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General solutions for the unsteady free convection flow of an incompressible viscous fluid due to
an infinite vertical plate that applies a shear stress f(¢) to the fluid are established when thermal ra-
diation and porous effects are taken into consideration. They satisfy all imposed initial and boundary
conditions and can generate a large class of exact solutions corresponding to different motions with
technical relevance. The velocity is presented as a sum of thermal and mechanical components. Fi-
nally, some special cases are brought to light, and effects of pertinent parameters on the fluid motion

are graphically underlined.
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1. Introduction

Radiative convective flows of an incompressible
viscous fluid past a vertical plate have applications
in many industrial processes. Radiative heat trans-
fer plays an important role in manufacturing indus-
tries, filtration processes, drying of porous materials in
the textile industry, solar energy collectors, satellites
and space vehicles, etc. Unsteady convective radia-
tive flows have important applications in geophysics,
geothermics, chemical and ceramics processing. Many
studies analyzing effects of thermal radiation in con-
vection flows through porous media have recently ap-
peared. A short presentation of the main results till
2007 is given by Ghosh and Beg [1] who studied the
convective radiative heat transfer past a hot vertical
surface in porous media.

In the last years, problems of free convection and
heat transfer through porous media have attracted the
attention of many researchers. Flows through porous
media have numerous engineering and geophysical ap-
plications in chemical engineering for filtration and pu-
rification processes, agriculture engineering to study
the underground water resources, petroleum technol-
ogy, and so on. Among the most recent and interest-

ing results on this line we remember here the work by
Chaudary et al. [2], Toki [3], Rajesh [4], Narahari [5],
Chandrakala and Bhaskar [6], Narahari and Ishak [7],
Samiulhagq et al. [8] and references therein. However, it
is worth pointing out that all these papers have a com-
mon specific feature. Namely, they solve problems in
which the velocity is given on the boundary.
Generally, there are three types of boundary value
problems in fluid mechanics: i) velocity is given on
the boundary; ii) shear stress is given on the bound-
ary; iii) mixed boundary value problems. From theo-
retical and practical point of view, all three types of
boundary conditions are identically important; as in
some problems what is specified is the force applied
on the boundary. It is also important to bear in mind
that the ‘no slip’ boundary condition may not be nec-
essarily applicable to flows of polymeric fluids that can
slip or slide on the boundary. Thus, the shear stress
boundary condition is particularly meaningful. To the
best of our knowledge, the first exact solutions for
motions of non-Newtonian fluids in which the shear
stress is given on the boundary are those of Waters
and King [9] and Bandelli et al. [10]. In the last time
many similar solutions have been established by differ-
ent authors [11 - 14]. However, in all these papers, the
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radiative and porous effects have not been taken into
consideration.

The purpose of this work is to provide exact so-
lutions for the unsteady free convection flow of an
incompressible viscous fluid over an infinite vertical
plate that applies a time-dependent shear stress f(r)
to the fluid. The viscous dissipation is neglected but
radiative and porous effects are taken into considera-
tion. General solutions that have been obtained satisfy
all imposed initial and boundary conditions and are not
common in the literature. They generate a large class of
exact solutions for different motion problems that are
similar to fluid motions in which velocity is given on
the boundary. To illustrate their theoretical and practi-
cal importance, three special cases are considered, and
the effects of pertinent parameters on the dimension-
less velocity and temperature are graphically under-
lined.

