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We study a Hamilton operator A for spin-1/2 with triple spin interactions. The eigenvalues and
eigenvectors are determined and the unitary matrices exp(—iHt/h) are found. Entanglement of the
eigenvectors is investigated. A Hamilton operator K for spin-1 and triple spin interaction is also

discussed.
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1. Introduction

In quantum theory Hamilton operators with spin-
interactions have a long history [1 —5]. Triple spin in-
teraction have been studied by several authors [6— 19].
Igléi [6] investigated an Ising model with three-spin
interaction by finite-size scaling and applying free
boundary conditions. Vanderzande and Igléi [7] stud-
ied the critical behaviour and logarithmic corrections
of a quantum model with three-spin interaction. Al-
caraz and Barber [8] and Wittlich [9] studied a one-
dimensional Ising quantum chain with 3N sites with
staggered three-spin coupling and periodic boundary
conditions. Somma et al. [10] studied the unitary oper-
ator U(1) = exp(iwto; ® 03 ® 03). Here 01, 02, 03 are
the Pauli spin matrices
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Pachos and Plenio [11] studied three-spin interac-
tions in optical lattices. Three qubit Hamilton oper-
ators and Riemannian geometry has been discussed
by Brandt [12]. Using the mean field method Jiang
and Kong [13] studied a spin-1 quantum Ising model
with three-spin interaction. Wang et al. [14] investi-
gated the bifurcation in ground-state fidelity for a one-
dimensional spin model with competing two-spin and
three-spin interactions. Lanyon et al. [15] considered
among others the triple-spin operator 63 ® 01 ® o7 for
universal digital quantum simulation with trapped ions.
Topilko et al. [16] considered magnetocaloric effects in

spin-1/2 XX chains with three-spin interactions. Zhang
et al. [17] investigated the geometric phase of a qubit
symmetrically coupled to a XY-spin chain with three
spin interaction in a transverse magnetic field. The
Greenberger—Horne—Zeilinger (GHZ) state and triple-
spin operators 01 ® 02 R 02, 02 R 01 ® G2, 02 R Oy ®
01, 01 ® 01 ® 071 have been discussed by Aravind [18]
in connection with Bell’s theorem without inequalities.
A nonlinear eigenvalue problem with triple-spin inter-
action has been solved by Steeb and Hardy [19]. Here
we consider triple-spin interaction and entanglement
for spin-1/2 systems. Spin-1 systems will also be dis-
cussed.

We consider the Hamilton operator with triple-spin
interaction of spin-1/2,

H=1w (01 9L ®h+h®0,@L+L®L ® 03)
+hn(01®0,R5h+01 5L R 03+hH R 0, R 03)
+hws (01 R0, R 03),

where 0], 02, 03 are the Pauli spin matrices, and I,
is the 2 x 2 unit matrix. Thus the Hamilton operator
H acts in the Hilbert space C®. The Pauli matrices are
hermitian and unitary with 0'12 = 0'22 = 632 = 1. The
eigenvalues are +1 and —1 with the corresponding nor-
malized eigenvectors
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We calculate the unitary matrix U (t) = exp(—iHt/h)
to solve the Schrodinger and Heisenberg equation of
motion. These unitary operators are applied to en-
tangled and unentangled states. Entangled and un-
entangled states can be found depending on the pa-
rameters h@, i, hiws. As entanglement measure
for the Hamilton operator H, we consider the three-
tangle.

2. A Theorem

For the calculation of the eigenvalues and eigenvec-
tors of the Hamilton operator H, we utilize the follow-
ing theorem [20, 21]. Let Ay, A2, A3 be n X n matrices
over C and I, be the n x n unit matrix. Consider the
matrix

M= CI(AI QUL L +L,RQAQL,+1, 1, ®A3)
+2(A1 @A, +A1 R, A3 +1, DAy R A3)
+c3(A1 ®A2®A3),

where ¢, ¢3, ¢3 are constants. Since the terms in M

commutate pairwise, we can write exp(M) as
CM — eCll“[@’n@’n eclln®A2®]n eclln®ln®A3 eCzA1®A2®ln
. eCZA1®1n®A3 eCZIn®A2®A3 e%3 (A1 ®A;®A3)

If |u), |v), |w) are eigenvectors of Ay, Aj, A3, respec-
tively, with eigenvalues A, i, v, we find the eigenvec-
tor [u) ® |v) ® |w) of M with the eigenvalue

cA+u+v)+or(Au+Av+uv)+c3(Auv).

Then |u) ® |v) ® |w) is also an eigenvector of e/ with
the corresponding eigenvalues

cA+u+v)+or(Au+Av+uv)+c3(Auv).

If the matrices Ay, A», Az have the additional properties
that A? = A3 = A2 = I, (spin-} case with n = 2), we
obtain

603A1®A2®A3 = (]n ®I,® ]n) COSh(c3)
+ (A1 ®Ay ®A3) cosh(cs).
If the matrices A, As, A3 have the additional properties

that A§ =A; with j = 1,2,3 (spin-1 case with n = 3),
we obtain
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e EMEA — 1 o @1, + (A] ® Ay ® A3)sinh(c3)
+ (A2 ® A3 ®A3)(cosh(c3) —1).

