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A theoretical analysis of the phenomena of electromagnetic (EM) energy localization is presented
for an anisotropic left-handed material (ALHM) slab. If the EM parameters of the transverse magnetic
(TM) modes in the ALHM slab satisfy εy /εz = 1, µx εz = µ0 ε0 , the EM energy localization can
be realized between two sources located at two sides of the ALHM slab. This could be proven by
theoretical analysis and numerical simulations in this paper.
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1. Introduction
Recently, the novel properties of metamaterials have
attracted considerable attention of many researchers in
various fields [1 – 7]. One type of metamaterial is the
left-handed material (LHM), which was proposed by
Veselago forty years ago [1]. Since the LHM has negative electromagnetic parameters, this feature gives rise
to the negative refractive index and the backward-wave
propagation. In other words, the wave vector k forms
a left-handed triplet with the vectors E and H, and the
wave fronts for propagating waves travel towards the
source, opposite to the direction of energy flow. At
that time, these materials did not draw too much attention until the negative refraction index could be realized by man-made structures below the electromagnetic plasma frequency [3, 4]. In recent years, many
artificial materials with positive or negative electromagnetic parameters have been explored [8], and many
other novel phenomena have been discovered theoretically [9 – 15].
The localization of the electromagnetic energy is
one of the novel properties of the LHM [11, 12]. If two
sources with opposite current directions were placed at
the perfect-imaging points of the LHM slab, all electromagnetic energies could be localized in a small region completely between the two sources. This is because the electromagnetic waves are completely coun-

terbalanced outside two sources due to the two opposite current sources. As the localized modes are of
high quality, the localization of electromagnetic waves
could find applications in a variety of optical and microwave devices, such as narrow-band filters and lowthreshold lasers.
Because the man-made materials are always
anisotropic and lossy [16 – 20], it is difficult to synthesize the ideal isotropic LHM. Actually, to our knowledge, the isotropic LHMs have not been prepared successfully in experiments for the time being. Therefore,
it is interesting to investigate whether the localization
of electromagnetic energy based on isotropic LHMs
can still be generated or not in the anisotropic LHM
(ALHM). In this paper, the characteristics of electromagnetic (EM) fields in the ALHM are discussed
firstly, then the different conditions of super imaging
using the ALHM slab have been illustrated. Secondly,
in order to realize energy localization, the special EM
parameters in the ALHM slab are obtained. Thirdly,
numerical simulations of EM energy localization have
been carried out, which are in conformity with theoretical analysis.
2. Theoretical Analysis
The geometrical structure under consideration is
shown in Figure 1. The slab located at z = d1 and
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z = d2 is filled with an anisotropic LHM, which separates the whole space into three regions. The two
semi-infinite regions (Region 0, z < d1 and Region 2,
z > d2 ) are occupied by free space with the relative
permittivity εr0 = εr2 = 1 and the relative permeability
µr0 = µr2 = 1. The slab (Region 1, d1 < z < d2 ) is an
anisotropic LHM with relative permittivity tensor ε̄r1
and relative permeability tensor µ̄r1 . Taken the optical
axis as z axial, the relative permittivity ε̄r1 and relative
permeability µ̄r1 are denoted as
ε̄r1 = (εrx , εry , εrz ), µ̄r1 = (µrx , µry , µrz ) .
Suppose that a three-dimensional vertical electric
dipole source (VED) was located at the origin of the
Cartesian coordinate system along +z direction in the
region 0, it would generate the electromagnetic waves
of TM-mode. In this system, the z-components of the
electromagnetic field in the three regions can be written in the following form:
Il
Eiz = −
4πωε0

Z ∞
0

dkρ


kρ3 (1)
J
kρ ρ Ẽiz ,
k0z 0

(1)

where Il is the momentum of the dipole, and kρ is the
wave vector along longitude. Ẽiz corresponds to spectral components in the three different regions (Fig. 1),
which can be written as
Ẽ0z = e ik0z |z| + R e−ik0z z , z < d1 ,
+ ik1z z