2. Mathematical Formulation

Let us consider the unsteady flow of an incompress-
ible viscous radiating fluid over an infinite hot verti-
cal plate embedded in a porous medium. The x-axis
of the Cartesian coordinate system is taken along the
plate in the vertical direction and the y-axis is normal
to the plate. Initially the plate and the fluid are at the
same temperature 7., in a stationary condition. After
time t = 0T, the plate applies a time-dependent shear
stress f () to the fluid along the x-axis. At the same
time, the temperature of the plate is raised to Ty. The
radiative heat flux is considered to be negligible in the
x-direction in comparison to the y-direction. The fluid
is grey absorbing—emitting radiation but no scattering
medium. Assuming that the viscous dissipation is neg-
ligible and using the usual Boussinesq’s approxima-
tion, the unsteady flow is governed by the following
equations [1]:

Ju(y,t) _ *u(y,1) B
8t =V ayz +gﬁ [T(y7t) T‘X’} (1)
\%
_Eu(yat); yat>07
aT(y,t) _ I*T(yt) dge(y,1) |
PG T T Ty @
»t>0,

where u, T, v, g, B, K, p, Cp, k, and g are the velocity
of the fluid, its temperature, the kinematic viscosity of

the fluid, the gravitational acceleration, the coefficient
of thermal expansion, the permeability of the porous
medium, the constant density of the fluid, the specific
heat at constant pressure, the thermal conductivity of
the fluid, and the radiative heat flux, respectively.

Assuming that no slip appears between the plate and
fluid, the appropriate initial and boundary conditions
are

u(y,0) =0, T(y,0)=T. for y>0,

du(y;1) _@’ T(0,t) =Tw for t >0, 3
8y y=0 u

u(y,t) =0, T(yt) — T as y — oo,

where i = pv is the coefficient of viscosity, and the
function f(¢) satisfies the condition f(0) = 0.

In the following, we adopt the Rosseland approx-
imation for the radiative flux ¢, [1,7,8, 15-17],
namely

40 JT*

C3kg dy @

qr =
where o is the Stefan—-Boltzmann constant, and kg is
the mean spectral absorption coefficient or the Rosse-
land mean attenuation coefficient [18]. Assuming that
the temperature difference between the fluid temper-
ature 7 and the free stream temperature 7., is suffi-
ciently small, expanding 7% in a Taylor series about
T.., and neglecting higher order terms, we find that

T* ~ 4T3T — 3T (5)

It is worth pointing out that (5) is widely used
in computational fluid dynamics involving absorption
problems [19]. Introducing (5) into (4) and using the
result in the governing equation (2), we find that

9*T (y,1)
Pr———= =vy(1 _—
o ( 9y2
where the Prandtl number Pr and the radiation—con-
duction parameter N; are defined by [1, 20]

oT (y,1)

+Ny) ; »t>0, (6)

16673
3kkr

G
Pr= = respectively Ny = @)
In the following, the dimensionless solutions of cou-
pled partial differential equations (1) and (6) with the
initial and boundary conditions (3) will be determined
by means of Laplace transforms.
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3. Dimensionless Analytical Solutions

In order to obtain non-dimensional forms of govern-
ing equations (1) and (6), and to reduce the number of
essential parameters, let us introduce the following di-
mensionless quantities

w ., T-T. , U , U?
T7 T = 07 Y =Y, t :7ta
U Tw — T \% \%
s 1 v, Vil
f(t):—psz(ﬁt>, ande:ﬁE,

u =

®)

where K, is the inverse permeability parameter for the
porous medium. In order to reduce the number of es-
sential parameters, let us chose the reference veloc-
ity U = [gﬁv(waTm)]lﬂ. Introducing (8) into (1)
and (6) and dropping out the star notation, we find
the non-dimensional governing equations in the suit-
able forms

du(y,1) _ Qu(y1) B .
(9t - &yz +T(y7t) Kpu(y7t)’ y7t>07(9)

oT (y,t) 9T (y,t
pr OLO:) _ OTT0h1)

ot dy?

C oyt >0, (10)

where Pregr = Pr/(1+ N;) is the effective Prandtl num-
ber [20, (10)].
The corresponding boundary conditions are

u(y,0) =0, T(y,0)=0 for y>0,

du(y,1) =f(t), T(0,t)=1 for t >0,
ay y=0

u(,1),T(y,1) =0 as y — .