3. Spin-1/2 Case

The eight normalized eigenvectors of H can be con-
structed from the normalized eigenvectors of oy, 02,
o3 and the Kronecker products

e =u VvV Qwy,

€1 =URQVIR®W_1,
€11 =UQV_| OW],
€11 =U ¥V wWy,

e 111 =U_|QVIOW],

€ 111 =U_ | QVIR®W_1,
€ 1 11=U 1 ®V_|QW],
€ 111 =U_1QV_ QOW_

with the corresponding eight eigenvalues

Ein = h(3(1)1+3(1)2+(03),
Ei-1 = h(w — 0 — w3),

Ei_11 = k(o — o — a3),
Ei 1 1=h(-w -+ o),
E_ 111 = h(w — o — w3),
E_11-1 = h(—0 — o+ 03),
E_ | 11 = h(—0—wm+a3),

E 1 1-1=h(-3w+3w; —w3),

where Eyy 1 =E-nn=E nandEj 1 =E 111=
E_1_11. The eigenvalues E11; and E_{_;_ are not de-
generate. Note that the eight normalized eigenvectors
are pairwise orthogonal. Thus we have (spectral de-
composition)

H= Z Ejkgejkgej-kg.
Jokee{l,—1}
Now the unitary matrix U(r) = e “H/" can be con-

structed from the normalized eigenvectors and eigen-

values of H via
efitI:I/h _ e 1Ejut/h
Jokte{l,—1}

*
ejk[ejkz .

We find
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un(t) 0 u13(t) 0 u15(t)
0 Mzz(t) 0 M24<l) 0
u31 (1) 0( : uz3(t) 0( | uzs(t)
0 Ug (t 0 ugq(t 0
vt = usi(t) 0 ws3(t) O uss(t)
0 ue(t) 0  wue(r) O
u71 (l) 0 u73 ([) 0 u7s (f)
0 ugz(l‘) 0 ug4(l) 0

with

141](1) = u33(t) = u55(t) = U77(t)

— efiElt/h/4_~_ efiEzt/h/z_’_ efil‘j4t/ﬁ/4_7
up3(t) = —uz1(t) = —ieiiE'l/ﬁ/4—|—iE‘f“E“t/h/47
M]S(t) — u5l(t) — e*iElt/h/4_ e*iE4t/h/4,
u7(t) = —un (t)

— 7ie_iElt/h/47 ie_iE4t/h/4+ie_iE2t/h/2
uzz(l‘) = u44(t) = M66(t) = ugg(l‘)

— e*iEz[/ﬁ/4+ e*iE4f/ﬁ/2_~_ efiEgt/h/47
ura(t) = —ugy (1) = —ie B2/ j4 4 je BN /4

u26(t) =ugp = e*iEzt/rl/4_ e*iEgt/h/47

3

ups (1) = —us>
— _iefiEzt/h/4_|_iefiE4l‘/h/2_iefiEgt/ﬁ/4’
uss (1) = —us3

—ie B/ig _je iBat/h gy jeiBat/h g
uzy(t) = up3 = 3*1511/5/4_ e*iE4t/h/47
Uuse(t) = —ues
= ie*iEzt/h/4 _ ie—iE4t/h/2_|_ jeist/h 7
ugg(t) = ugg = e B2/ j4 _je BN /4
usy(t) = —uzs = —ie E1/Rj4 4 jeiEat/h g
ues (1) = —uge = —ie 121/ j4 1 j 1Bt/ /g
withl < 11,2 11-1,3<1-11,4—1-1-1,

S5<—-11,6=—-11-1,7<=-1-11,8 = —-1—-1—
1.

4. Entanglement

Entangled quantum states are an important compo-
nent of quantum computing techniques such as quan-
tum error-correction, dense coding, and quantum tele-
portation [21 —27]. Entanglement is the characteristic
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0 u17(t) 0

Uze (l) 0 ung (t)
0 uz7 (t) 0
Uge (l‘) 0 Uqg (l)
0  us7(1) O
uee(t) 0 uee(r)
0 u77 (Z) 0
Uuge (t) 0 ugs (t)

trait of quantum mechanics which enforces its entire
departure from classical lines of thought. We consider
entanglement of pure states. Entanglement of Hamil-
ton operators with triple-spin interaction has not been
considered so far.

The eigenvectors given above are product states and
hence not entangled. However, some of the eigenvalues
are degenerate (E; = E3 = Es5 and E4 = Eg = E7) and
thus we can form linear combinations of these eigen-
vectors which are again eigenvectors and can be entan-
gled.

