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By using the generalized parametric Nikiforov–Uvarov (NU) method, we have obtained the ap-
proximate analytical solutions of the radial Schrödinger equation for a perturbed Yukawa potential.
The energy eigenvalues and corresponding eigenfunctions are calculated in closed forms. Some nu-
merical results are presented and compared with the standard Yukawa potential. Further, we found
the energy levels of the familiar Mie-type potential when the screening parameter of the perturbed
Yukawa potential goes to zero, and finally, standard Yukawa and Coulomb potentials are discussed.
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1. Introduction

Solutions of fundamental dynamical equations are
of great interest in many fields of physics and chem-
istry. In this regards, the exact solutions of the radial
Schrödinger equation for a hydrogen atom (Coulom-
bic) and a harmonic oscillator represent two typical
examples in quantum mechanics [1 – 4]. The radial
Schrödinger equation has been solved with different
potentials and methods [5 – 10].

The perturbed Yukawa potential is given by

V (r) =−V0
e−ar

r
+V1

e−2ar

r2 , V1�V0 , (1)

where V0 = αZ with the fine-structure constant α =
(137.037)−1 and the atomic number Z; a is the
screening parameter. When V1 is zero, the poten-
tial (1) reduces to the standard Yukawa potential [11]
which is often used to compute bound-state normal-
izations and energy levels of neutral atoms [12 – 14].
This potential has been solved by the shifted large-
N [15], perturbative [16 – 18], supersymmetry quan-
tum mechanic [19], asymptotic iteration [20], quasi-
linearization [21], and Nikiforov–Uvarov [22 – 25]
methods.

This work is arranged as follows: in Section 2, the
parametric generalization NU method with all the nec-
essary formulae used in the calculations is briefly in-
troduced. In Section 3, we solve the radial Schrödinger
equation for the perturbed Yukawa potential and give
energy spectra and corresponding wave functions.
Some numerical results and discussions are given in
this section, too. Finally, the relevant conclusion and
some remarks are given in Section 4.

2. Parametric NU Method

This powerful mathematical tool solves second-
order differential equations. Let us consider the follow-
ing differential equation [26 – 29]:

ψ
′′
n (s)+

τ̃(s)
σ(s)

ψ
′
n(s)+

σ̃(s)
σ2(s)

ψn(s) = 0 , (2)

where σ(s) and σ̃(s) are polynomials, at most of sec-
ond degree, and τ̃(s) is a first-degree polynomial. The
application of the NU method can be made simpler and
direct without need to check the validity of solution.
We present a shortcut for the method. So, at first we
write the general form of the Schrödinger-like equa-
tion (2) in a more general form as
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ψ
′′
n (s)+

(
c1− c2s

s(1− c3s)

)
ψ
′
n(s)

+
(
−p2s2 + p1s− p0

s2(1− c3s)2

)
ψn(s) = 0 ,

(3)

satisfying the wave functions

ψn(s) = ϕ(s)yn(s) . (4)

Comparing (3) with its counterpart (2), we obtain the
following identifications:

τ̃(s) = c1− c2s , σ(s) = s(1− c3s) ,

σ̃(s) =−p2s2 + p1s− p0 .
(5)

(i) For the given root k1 and the function π1(s), we get

k =−(c7 +2c3c8)−2
√

c8c9 ,

π(s) = c4 +
√

c8−
(√

c9 + c3
√

c8− c5

)
s .

Now we follow the NU method [26] to obtain the en-
ergy equation [27 – 29]

nc2− (2n+1)c5 +(2n+1)
(√

c9 + c3
√

c8

)
+n(n−1)c3 + c7 +2c3c8 +2

√
c8c9 = 0

(6)

and the wave functions

ρ(s) = sc10(1− c3s)c11 , ϕ(s) = sc12(1− c3s)c13 ,

c12 > 0 , c13 > 0 ,

yn(s) = P(c10,c11)
n (1−2c3s) , c10 >−1 , c11 >−1 ,

ψnl(s) = Nnls
c12(1− c3s)c13P(c10,c11)

n (1−2c3s) .