(11

The dimensionless temperature and the surface heat
transfer rate, as it results from [1, (13) and (15)], are
given by

y [Preg
T(y,t)=erfc| =

dT(y,1)
dy

(12)
Preg

y=0 it

)

where erfc () is the complementary error function of
Gauss.

Applying the Laplace transform to (9) and bearing
in mind the corresponding initial and boundary condi-
tions for u(y,t), we find that

9%y,
g(yy;]) —(9+Kp) a(y,q)
(13)

1
—Lexp (o)

where the Laplace transform #(y,q) of u(y,z) has to
satisfy the conditions

dii(y,q)
dy

=F(q), i(y,q) — 0 as y — oo. (14)

y=0
Here, F(q) is the Laplace transform of f(¢), and the
solution of (13) with conditions (14) is given by
exp (—yv/Preirq)
q[q(1 —Pregr) + K|
3 v/ Pregrgexp (fy q+Kp)
q [q(1 —Presr) + Kp) \/q + Ky
exp (—yv/q+ K

Va+ kK,

In order to obtain the (y,7)-domain solution for ve-
locity, we firstly rewrite #(y,q) in the equivalent but
suitable form

1 | exp (—yv/Prefrq) _ exp (—yv/Presrq)

a(y,q) =

as)

i(y,t) =

Ky q q—b
L DVPrar exp (—y\/q+ Kp)
K (¢-bva etk

exp (—y/q+Kp)
v 4+ Kp ’
where b = K,/ (Pregs — 1) if Pregr # 1. Applying the in-

verse Laplace transform to (16), the velocity u(y,) can
be written as a sum, namely

—F(q) (16)

u(y,t) = ur(y,t) + i (y,1)

17
for Prefr # 1 and K, #0, a7
where
1 Press
u (yt) = Fperfc (;w/ :“)
e YV Pregt
——|exp (—y bPr, ff) erfc < — \/bt)
2K, ¢ NG
/P
+exp (y bPreff) erfc (y 2\;;“ +V bt) 1
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b+/P t bs
v/ Prest / e exp (—y b—i—Kp)
2K, \/(b+Ky) Jo Vi—s

.erfc(zi)/g— (b—i—Kp)s)—exp(y b—i—KP) (18)

erfc (2\y/3 +4/(b +Kp)s)

corresponds to the thermal effects, and

ds,

ft—s

exp( % )ds7

becomes zero if the shear stress on the boundary van-
ishes.

Direct computations show that 7'(y,7) and u(y,t)
given by (12) and (17) satisfy all imposed initial and
boundary conditions. In order to show that u(y,t) sat-
isfies the boundary condition (11)3, for instance, let us
firstly observe that direct computations imply

7

(19)

aul(y)t) :0 al‘ld
dy ¥=0

At (y,1) - /ft_s exp _j_ ) ds.
dy Z\f 45 P

The last equality is equivalent to

(20)

dun(yt) _ 2 7 )
dy Nz =5 452

2 )’2
-exp (—s _Kp4s2> ds,

iy (y,t)
S dy

2D

that clearly implies

o =)

Finally, let us observe that T(y7 ) given by (12) is
valid for all positive values of Preg while the compo-
nent u,(y, ) of the solution for velocity is not valid for
Preff =1.

Consequently, in this case, u;(y,¢) has to be red-
erived starting again from (15). By making Preg = 1
in the first two terms of (15) and applying again the
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inverse Laplace transform, we find that

1
u(y,t) = Fperfc (2\[) 7rK / ¥t—s
em(i )d—/f ) 22)
¥
-exp <4s ps) ds for K, #0.

4. Limiting Cases

In the following, for completion, let us consider
some limiting cases of general solutions.

