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The influence of the dynamic quantum shielding on the transition bremsstrahlung spectrum is in-
vestigated in strongly coupled semiclassical plasmas. The effective pseudopotential and the impact
parameter analysis are employed to obtain the bremsstrahlung radiation cross section as a function
of the de Broglie wavelength, Debye length, impact parameter, radiation photon energy, projectile
energy, and thermal energy. The result shows that the dynamic screening effect enhances the transi-
tion bremsstrahlung radiation cross section. It is found that the maximum position of the transition
bremsstrahlung process approaches to the center of the shielding cloud with increasing thermal en-
ergy. It is also found that the dynamic screening effect on the bremsstrahlung radiation cross section
decreases with an increase of the quantum character of the semiclassical plasma. In addition, it is
found that the peak radiation energy increases with an increase of the thermal energy. It is also found
that the dynamic quantum screening effect enhances the bremsstrahlung Gaunt factor, especially for
the soft-photon case.
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The bremsstrahlung emission spectrum [1 – 7] due
to the particle interactions in plasmas has received
considerable attention since the bremsstrahlung pro-
cess has played a crucial role in modern fields of
plasma physics, such as plasma diagnostics, plasma
discharges, and plasma spectroscopy. In addition to the
bremsstrahlung emission by the electron–ion encoun-
ters, the transition bremsstrahlung process [3, 6] due
to the polarization interaction between the plasma par-
ticle and the Debye shielding cloud in plasmas has
been extensively investigated since this process has
provided useful information on the physical proper-
ties of the screening structure and plasma parameters.
The plasma described by the standard static Debye–
Hückel potential has been known as the ideal or weakly

coupled classical plasma since the average interaction
energy between charged particles is smaller than the
average kinetic energy of a plasma particle in plas-
mas [8, 9]. However, it is shown that the static inter-
action potential would not be reliable to explore the
collision and radiation processes in plasmas when the
velocity of the projectile is comparable to or smaller
than the velocity of the plasma electron since the pro-
jectile electron would polarize the surrounding plasma
shielding cloud due to the long-duration of the inter-
action [10]. In these circumstances, the dynamic de-
scription of the plasma electrons has to be taken into
account in order to properly investigate the influence
of the plasma shielding on the effective interaction po-
tential in plasmas. In addition to the dynamic screen-
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Fig. 1 (colour online). Scaled transition bremsstrahlung radiation cross section ∂ 2χ̄TB in units of πa2
0 in strongly coupled

semiclassical plasmas as a function of the scaled thermal energy ĒT and scaled impact parameter b̄ when Ē = 0.9, ε̄ = 0.1,
λ̄ = 1, and r̄D = 10.

ing phenomenon, the multiparticle correlation effect
caused by simultaneous many-particle interactions has
to be taken into account with an increase of the plasma
number density. Hence, the screened interaction poten-
tial in strongly coupled semiclassical plasmas would
not be properly described by the conventional Debye–
Hückel model due to the strong collective effect of
nonideal particle interactions [11 – 14]. It would be
then expected that the transition bremsstrahlung pro-
cesses characterized by the dynamically screened ef-
fective potential in strongly coupled semiclassical plas-
mas would be considerably different from those by
the static Debye–Hückel potential in weakly coupled
classical plasmas due to the influence of the dynamic
screening and nonideal collective interactions in semi-
classical plasmas. Thus, in this paper, we investigate
the dynamic quantum screening and nonideal collec-
tive effects on the transition bremsstrahlung process
due to the polarization interaction between the electron
and the polarized Debye shielding sphere in strongly
coupled semiclassical plasmas. The impact parame-
ter analysis and the effective pseudopotential are em-
ployed to obtain the bremsstrahlung radiation cross
section for the transition bremsstrahlung process in
semiclassical plasmas as a function of the electron de
Broglie wavelength, Debye length, impact parameter,

radiation photon energy, projectile energy, thermal en-
ergy, and other plasma parameters.