Ẽ1z = C e

−ik0z z

Ẽ2z = T e

− −ik1z z

+C e

, d1 < z < d2 ,

, z > d2 ,

(2)
(3)
(4)

in which k0 is the wave vector in Region 0. k0z and k1z
are the transverse wave numbers in Regions 0 and 1,
which satisfy the different dispersion relations
εy
2
2
= ω 2 εy µx − kρ2 . (5)
k0z
= k02 − kρ2 ,
k1z
εz
R and T are the reflection and transmission coefficients
in Region 0 and 2, C+ and C− represent the component coefficients transmitted forward and backward in
Region 1. The unknown coefficients in (2) – (4) can be
determined by the boundary conditions
R = (p212 − p211 ) e2ik0z d1
· ( e ik1z (d2 −d1 ) − e−ik1z (d2 −d1 ) )/D ,

(6)

C+ = −2(p12 − p11 ) e ik0z (d3 −d2 ) e−ik1z d2 /D , (7)
C− = 2(p12 + p11 ) e ik1z d1 e−ik0z (d3 −d2 ) /D ,
T = −4p11 p12 e

ik0z (d3 −d2 +d1

)/D ,

(8)
(9)

Fig. 1 (colour online). The whole space is divided in three
regions by a ALHM slab located between z = d1 and z = d2 ,
and two electric dipoles are sited at image points.

where p11 = εz k1z /εy k0z and p12 = εz /ε0 . D is the denominator written as
D = (p12 − p11 )2 e ik1z (d2 −d1 )
(10)
− (p12 + p11 )2 e ik1z (d1 −d2 ) .
In (1), the fields in the three regions are only determined by three electromagnetic parameters εry , εrz , and
µrx , and other relative electromagnetic parameters can
be regarded as 1. If we consider εry = εrz = µrx = −1,
we have k0z = −k1z , R = 0, and T = e−i4koz d1 , which
means the results are the same as in the case of an
isotropic LHM slab [3]. In this case, there should be
two symmetrical imaging positions. One imaging is at
z = 2d1 within the slab, the other is at z = 4d1 in Region 2. If another three-dimensional VED point source
with opposite current direction is placed at the perfectimaging points z = 4d1 , all electromagnetic energies
could be localized in a small region completely between the two sources. The electromagnetic waves are
completely counterbalanced outside the two sources
due to the two opposite current sources [11, 12].
For the sake of realizing the electromagnetic energy
localization, the conditions of perfect imaging are necessary. In (6) – (9), if p11 = p12 and k1z < 0, it is easy to
attain R = 0 and T = e−2i(koz −k1z )(d1 −d2 ) , which means
there should be two perfect imaging points. However,
we note that the field in Region 2 is different from
the case of the isotropic LHM. The amplitude in the
anisotropic LHM slab is proportional to p11 (8), which
is determined by different choices of electromagnetic
parameters. According to (5) – (10), two cases are considered to realize perfect imaging.
Firstly, if εry , εrz , and µrx are all less than zero
and satisfy εy εz = ε02 , µx εz = µ0 ε0 , the perfect imag-
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ing conditions can be acquired
easily. We get
q
εz
2 = −ε /ε k2 , p = p =
k1z
,
which
is not the
y z 0z
11
12
εy
same as with isotropic LHMs. In this case, although
two images can be focused in Region 1 and Region 2, the imaging positions are not symmetrically.
If εy /εz < 1, then |k1z | < k0z , the imaging position in
the ALHM is larger than 2d1 , which deviates from
symmetrical imaging positions (Fig. 2a). In addition,
since the amplitude of the field in Region 1 is related
to p11 (8), the amplitude of the transmitting waves in
Region 1 should be increased, and should be larger
than the amplitude in Region 0 and 2. If εy /εz > 1,
then |k1z | > k0z , the imaging position in the ALHM is
less than 2d1 (Fig. 2b), and the amplitude of the transmitting waves in Region 1 should be decreased, and
should be less than the amplitude in Region 0 and 2.
Therefore, in this case, if another three-dimensional

VED point source with opposite current direction is
placed at the perfect-imaging points z = 4d1 , the electromagnetic energies can not be completely counterbalanced outside the two sources, and the localization
of the electromagnetic energy can not be achieved between the two sources.
Secondly, if εry , εrz , and µrx are all less than zero
and satisfy εy /εz = 1, µx εz = µ0 ε0 , then |k1z | = k0z ,
which means that the wave vectors of the tangential
component and the radial component are all continuous among the three regions. Therefore, there are
two symmetrical images in Region 1 and Region 2,
respectively. Figure 3a shows the distribution of the
electric fields Ez along the z-direction for εry = εrz =
− 0.8 and µrx = − 1.25; the other conditions are
the same (Fig. 2). Two symmetrical images are focused at z = 0.8 m in Region 1 and z = 1.6 m in Re-