(7)

P(µ,ν)
n (x), µ >−1, ν >−1, and x ∈ [−1,1] are Jacobi

polynomials with the constants being

c4 =
1
2
(1− c1) , c5 =

1
2
(c2−2c3) ,

c6 = c2
5 + p2 , c7 = 2c4c5− p1 ,

c8 = c2
4 + p0 , c9 = c3(c7 + c3c8)+ c6 ,

c10 = 2
√

c8 >−1 , c11 =
2
c3

√
c9 >−1, c3 6= 0 ,

c12 = c4 +
√

c8 > 0 ,

c13 =−c4 +
1
c3

(√
c9− c5

)
> 0 , c3 6= 0 ,

(8)

where c12 > 0, c13 > 0, and s ∈ [0,1/c3], c3 6= 0.
In the rather more special case of c3 = 0, the wave

function (7) becomes

lim
c3→0

P(c10,c11)
n (1−2c3s) = Lc10

n (2
√

c9s) ,

lim
c3→0

(1− c3s)c13 = e−(
√

c9−c5)s ,

ψ(s) = Nsc12 e−(
√

c9−c5)sLc10
n (2

√
c9s) .

(9)

(ii) For the given root k2 and the function π2(s), we
have

k =−(c7 +2c3c8)+2
√

c8c9 ,

π(s) = c4−
√

c8−
(√

c9− c3
√

c8− c5

)
s ,

following the NU method [29] to obtain the energy
equation

nc2− (2n+1)c5+(2n+1)
(√

c9− c3
√

c8

)
+n(n−1)c3 + c7 +2c3c8−2

√
c8c9 = 0

(10)

and the wave functions

ρ(s) = sc̃10(1− c3s)c̃11 , ϕ(s) = sc̃12(1− c3s)c̃13 ,

c̃12 > 0 , c̃13 > 0 ,

yn(s) = P(c̃10,c̃11)
n (1−2c̃3s) , c̃10 >−1 , c̃11 >−1 ,

ψnκ(s) = Nnκ sc̃12(1− c3s)c̃13P(c̃10,c̃11)
n (1−2c3s) ,

(11)

where

c̃10 =−2
√

c8 , c̃11 =
2
c3

√
c9 , c3 6= 0 ,

c̃12 = c4−
√

c8 > 0 ,

c̃13 =−c4 +
1
c3

(√
c9− c5

)
> 0 , c3 6= 0 .

(12)

3. Solution of the Radial Schrödinger Equation
with the Perturbed Yukawa Potential

To study any quantum physical system character-
ized by the empirical potential given in (1), we solve
the original Schrödinger equation which is given in
well-known textbooks [1, 2]:(

P2

2µ
+V (r)

)
ψ(r,θ ,ϕ) = Eψ(r,θ ,ϕ) , (13)

where µ is the reduced mass, and the potential V (r)
is taken as the perturbed Yukawa potential in (1).
Using the separation method with the wave function
ψ(r,θ ,ϕ) = R(r)

r Ylm(θ ,ϕ), we obtain the following ra-
dial Schrödinger equation:
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d2

dr2 +2µ

(
E +V0

e−ar

r
−V1

e−2ar

r2

)

− l(l +1)
r2

]
Rnl(r) = 0 .

(14)

Since the radial Schrödinger equation with the per-
turbed Yukawa potential has no exact solution, we use
an approximation for the centrifugal term in the form

1
r2 ≈ 4a2 e−2ar

(1− e−2ar)2 (15)

or equivalently

1
r
≈ 2a

e−ar

(1− e−2ar)
, (16)

which is valid for ar� 1 [30]. Therefore, the perturbed
Yukawa potential in (1) reduces to [31, 32]

V (r) =−2aV0
e−2ar

(1− e−2ar)
+4a2V1

e−4ar

(1− e−2ar)2 . (17)

To see the accuracy of our approximation, we plotted
the perturbed Yukawa potential (1) and its approxima-
tion (17) with parameters V0 =

√
2 and a = 0.10 [20]

in Figure 1. Substituting (15) and (16) into (14), one
obtains

Fig. 1 (colour online). Perturbed Yukawa potential (red line)
and its approximation in (17) (blue dash dot line) with V0 =√

2 and a = 0.10.