In the low-energy bremsstrahlung process, the clas-
sical expression of the bremsstrahlung radiation cross
section [7] dσB(ω) would be represented by

dσB(ω) = 2π

∫
dbbdPω(b) , (1)

where b is the impact parameter and dPω(b) is the
differential probability of emitting a bremsstrahlung
photon of frequency ω within dω . The photon emis-
sion probability dPω(b) for a given impact parameter
b would be obtained by the Larmor formula [15] for
the instantaneous power emitted during the encounter
of the projectile electron with the collision system such
as

dPω(b) =
8πe2

3h̄m2c3 |Fω(b)|2 dω

ω
, (2)

where h̄ is the rationalized Planck constant, m the elec-
tron mass, c the speed of light in vacuum, and Fω(b)
the Fourier transform of the force for a given impact
parameter associated with a radiation frequency ω:

Fω(b) =
1

2π

∫
∞

−∞

dtF(r)eiωt , (3)
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Fig. 2 (colour online). Scaled differential transition brems-
strahlung radiation cross section ∂ 2χ̄TB as a function of the
scaled impact parameter b̄ when Ē = 0.9, ε̄ = 0.1, λ̄ = 1, and
r̄D = 10. The solid line represents the case of ĒT = 0.5. The
dashed line represents the case of ĒT = 1. The dotted line
represents the case of ĒT = 1.5.

where F(r) is the force acting on the projectile elec-
tron by the collision system in plasmas. r(t)(= b+vt)
is the trajectory of the projectile electron, v the veloc-
ity of the projectile electron, and b · v = 0. Then, the
Fourier transform Fω(b) in the collision plane would
be represented by

|Fω(b)|2 =
∣∣∣∣v [v ·Fω(b)]

v2

∣∣∣∣2 +
∣∣∣∣ [v×Fω(b)]×v

v2

∣∣∣∣2 , (4)

where the Fourier transforms v(v ·Fω)/v2[≡ F‖ω(b)]
and (v× Fω)× v/v2[≡ F⊥ω(b)] are the parallel and
perpendicular components to the direction of the pro-
jectile electron, respectively.

Recently, the dynamic screening length [10] in
nonideal plasmas has been obtained as a function of
the velocity and temperature such as r0(v)[= rD(1 +
v2/v2

T)1/2], where rD is the conventional Debye length,
vT(=

√
kBT/m) is the electron thermal velocity, kB

the Boltzmann constant, and T the plasma tempera-
ture. The velocity dependence of the plasma shield-
ing distance r0(v) would be readily understood since
the dynamic plasma screening effect turns out to be
the static plasma screening case, such as r0(v)→ rD,
when the velocity of the projectile electron is smaller
than the electron thermal velocity. In addition to the
influence of the dynamic screening in plasmas, the ef-
fective pseudopotential [12] of the particle interactions
in strongly coupled semiclassical plasmas taking into
account the quantum-mechanical effect has been ob-
tained on the basis of the dielectric response function

Fig. 3 (colour online). Scaled differential transition brems-
strahlung radiation cross section ∂ 2χ̄TB as a function of
the scaled de Broglie wavelength λ̄ when b̄ = 5, Ē = 0.9,
ε̄ = 0.1, and r̄D = 10. The solid line represents the case of
ĒT = 0.5. The dashed line represents the case of ĒT = 1. The
dotted line represents the case of ĒT = 2.

technique. Hence, the effective dynamically screened
potential ϕeff(r,v) of the test charge q0 in strongly cou-
pled semiclassical plasmas based on the Ramazanov–
Dzhumagulova method [12] with the dynamic screen-
ing length r0(v) would be represented by

ϕeff(r,v) =
q0[

1−4λ 2/r2
0(v)

]1/2

·

{
exp [−A(λ ,r0(v))r]

r
− exp [−B(λ ,r0(v))r]

r

}
,

(5)

where λ (= h̄/
√

2πmkBT ) is the thermal elec-
tron de Broglie wavelength. The velocity depen-
dent screening parameters are A2(λ ,r0(v)) ≡ [1 −√

1−4λ 2/r2
0(v)]/(2λ 2) and B2(λ ,r0(v)) ≡ [1 +√

1−4λ 2/r2
0(v)]/(2λ 2), respectively. It should be

noted that the velocity dependent dynamic interaction
potential ϕeff(r,v) is valid for (1+v2/v2

T)1/2rD/λ > 2.
In these semiclassical plasmas, the electron number
density n(r,λ ,v) within the Debye shielding sphere
which contains the ion with nuclear charge Ze at the
center and strongly coupled plasma electrons would be
obtained by

n(r,λ ,v) =
Z

4πr2
0(v)

[
1−4λ 2/r2

0(v)
]1/2

·

{
exp [−A(λ ,r0(v))r]

r
− exp [−B(λ ,r0(v))r]

r

}
.

