
3) a=1, L #£0.
w(x) crapeb/®

dé=tx+hs,

\/a2[21 62“1/“21n(§)+h1a26%]
3

)
[_ 27L(t+h3)} ’
| (v (070 + 2020/ )00

- aa(ll/(x))z) +a3 (Fl (W;(;)) +C3)]

cvWmalfa L B3 (y (x) o' (x)

1
¢(t) = Eagln

+aA [2a2 (0(x) —as) —2a3(y(x) —a)
—a2a3] +M =0,
o) = . {m ( i ) + 1} | et
= —d _—— [ ————
29 A(t+h3) 2(t +h3)
(Za%czhﬂt — a%aﬁt In(2) + M)t + 2h4a%7L

2a32(t + h3)
(4) o #0,1, A #0.

/wx) { {Cl (a—1)ek/e dg} [asc%w -1y
e (L (P

az

+
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H(é)] 2} =dx+ae, |fi2F2 (ll/;(;)> +pa(w’(x))1w//(x)]
PN ag+? —exdbap(a+2)yR (x) + 2ds (0 +2) [ap(czdl
P =5 " Faita) |’

— C3d2) + C4dﬂ u/(x) - dz(OC + 2) {dl (62d1 op

% {C? (w(x)” (a%w”(x) +2ayy (x) ' (x) +2¢4d2) — 2dapoi(dycs — d3)} +p1 =0,

Can (W ()?) £ g3 v ¢ cop’®  p[2eadadepa(o+2)+ pa]
(V') )+ 2 <F1< a >+ 3)] 6(1) =— 26d§ - 4d3 (0 +2)
[codadZpo(o+2) +depr+ pit

. e20((l[l(x)7al)/a2 +a%/’l«a(\[/(x>)_l(})/(x)

+d7.
+azla[2a2(w(x) —ay) —2a3(y(x) —ay) 2d5(a+2) 7
2) a=-1, 0.
—61203}4'/11:0, ( ) C]czp# 2d2(d + p)+p
o x/(c1dr) _ =92\d2C4 T C3 2
a$t(0'(1) — apcy) 2%/ @ Y (x) = kyeP e crdap +dy,
—2612061(6129(1‘)—(13(])0))%—11 =0, (k1 £0)
where ¢(1) = pt+ka,
- - 283 | (W' (x)) " (c1dr (x) — p doF
H(E) = Whittakermt  — &, 1% 201 1| W) (k) —pe/ )+ sf
2 2 ar
. ; ' (x) 2 B
where o, A, A, aj, and bj (i=1,...,7,j=1,...,4) 7 +c2p (w(x))” +2c1ds (c2dy — dc3
are arbitrary constants in their sets of definition when 2
not specified. vyhere and her‘eafFer thej prime denotes _ CZW(X))II// (x) +2( csdop — crdip +cy d%) w(x)
the corresponding order derivative with respect to x 5
ort. —2d2(C4d]d2—d3p+C3d1p)—|—C]dl—|—d2 p1=0,
3.3
copt
Example 2. Some AFSSs to (14) is given by (4), with ()= + (p (2c2drkrp — po) 1 =2 [pl
2
~1
f(u):d2l/l+dla d27507 +k2(p2—62d2k2p):|t> (4d§> + k3.
1 3,1 2
8(u) = gceadau’® + Scsdau” +dsu + da, (3) a#—1,-2, =0, c;p #0.

o (042)
where y(x), ¢(r), ®(x), and 6(z) are expressed by v(x) = (dz(““)pwl“) [(OH— 1)(x+r1)] (a+1>>
(]) (X#—],—Z, Clczap#o. -1

. <ci/(a+1)(a+2)> +r,
y(x) = <d§‘/(“+1)p1/<°‘“> {(oc+1)
(])(t) =pt+rs3,
1
(a+2)/(ot1) =2 2¢1d3 (0 +2) (W (x))* (d 0" (x) — c3 (' (x))?
'(x—d5)} « « )(Ci/<a+1)(a+2)) L) (a+2)(y (x)ll)/(i)Zw (x) —c3(y'(x)) )
) +2d3 (ot +2) {szz< >+pa(!/f’(X))1
n P2 C4d2 _ d2C3 +d1 d2
2e0drop(0+2)  crop c2 ’ " :| 2
0] 2d5(0+2)(cada — o
o ()| + 23 (0 +2) (cads — apes)y (x)
2
2c1d21_°‘(v/(x))°‘[d2(a+2) (dza)"(x)—q(ly'(x))z) 72d2(06 +2) [C4d1d2 *pO!(d]Cg, *d3)] +p1 = 0,

_ 2
e(t) _ p(d26‘4 C30(p)l

—caa(dy — (@) (W/(0)?] + 23 (a+2) 24,
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- [27’3d§(0€+2)(€3pa —cqdp) +p|}t .
2d3 (0 +2) 4'

a=—-1, c2=0, cip#0.

y(x) = hyeP 9 Ly (hy #0)
¢(t) = pt+hs,
b (Y (1) ' (120" (x) — poo' (x)

—dy |:Clc3l,l//(x) —do P (l[;}x))]

2

+(cady +c3p) (y(x) —di ) +pds +27'dy *p1 =0,
. p(c3p +d2C4)I2
0(t) = BTy —
[2d3h3(cady +c3p) — p1]t
+ 3
243

4)

+h47

where o, p, pi1, d;, kj, rp, and b, (i=1,...,7,j =
l,...,3,n =1,...,4) are arbitrary constants in their
sets of definition.