[
d2

dr2 − ε +4µaV0
e−2ar

1− e−2ar −8µa2V1
e−4ar

(1− e−2ar)2

− l(l +1)4a2 e−2ar

(1− e−2ar)2

]
Rnl(r) = 0 , (18)

where ε =−2µE. To solve (18) by the NU method, we
use an appropriate transformation as s = e−2ar and (16)
reduces to

d2Rnl(s)
ds2 +

1− s
s(1− s)

dRnl(s)
ds

+
1

s2(1− s)2

[
−ε

4a2 (1− s)2

+
µV0

a
s(1− s)−2µV1s2− l(l +1)s

]
Rnl(s) = 0 . (19)

Comparing (19) and (3), we can easily obtain the co-
efficients ci (i = 1,2,3) and analytical expressions p j

( j = 0,1,2) as follows:

c1 = 1 , p2 =
µV0

a
+

ε

4a2 +2µV1 ,

c2 = 1 , p1 =
2ε

4a2 +
µV0

a
− l(l +1) ,

c3 = 1 , p0 =
ε

4a2 .

(20)

The values of coefficients ci (i = 4,5, . . . ,13) can
be found from (8) and are displayed in Table 1. By

Table 1. Specific values for the parametric constants neces-
sary for the energy eigenvalues and eigenfunctions.

Constant Analytic Value
c4 0

c5 −1
2

c6
1
4

+
µV0

a
+

ε

4a2 +2µV1

c7 − 2ε

4a2 −
µV0

a
+ l(l +1)

c8
ε

4a2

c9

(
l +

1
2

)2

+2µV1

c10 2

√
ε

4a2

c11 2

√(
l +

1
2

)2

+2µV1

c12

√
ε

4a2

c13
1
2

+

√(
l +

1
2

)2

+2µV1
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using (6), we obtain the energy eigenvalues of the per-
turbed Yukawa potential as

Enl =− a2

2µ

(
µV0

a
−
(

l +
1
2

)2

−
(

n+
1
2

)2

− (2n+1)

√(
l +

1
2

)2

+2µV1

)2

·

(
n+

1
2

+

√(
l +

1
2

)2

+2µV1

)−2

.

(21)

Some numerical results are given in Tables 2 – 4. In
Table 2, we used the parameters h̄ = µ = 1, V0 =

√
2,

a = (0.002V0, 0.005V0, 0.010V0, 0.020V0, 0.025V0,
0.050V0) [20], V1 = ±0.05 and obtained the energy
eigenvalues of the perturbed Yukawa potential for
various states and compared them with the approxi-

Table 2. Energy eigenvalues (in fm−1) of the perturbed Yukawa and standard Yukawa potentials in units h̄ = µ = 1. We set
V0 =

√
2 for comparison with other methods.

State
a

V0
perturbed Yuk. perturbed Yuk. standard Yuk. standard Yuk.

V1 = 0.05 V1 =−0.05 V1 = 0 (Numerical [33])
1s 0.002 −0.83554 −1.26566 −0.99600 −0.99600

0.005 −0.83007 −1.25892 −0.99002 −0.99000
0.010 −0.82098 −1.24773 −0.98010 −0.98010
0.020 −0.80296 −1.22548 −0.96040 −0.96060
0.025 −0.79402 −1.21444 −0.95062 −0.95090
0.050 −0.75009 −1.15996 −0.90250 −0.90360

2s 0.002 −0.22469 −0.27665 −0.24601 −0.24600
0.005 −0.21891 −0.27056 −0.24010 −0.24010
0.010 −0.20945 −0.26056 −0.23040 −0.23060
0.020 −0.19116 −0.24113 −0.21160 −0.21230
0.025 −0.18233 −0.23170 −0.20250 −0.20360
0.050 −0.14131 −0.18735 −0.16000 −0.16350