(6)
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Fig. 4 (colour online). Scaled transition bremsstrahlung radiation cross section ∂ 2χ̄TB as a function of the scaled radiation
photon energy ε̄ and scaled thermal energy ĒT when b̄ = 5, Ē = 0.9, λ̄ = 1, and r̄D = 10.

Thus, the polarization force Fpol(r,λ ,v) acting on the
projectile electron due to the polarized Debye shield-
ing cloud in strongly coupled semiclassical plasmas is
given by

Fpol(r,λ ,v) =− ∂

∂r

[
−e2

r2

∫
r′≤r

d3r′r′n(r′,λ ,v)
]

=

− 2Ze2

r2
0(v)

√
1−4λ 2/r2

0(v)

r
r4

{
2

A3(λ ,r0(v))

−
(

r3

2
+

r2

A(λ ,r0(v))
+

2r
A2(λ ,r0(v))

+
2

A3(λ ,r0(v))

)
· exp [−A(λ ,r0(v))r]−

[
2

B3(λ ,r0(v))
(7)

−
(

r3

2
+

r2

B(λ ,r0(v))
+

2r
B2(λ ,r0(v))

+
2

B3(λ ,r0(v))

)
· exp [−B(λ ,r0(v))r]

]}
.

Hence, the differential transition bremsstrahlung cross
section dσTB(ω) for the polarization interaction in
strongly coupled semiclassical plasmas including the
dynamic quantum screening and nonideal collective ef-

fects is found to be

dσTB(ω) =
26

3
α3a2

0

Ē
dω

ω

∫
db̄b̄ (8)

·
[∣∣F̄⊥ω

(
b̄, λ̄ , r̄D, Ē, ĒT,η

)∣∣2+∣∣F̄‖ω(b̄, λ̄ , r̄D, Ē, ĒT,η
)∣∣2] ,

where α(= e2/h̄c ≈ 1/137) is the fine structure
constant, Ē ≡ E/Z2Ry, E(= mv2/2) is the ki-
netic energy of the projectile electron, and Ry(=
me4/2h̄2 ≈ 13.6 eV) is the Rydberg constant. The
scaled parallel F̄‖ω(b̄, λ̄ , r̄D, Ē, ĒT,η) and perpendicu-
lar F̄⊥ω(b̄, λ̄ , r̄D, Ē, ĒT,η) Fourier coefficients of the
polarization force are represented by the following
forms:

F̄‖ω(b̄, λ̄ , r̄D, Ē, ĒT,η) =−
(

v ·Fω

v

)(
πvaZ

2Ze2

)
= i

∫
∞

0
dττ sin(ητ)

J(r̄, λ̄ , r̄D, Ē, ĒT)

r̄2
0 r̄4
√

1−4λ̄ 2/r̄2
0

,
(9)

F̄⊥ω(b̄, λ̄ , r̄D, Ē, ĒT,η) =−
(

b ·Fω

b

)(
πvaZ

2Ze2

)
=
∫

∞

0
dτ b̄cos(ητ)