Example 3. Some AFSSs to (16) is determined by (4),
with
f(u)=s2In(u) +s1, 52#0,
Cosour®
g(u) = m
where y(x), ¢ (), ©(x), and 6(¢) are determined by

(1) ¢#0,1,2, cicoA #0.

v(x)
/ {(clczsza(a—z) e(é—ﬂ)/Sz)

+s31n(u) + 54,

(clcza(Z— o) {Zczs%al exp (W)
+7Lz]>_%}dé =+x+s;5,
o3 0 (21 it

=53 ‘lf/(x)> v (x) +C4S%] e® W=/ Lo, {sz

(@) = 5) = s3(w(x) = 51)| ~ (@ —2) 2 =0,
53

o0 =5~ G

a=2

lzs;% [Ot(t-‘r.%)] @ C3S2t2 53
4(=A)a(a—1)(a—2)2 2(t+s) «
[2C3S%)~(X(O£ — 2)2S6 - Al]t+2S2S7)~(X(OC — 2)2
+ Zha(a—2)2(t +55)
(2) a=0, ¢, #0.
(1) ciA > 0.

()__ & _A'_l
yix) = Clx 252
2 [a ’
¢
-In |:4)L (kl exp <S2 Clx) +k2> ] s

At

¢(r) = g+k3a

52 [cl 0" (x) + 52F; ( "’;i’“) )] +01(250 (v)

— 53y (x)) v (x) +easy —8 sy A =0,
o(1) = (8C3S3+)~1)l

SS%
(ii) 1A <0.

—1
1 c1 . —c] Ax
y(x) = 52 ln{ 7 [hl sin (S2>

+ky;

53 {cl " (x) + 52 F ( l’/;(zx) ) ] +ci (252 o' (x)

—53¥/ () V() + easd 8715 A =0,
8c3sy + A

e(l‘)zi( C3S21— DL

8s;

(3) 0675072, =0, 6‘12,7&0.

/.v(x) { <c1 (o — 2)) (c1 (—2) {b;/sz o2/

1

~3
-2 ea(sl_@/sz}) }dé = +x+b3,

+hy.

‘P(’):al“{—mﬁbﬁ]’

2s; [s% (cl 0" (x) +52F ( W;ix) ) ) +c1(250'(x)
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=520/ () W0+ cast V004 200k [

(@) =s5) = 53(w(x) —s1)| — (@ =2) 7 =0,

53 S2€3t2 S3
0(t)=—1
®) an[ +b1}+ i+b) "
+ [2b1C352(X)~ o— 2 1]t—|—2b452106 o— 2)
2s9h (o —2)%(t +by)
(4) o= 1 Clczﬁ, 750.
(E—s1)/52
/ Cc1C282€ d&: txta;
\/ c1ca ZCQS%AG 51)/52+7Lz]
$2
—¢ln| - —22
o) =52t | - 7520
/
259 [s% (cla)”(x) + 55 (Ws(x)>) +c1 (25,0 (x)
2

—%W&Wﬂﬂ+mﬂéWﬂmm

ny) [sz(a)(x)f&l)—m(ly(x) fs])} A =0,

1 S2)~2 S%
0) =283 -7~ |In| -+
®) 2( BT R @)) T M)
a3 +1s6(t+a) s
ttay 2000 T T
(5) a=1, c2=0, 12 #0.
Aes1/52x2 — D¢y s9vax 4 2¢1 5213
V/(x):S21I1 2 ’
2c155

¢><t)=szln[—wsfv1)},
14

257 [s% <c1w”(x) +5F < ;(;0)) +ey (2s2w/(x)

—s3¥/ () )V () + c4sg] (¥ -s1) /5
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4. Conclusion and Discussion

In summary, by utilizing the AFVSA, we have clas-
sified the generalized diffusion equations with per-
turbation which admit AFSSs. AFSSs of some re-
sulting equations are constructed. In general, these
AFSSs cannot be obtained by other approximate
methods. Other types of perturbed nonlinear evolu-
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some interesting results will be presented sooner or
later.

There are still two interesting topics to be investi-
gated later: (i) How to apply the AFVSA to other types
of nonlinear evolution equations, such as the higher di-
mensional equations, and the system of equations with
perturbation? (ii) How to extend the AFVSA so as to
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