Fig. 2. Distribution of the electric field of Ez along the z-direction with x = 0, where a ALHM is located between z1 = 0.4 m
and z2 = 1.2 m, and a 3-VED point source with IL = 1 A m and f = 1 GHz is localized at z = 0. (a) εry = −1.25, εrz = −0.8,
and µrx = −1.25 in Region 1. (b) εry = −0.8, εrz = −1.25, and µrx = −0.8.

Fig. 3. Distribution of the electric field of Ez along the z-direction with x = 0, where a ALHM is located between z1 = 0.4 m
and z2 = 1.2 m, and a 3-VED point source with IL = 1 A m and f = 1 GHz is localized at z = 0. (a) εry = −0.8, εrz = −0.8,
and µrx = −1.25 in Region 1. (b) εry = −1.25, εrz = −1.25, and µrx = −0.8.
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Fig. 4 (colour online). Distribution of the electric field of Ez along the z-direction, where two z-directed electric dipoles with
opposite current directions are placed at the image points outside of the ALHM slab. The slab is located between z1 = 0.4 m
and z2 = 1.2 m, and two 3-VED point sources with opposite directions are localized at z = 0 and z = 1.6 m. (a) εry = −0.8,
εrz = −0.8, and µrx = −1.25 in Region 1. (b) εry = −1.25, εrz = −1.25, and µrx = −0.8.

gion 2, respectively. In addition, based on (10), D is
in relation to p12 = εz /ε0 . When εz < ε0 , the maximum amplitude of the fields in Region 1 is less
than that in Regions 0 and 2 (Fig. 3a). When εry =
εrz = −0.8 and µrx = −1.25, there are also two symmetrical images focused at Region 1 and Region 2,

and the maximum amplitude of the fields in Region
1 is larger than that in Regions 0 and 2 (Fig. 3b).
In this case, if another three-dimensional VED point
source with opposite current direction is placed at the
perfect-imaging points in Region 2, the electromagnetic energies can be completely counterbalanced out-

Fig. 5 (colour online). Distribution of the electric field of Ez along the z-direction, where two z-directed electric dipoles
with opposite current directions are placed at the image points outside of the ALHM slab. The slab is located between
z1 = 0.4 m and z2 = 1.2 m, and two 3-VED point sources with opposite directions are localized at z = 0 and z = 1.6 m.
(a) εry = −0.8 + i · 10−2 , εrz = −0.8 + i · 10−2 , and µrx = −1.25 + i · 10−2 in Region 1. (b) εry = −1.25 + i · 10−2 , εrz =
−1.25 + i · 10−2 , and µrx = −0.8 + i · 10−2 .
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side the two sources and are confined between the two
sources.
3. Numerical Simulations
In order to validate the energy localization using the ALHM, full-wave numerical simulations have
been carried out. An ALHM slab is located between
z = d1 = 0.4 m and z = d2 = 1.2 m, and two threedimensional VED point sources Il = 1 mA · m along
the z-direction are located at the origin and at z = 1.6 m
with the opposite directions (Fig. 1), respectively. We
consider that the frequencies of the two VED point
sources are both 1 GHz.
According to the analysis above, firstly, we choose
εry = εrz = −0.8 and µrx = −1.25. The distribution
of the electric field of Ez is shown in Figure 4a, from
which we can see that the waves are all confined between the two sources. Due to εrz < ε0 , the amplitude of the electromagnetic field in the center region
is larger than that in the edge region, which is in
line with the result of Figure 3a. Secondly, we choose
εry = εrz = −1.25 and µrx = −0.8. Figure 4b shows
that the localization of the electromagnetic fields can
also be achieved, and the amplitude of the electromagnetic field in the center region is smaller than that in
the edge region due to εrz > ε0 .
However, the man-made materials are always lossy
more or less, therefore, it is difficult to make lossless artificial materials. The loss of the ALHM slab
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