J(r̄, λ̄ , r̄D, Ē, ĒT)

r̄2
0 r̄4
√

1−4λ̄ 2/r̄2
0

,
(10)
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where b̄(≡ b/aZ) is the scaled impact parameter, aZ(=
a0/Z) and a0(= h̄2/me2) are the Bohr radii of the hy-
drogenic ion with nuclear charge Ze and of the hydro-
gen atom, respectively, η ≡ ωaZ/v, τ(≡ vt/aZ) and
ĒT(≡ kBT/2Z2Ry) are the scaled time and the scaled
thermal energy, respectively, r̄0 ≡ r̄D(1 + Ē/ĒT)1/2,

and r̄ ≡ r/aZ [= (b̄2 + τ2)1/2]. Here, the integrand

function J(r̄, λ̄ , r̄D, Ē, ĒT) is given by

J(r̄, λ̄ , r̄D, Ē, ĒT) =

[
2

Ā3(λ̄ , r̄0)
− e−Ā(λ̄ ,r̄0)r̄

·
(

r̄3

2
+

r̄2

Ā(λ̄ , r̄0)
+

2r̄

Ā2(λ̄ , r̄0)
+

2

Ā3(λ̄ , r̄0)

)]

−

[
2

B̄3(λ̄ , r̄0)
− e−B̄(λ̄ ,r̄0)r̄

(
r̄3

2
+

r̄2

B̄(λ̄ , r̄0)

+
2r̄

B̄2(λ̄ , r̄0)
+

2

B̄3(λ̄ , r̄0)

)]
,

(11)

where λ̄ (≡ λ/aZ) and r̄D(≡ rD/aZ) are the scaled
de Broglie wavelength and scaled Debye length, re-
spectively, and the scaled screening functions are

Ā(λ̄ , r̄0)(≡ AaZ) = [(1−
√

1−4λ̄ 2/r̄2
0)/(2λ̄ 2)]1/2 and

B̄(λ̄ , r̄0)(≡ BaZ) = [(1 +
√

1−4λ̄ 2/r̄2
0)/(2λ̄ 2)]1/2.

Since the classical trajectory method is quite useful to
investigate the low-energy bremsstrahlung process [2,
7], the expression of the transition bremsstrahlung
cross section (8) would be reliable to explore the low-
energy transition bremsstrahlung emission caused by
the polarization interaction in strongly coupled semi-
classical plasmas. It is shown that the continuum radia-
tion spectrum due to the bremsstrahlung process would
be investigated by the bremsstrahlung radiation cross
section [16] defined as dχB/dε̄ ≡ h̄ω(dσB/h̄dω) be-
cause of the cancellation of the frequency factor dω/ω

in the photon emission probability, where ε̄ ≡ ε/Z2Ry
and ε(= h̄ω) is the bremsstrahlung photon energy.
Then, the scaled transition bremsstrahlung radiation
cross section ∂ 2χ̄TB[≡ (d2χTB/dε̄ db̄)/πa2

0] in units
of πa2

0 due to the polarization interaction between the
electron and the Debye shielding cloud in strongly cou-
pled semiclassical plasmas is obtained by the following
closed form:

∂
2
χ̄TB(b̄, λ̄ , r̄D, Ē, ĒT) =

26

3π

α3

Ē
b̄ (12)

·

{∣∣∣∣∣
∫

∞

0

dττ

r̄2
0 r̄4
√

1−4λ̄ 2/r̄2
0

sin

(
ε̄τ

2
√

Ē

)
×
[

2

Ā3(λ̄ , r̄0)

− e−Ā(λ̄ ,r̄0)r̄
(

r̄3

2
+

r̄2

Ā(λ̄ , r̄0)
+

2r̄

Ā2(λ̄ , r̄0)
+

2

Ā3(λ̄ , r̄0)

)
− 2

B̄3(λ̄ , r̄0)
+ e−B̄(λ̄ ,r̄0)r̄

( r̄3

2
+

r̄2

B̄(λ̄ , r̄0)
+

2r̄

B̄2(λ̄ , r̄0)

+
2

B̄3(λ̄ , r̄0)

)]∣∣∣∣∣
2

+

∣∣∣∣∣
∫

∞

0

dτ b̄

r̄2
0 r̄4
√

1−4λ̄ 2/r̄2
0

· cos

(
ε̄τ

2
√

Ē

)[
2

Ā3(λ̄ , r̄0)
− e−Ā(λ̄ ,r̄0)r̄

(
r̄3

2

+
r̄2

Ā(λ̄ , r̄0)
+

2r̄

Ā2(λ̄ , r̄0)
+

2

Ā3(λ̄ , r̄0)