An N-tangle can be defined for the finite dimen-
sional Hilbert space H = (CzN, with N = 3 or N even.
Two-level and higher-level quantum systems and their
physical realization have been studied by many au-
thors. We consider the finite-dimensional Hilbert space
H = C2" and the normalized states

1

>

J1:J250,Jn=0

lw) Cirjprin i) @ J2) @ @)

in this Hilbert space. Here |0), |1) denotes the standard
basis. Let € (j,k = 0,1) be defined by &y = €11 =0,
&1 =1, gp = —1. Let N be even or N = 3. Then an
N-tangle can be introduced by [27]

1
T.N = 2 z COCI...OCNCﬁl...ﬁNC}/l...’)/ncél...5N
O{]....,aN:O
o1 BNZO

"oy B €y Eoy_1Bv-161181 €0

" Eyy_ 181 Eon EBy By

This includes the definition for the 3-tangle with N =
3. A computer algebra program to find the N-tangle is
given by Steeb and Hardy [28].
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Consider N = 3 and the GHZ-state and the W -state

1 0

0 1

0 1

1 0 1 0

aHz)= 1ol W)=
0 0

0 0

1 0

Then we find for the GHZ-state that T =1 and 7 =0
for the W-state. Note that the |W) state is not separable.

Consider the triple-spin interaction Hamilton opera-
tor

A

Hr
— =01802,03.

ho
The eigenvalues are +1 (fourfold) and —1 (fourfold).
A set of normalized eigenvectors are the separable
states (and thus not entangled) given above. Owing to
the degeneracy of the eigenvalue +1 (and analogously
for the eigenvalue —1), we can form linear combina-
tions of these separable eigenstates that are fully entan-
gled. From the four separable eigenstates with eigen-
value +1

1 @ 1 @ 1 1 ® 1 2 1
1 1 1 1 1 1
1 2 1 P, 1 1 @ 1 @ 1
1 1 1 1 1 1)
we find by linear combinations the fully entangled

eigenstates (using the three tangle described above)
with eigenvalue +1

NI —
-0 O OO = =

SO = O = = O
—
|
—-
—_
—_ O O = O == O

—i —i

The four vectors are also linearly independent. Anal-
ogously we can make this construction for the eigen-
value —1 to find fully entangled states, i.e. the three
tangle is 7 = +1.
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5. Spin-1 Case

Consider the Hamilton operator with triple-spin in-
teraction with spin-1 system with the Hamilton opera-
tor

K=ho(s12505+50505+5R1053s3)
+ha(s1 @906+ 0LKQs3+15R53®53)
+hm3(s1 ®85Q53),

where s1, 57, 53 are the trace-less and hermitian 3 x 3
matrices

01 0 0 —i O
s ! 1 0 1 s ! i i
1= —= s 02 = T = - )
V2 0 1 0 V2 0 i 0
1 0 O
ss=(0 0 o],
0 0 -1

and 73 is the 3 x 3 identity matrix. The Hamilton op-
erator K acts in the Hilbert space C?’. Here one can
investigate whether the state in C?7 can be written as
a product state of two vectors in C° and C3, €3 and
C?, or C3, C3 and C3. Note that si =s;for j=1,2,3
and thus s;‘- = s? for j = 1,2,3. The eigenvalues of the
matrices s, 52, s3 are given by +1, 0, —1. The normal-
ized eigenvectors for s are

! 1 (L
u==v2|,wy=—/( 0|,
1 ) . 0 \/E e

1 1
u=-|-2

2\

The normalized eigenvectors for s, are

1] 1 (L
vi==|v2i], vw=—1{0],
2\ ) e

a
Vo1 =< 7\/§i

-1

The normalized eigenvectors for s3 is the standard ba-
sis denoted by wi, wo, w_;. Thus the 27 normalized
eigenvectors (separable states) are given by

€kr :uj®vk®wfa j7k7£: 170771
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with the 27 eigenvalues

Ejie = hon (j+k+0) + hon (jk+ jl+ kL)

+ heos (jkC) .
Now for the unitary matrix V (¢) = e tK/h we find
V(t) = e*iEf'k‘i’/hejkge;kZ.
Jjke{1,0,—1}

Note that for z € C, we have
e®1eh9 = L@ @KL+ (s1 ® 5 ® I3) sinh(z)
+(s?2®@L®K1)(cosh(z) — 1),
M1 = L@ L ® K+ (s1 ®s, ®13) sinh(z)
+(st®@s3®@L)(cosh(z) — 1),
MN8N — L@ @1 4 (51 @57 ® s3) sinh(z)
+ (57 ® 53 @ s53)(cosh(z) — 1).
With z = —iwt, we arrive at
e IOMONES — Lo L@h—i(s) @5, ® s3) sin(@r)
+ (52 @55 ®s3)(cos(wr) —1).
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For w; = 0, @, = 0, the eigenvalues are highly de-
generate, and we can form eigenvectors which are
entangled.

6. Conclusion

We have studied spin Hamilton operators with
triple-spin interaction. If the eigenvalues are degener-
ate then by linear combinations, we can construct en-
tangled states from unentangled states.
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