2p 0.002 −0.23807 −0.25456 −0.24601 −0.24600
0.005 −0.23230 −0.24849 −0.24010 −0.24010
0.010 −0.22283 −0.23853 −0.23040 −0.23050
0.020 −0.20450 −0.21924 −0.21160 −0.21190
0.025 −0.19563 −0.20989 −0.20250 −0.20300
0.050 −0.15421 −0.16623 −0.16000 −0.16150

3p 0.002 −0.10479 −0.10964 −0.10714 −0.10720
0.005 −0.09904 −0.10376 −0.10133 −0.10140
0.010 −0.08982 −0.09432 −0.09201 −0.09231
0.020 −0.07274 −0.07680 −0.07471 −0.07570
0.025 −0.06488 −0.06871 −0.06673 −0.06816
0.050 −0.03229 −0.03501 −0.03361 −0.03712

3d 0.002 −0.10573 −0.10860 −0.10714 −0.10720
0.005 −0.09998 −0.10273 −0.10133 −0.10140
0.010 −0.09076 −0.09330 −0.09201 −0.09212
0.020 −0.07366 −0.07579 −0.07471 −0.07503
0.025 −0.06577 −0.06773 −0.06673 −0.06715
0.050 −0.03305 −0.03419 −0.03361 −0.03383

mate and numerical energy eigenvalues of the standard
Yukawa potential [33]. In Tables 3 and 4, we show the
numerical results with parameter set h̄ = 2µ = 1, a =
0.2 fm−1 for the heavy and light atoms V0 = αZ = 4
to V0 = αZ = 24 and compared them with the standard
Yukawa potential. As one can see from Tables 1 – 3, we
must note that our solution is only correct for the low-
est l-states as we approximated the centrifugal term.

When the screening parameter a approaches zero,
V0 = 2Dere and V1 = Der2

e , the potential (1) reduces
to the Mie-type potential [4]. Thus, in this limit the
energy eigenvalues of (19) become the energy levels
of the Mie-type interaction, i. e.

EnlMie =−2µr2
e D2

e

(
n+

1
2

+

√(
l +

1
2

)2

+2µr2
e De

)−2 (22)
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Table 3. Same as in Table 2, but h̄ = 2µ = 1, a = 0.2 fm−1, and n = 0.

V0 l perturbed Yuk. perturbed Yuk. standard Yuk. standard Yuk.
V1 = 0.05 V1 =−0.05 V1 = 0 (Analytical [33])

4 0 −2.9203 −3.6537 −3.2400 −3.2199
8 0 −13.08851 −16.1838 −14.4400 −14.4199

1 −2.5129 −2.6089 −2.5600 −2.4332
16 0 −55.2883 −67.9936 −60.8400 −60.8193

1 −12.7361 −13.1922 −12.9600 −12.8375
24 0 −126.6393 −155.4694 −139.2400 −139.2201

1 −30.8283 −31.9114 −31.3600 −31.2385
2 −11.4790 −11.6422 −11.5600 −11.2456

which is identical to (30) of [34, 35]. Also, when V1 =
0, potential (1) reduces to the standard Yukawa po-
tential [22, 23] and its energy levels can be obtained
from (21) as

EnlYukawa =− a2

2µ

(
µV0

a − (n+ l +1)2
)2

(n+ l +1)2
(23)

under the physical condition n+ l +1≤
√

µV0/a [22].
When the screening parameter a approaches zero,
the standard Yukawa potential reduces to a Coulomb
potential. Thus, in this limit the energy eigenvalues
of (23) become the energy levels of the pure Coulomb
interaction, i. e.

EnlCoulomb =−1
2

µ
V 2

0

n′2
, (24)

where n′ = n+ l +1 [1, 2, 35].
To find corresponding wave functions, referring

to Table 1 and (7), we find the radial wave functions
as

Table 4. Same as in Table 3, but n > 0.