)
− 2

B̄3(λ̄ , r̄0)

+ e−B̄(λ̄ ,r̄0)r̄
(

r̄3

2
+

r̄2

B̄(λ̄ , r̄0)
+

2r̄

B̄2(λ̄ , r̄0)

+
2

B̄3(λ̄ , r̄0)

)]∣∣∣∣∣
2}

,

since the bremsstrahlung parameter η in the nonrel-
ativisitic limit would be represented by η(ε̄, Ē) =
ε̄/(2Ē1/2). In a recent investigation [17], the collec-
tive effect on the transition bremsstrahlung process
due to the polarization interaction between the elec-
tron and Debye shielding cloud has been investigated
in nonideal plasmas. As it is seen in (12), the dy-
namic quantum screening and nonideal collective ef-
fects on the transition bremsstrahlung emission spec-
trum are included through the quantum and dynamic
parameters λ̄ and r̄0[= r̄D(1 + Ē/ĒT)1/2]. The inte-
grated Gaunt factor over impact parameters is given
by GFF =

∫ bmax
bmin

db∂ 2χ̄TB, where bmin is the minimum
impact parameter and bmax is the maximum impact pa-
rameter since the free–free or bremsstrahlung Gaunt
factor [18] GFF is proportional to the bremsstrahlung
radiation cross section. Then, the scaled integrated
Gaunt factor ḠFF(Ē) is found to be

ḠFF(Ē) =
∫ r̄D(1+Ē/ĒT)1/2

2Ē−1
db̄

b̄
Ē

{∣∣∣∣∣
∫

∞

0

dττ

r̄2
0 r̄4
√

1−4λ̄ 2/r̄2
0

· sin

(
ε̄τ

2
√

Ē

)[
2

Ā3(λ̄ , r̄0)
− e−Ā(λ̄ ,r̄0)r̄

·
(

r̄3

2
+

r̄2

Ā(λ̄ , r̄0)
+

2r̄

Ā2(λ̄ , r̄0)
+

2

Ā3(λ̄ , r̄0)

)



170 Y.-D. Jung and W.-P. Hong · Influence of Dynamic Quantum Shielding in Semiclassical Plasmas

− 2

B̄3(λ̄ , r̄0)
+ e−B̄(λ̄ ,r̄0)r̄

(
r̄3

2
+

r̄2

B̄(λ̄ , r̄0)
+

2r̄

B̄2(λ̄ , r̄0)

+
2

B̄3(λ̄ , r̄0)

)]∣∣∣∣∣
2

+

∣∣∣∣∣
∫

∞

0

dτ b̄

r̄2
0 r̄4
√

1−4λ̄ 2/r̄2
0

· cos

(
ε̄τ

2
√

Ē

)[
2

Ā3(λ̄ , r̄0)
− e−Ā(λ̄ ,r̄0)r̄

(
r̄3

2
(13)

+
r̄2

Ā(λ̄ , r̄0)
+

2r̄

Ā2(λ̄ , r̄0)
+

2

Ā3(λ̄ , r̄0)

)
− 2

B̄3(λ̄ , r̄0)

+ e−B̄(λ̄ ,r̄0)r̄
(

r̄3

2
+

r̄2

B̄(λ̄ , r̄0)
+

2r̄

B̄2(λ̄ , r̄0)

+
2

B̄3(λ̄ , r̄0)

)]∣∣∣∣∣
2}

,

where the minimum impact parameter is given by
the energy of the projectile electron, i. e., bmin =
2Ze2/mv2, and the maximum impact parameters de-
termined by the dynamic screening length, i. e., bmax =
rD(1 + Ē/ĒT)1/2. Since the polarization interaction is
expected to be significant for low-energy projectiles,
and the classical expression of the bremsstrahlung
cross section is suitable for v < Zαc [6], i. e., the veloc-
ity is small compared with the Coulomb unit, the tran-
sition bremsstrahlung radiation cross section ∂ 2χ̄TB
of (12) is expected to be quite reliable for the inves-
tigation of the transition bremsstrahlung spectrum in
strongly coupled semiclassical plasmas for the domain:
Ē < 1 and ε̄ < Ē. Figure 1 represents the scaled tran-
sition bremsstrahlung radiation cross section ∂ 2χ̄TB in
strongly coupled semiclassical plasmas as a function
of the scaled thermal energy ĒT and scaled impact pa-
rameter b̄. As it is seen, the transition bremsstrahlung
radiation cross section decreases with an increase of
the thermal energy. For example, it is found that the
bremsstrahlung radiation cross section for ĒT = 1.5
would be only 50% of the bremsstrahlung radiation
cross section for ĒT = 0.5. Hence, we have found
that the dynamic plasma screening effect enhances
the transition bremsstrahlung radiation cross section
in strongly coupled semiclassical plasmas. It would
be then expected that the transition bremsstrahlung ra-
diation cross sections including the dynamic screen-
ing effects are always greater than those including the
static screening effects. Figure 2 shows the scaled tran-
sition bremsstrahlung radiation cross section ∂ 2χ̄TB
as a function of the scaled impact parameter b̄ for
various values of the thermal energy ĒT. From this

Fig. 5 (colour online). Scaled bremsstrahlung Gaunt factor
ḠFF for the transition bremsstrahlung process as a function
of the scaled thermal energy ĒT when Ē = 0.8, ε̄ = 0.1,
λ̄ = 1, and r̄D = 10. The solid line represents the case of
ε̄ = 0.2. The dashed line represents the case of ε̄ = 0.4. The
dotted line represents the case of ε̄ = 0.8.

figure, we have found that the maximum position
of the transition bremsstrahlung radiation cross sec-
tion approaches to the center of the Debye shield-
ing sphere, i. e., the collision center, with an increase
of the thermal energy. Hence, it would be expected
that the dynamic plasma screening effect enlarges the
domain of the polarization interaction for the transi-
tion bremsstrahlung process. Figure 3 shows the tran-
sition bremsstrahlung radiation cross section ∂ 2χ̄TB
as a function of the scaled electron de Broglie wave-
length λ̄ for various values of the thermal energy ĒT.
As we see in this figure, the dynamic screening effect
on the transition bremsstrahlung radiation cross sec-
tion decreases with an increase of the de Broglie wave-
length. Hence, we have found that the quantum screen-
ing effect suppresses the influence of the dynamic
screening on the transition bremsstrahlung process in
strongly coupled semiclassical plasmas. It would be
then expected that the dynamic screening effects on
the transition bremsstrahlung cross sections in clas-
sical plasmas are always greater than those in dense
semiclassical or quantum plasmas. Figure 4 represents
the transition bremsstrahlung radiation cross section
∂ 2χ̄TB as a function of the scaled radiation photon en-
ergy ε̄ and scaled thermal energy ĒT. As shown in
Figure 4, it is found that the peak bremsstrahlung en-
ergy increases with an increase of the thermal energy.
Hence, we have found that the dynamic screening ef-
fect weakens the strength of the radiation photon en-
ergy in the transition bremsstrahlung process. Figure 5



Y.-D. Jung and W.-P. Hong · Influence of Dynamic Quantum Shielding in Semiclassical Plasmas 171

shows the scaled bremsstrahlung Gaunt factor ḠFF
for the transition bremsstrahlung process as a func-
tion of the scaled thermal energy ĒT for various val-
ues of the radiation photon energy ε̄ . As shown, it is
found that the dynamic quantum screening effect en-
hances the bremsstrahlung Gaunt factor in strongly
coupled semiclassical plasmas. It is also found that
the dynamic screening effect on the Gaunt factor is
more significant for the soft-photon case of the tran-
sition bremsstrahlung process. From this work, we
have found that the dynamic quantum screening and
nonideal collective effects play significant roles in
the transition bremsstrahlung process by the polariza-
tion interaction between the electron and the polarized
Debye shielding sphere in strongly coupled semicalssi-
cal plasmas. These results would provide useful infor-
mation on the collision and radiation processes associ-

ated with the projectile electron and the Debye plasma
cloud in semicalssical plasmas including the influence
of the collective interaction and dynamic screening.
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