V0 n l perturbed Yuk. perturbed Yuk. standard Yuk. standard Yuk.
V1 = 0.05 V1 =−0.05 V1 = 0 (Analytical [33])

16 1 0 −12.2648 −13.7927 −12.9600 −13.0326
2 0 −4.0749 −4.5011 −4.2711 −4.4057
1 1 −4.2108 −4.3333 −4.2711 −4.3886

24 1 0 −29.7626 −33.2707 −31.3600 −31.4313
2 0 −11.0962 −12.1021 −11.5600 −11.7093
3 0 −4.65501 −5.0541 −4.8400 −5.0590
4 0 −1.87621 −2.0568 −1.9600 −2.2237

24 1 1 −11.41101 −11.7133 −11.5600 −11.6839
2 1 −4.7821 −4.8994 −4.8400 −5.0541
3 1 −1.9342 −1.9864 −1.9600 −2.2414
1 2 −4.8094 −4.8710 −4.8400 −5.0085
2 2 −1.9466 −1.9735 −1.9600 −2.2428

Rnl(s) = Nnls

√
ε

4a2 (1− s)
1
2 +
√

(l+ 1
2 )

2
+2µV1

P

(
2
√

ε

4a2 ,2
√

(l+ 1
2 )

2
+2µV1

)
n (1−2s)

(25)

or, by substituting s = e−2ar,

Rnl(r) = Nnl e−
√

εr (1− e−2ar) 1
2 +
√

(l+ 1
2 )

2
+2µV1

P

(
2
√

ε

4a2 ,2
√

(l+ 1
2 )

2
+2µV1

)
n (1−2e−2ar) ,

(26)

where Nnl is a normalization constant. As mentioned,
when the screening parameter a approaches zero, V0 =
2Dere and V1 = Der2

e , the potential (1) reduces to the
Mie-type potential [4]. In this limit, we have c3 = 0
and the wave function can be obtained from (9). There-
fore the radial wave functions of Mie-type potential be-
come [35]
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RnlMie = Nnlr
1
2

[
1+
√

4(l(l+1)+2µV1)+1
]

e−
√

εr

·L
√

4(l(l+1)+2µV1)+1
n (2

√
εr)

= Nnlr
1
2

[
1+
√

4(l(l+1)+2µDer2
e )+1

]
e−
√

εr

·L
√

4(l(l+1)+2µDer2
e )+1

n (2
√

εr) .

(27)

Also, when the screening parameter a approaches zero
and V1 = 0, our problem reduces to the Coulomb one
and the radial wave functions become [1, 2, 35]

RnlCoulomb = Nnlr
l+1 e−

√
εrL2l+1

n (2
√

εr) . (28)

4. Conclusion and Remarks

In this article, we have obtained the bound state
solutions of the Schrödinger equation for a perturbed
Yukawa potential by using the parametric general-
ization of the Nikiforov–Uvarov method. The energy
eigenvalues and corresponding eigenfunctions are ob-
tained by this method. Some numerical results are
given in Table 2 and compared with the standard

Yukawa potential. It is found that when the screening
parameter a goes to zero, the energy levels approach
to the familiar Mie-type potential energy levels. The
aim of solving the perturbed Yukawa potential returns
to the following reasons: First, in the low screening re-
gion where the screening parameter a is small (i. e.,
a� 1), the potential reduces to the Killingbeck poten-
tial [36, 37], i. e., V (r) = ar2 + br− c/r, where a, b,
and c are potential constants that can be obtained after
making expansion to the perturbed Yukawa potential.
Second, it can also be reduced into the Cornell poten-
tial [38, 39], i. e., V (r) = br−c/r. These two potentials
are usually used in the study of mesons and baryons.
Third, when the screening parameter approaches to
zero, the perturbed Yukawa potential turns to become
the Mie-type potential. Finally, we discussed standard
Yukawa and pure Coulomb potential.
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