4.1. Solution in the Absence of Thermal Radiation
(N: —0)

In the absence of thermal radiation, namely in the
pure convection, the corresponding solutions can di-
rectly be obtained from general solutions by making
N; — 0 and therefore substituting the effective Prandtl
number Prc¢ by the Prandtl number Pr. The dimension-
less temperature T (y,z) and the surface heat transfer
rate, for instance, take the simplified forms

P
T(y,t) =erfc (}2)\/ tr) and

dT (y,1)
dy

(23)
Pr

=0 mt’

4.2. Solution in the Absence of Mechanical Effects

Let us now assume that the infinite plate is kept at
rest all the time. In this case, the function f(¢) is zero
for each real value of t and the component u,,(y,t) of
velocity is identically zero. Consequently, the velocity
of the fluid u(y,t) reduces to the thermal component
u;(y,t) given by (18). Its temperature, as well as the
surface heat transfer rate, is given by the same equal-
ity (12).

4.3. Solution in the Absence of Porous Effects
(Kp —0)

The temperature distribution in the fluid mass, as
it results from (12), is not affected by the porosity of
medium, and the velocity corresponding to the purely
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fluid regime, i.e. infinite permeability, cannot be ob-
tained from general solution (17) by making K, — 0.
So, we must start again from (15). For K, = 0 this
equality becomes

10:0) = pr 24)
[eXp( yq\/IW) mem( yf)]
_r(p 222V (ﬂf 9)

and the velocity of the fluid is given by

2
P
<t + szreff> erfc (; rteff>

u(y,t) =

1— Preff
7 | Pregst ex 7ﬁPI' Y Preg o+ ﬁ
Y T P 4t eff 1 — Preg 2

f<2yﬁ)yﬁp(i>]¢lﬁ /O’f(t\/ES)
- exp <Zz> ds if Preg # 1.

Furthermore, if Preg = 1, the solution of our problem
is (see (13) and (14))

L (; + jz;) exp (—yv/q)
»Va)

exp (—
V4

and the corresponding velocity has the simplified form

(- 2)e()
()]
[0 ()

5. Special Cases

’Z(yvq) -
(26)

—F(lg)—————+

u(y,t) =

27

In order to underline the theoretical value of the gen-
eral solution (17) for velocity, as well as to gain phys-
ical insight of the flow regime, we consider some spe-
cial cases whose technical relevance is well known in
the literature.

Radiative and Porous Effects on free Convection Flow

= [H(t)

Let us firstly consider f(¢) = f H(t) where f is a di-
mensionless constant and H(-) is the unit Heaviside
step function. In this case, after time ¢ = 0, the infinite
plate applies a constant shear to the fluid. The ther-
mal component of velocity u(y,#) remain unchanged,
while u,,(y,t) takes the simplified form

e

or equivalently

f 2f [~
uno(0,t) = = - exp (—Kpy) + = [
0:1) K, (=Kp) NN
2
y .
- eXp <4sz S2> ds lf KP#O'

In the case K, = 0, (28) takes the simplified form (in
agreement with [14, (23)]

] 2
f/ (—ZS) ds.  (30)

or evaluating the integral,

o) = s (12

5.1. Case f(1)

umo (0, 1) —Kps> ds, (28)

(29)

Um0 (y )

) &)

In conclusion, the velocity field corresponding to the
case when the plate applies a constant shear to the fluid
is given by (17) where u; (y,t) is defined by one of (18),
(22), or (27), and u,, (y,1) is given by the equalities (28)
or (31).

5.2. Case f(t) = ft* (a>0)
Introducing f(¢) = ft* into (19), we find that
fo [ E—s)"
uma(yat) =T =
VT Jo X Vs (32)
-exp (—ZS — ps) ds.

Expression of the mechanical component of velocity
corresponding to K, = 0, namely

fore—s) Y
ﬁ o s exp (—4S> ds, (33)

Uma(y,1) = —
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is equivalent to [12, (4.1)] with & = 0. This motion,
unlike those corresponding to the cases 5.1 and 5.3, is
unsteady and remain unsteady all the time.

Of interest is the case a = 1 when the plate applies
a constantly accelerating shear stress to the fluid. The
corresponding expression of the mechanical compo-
nent ;1 (y,1), resulting from (32), is

fo[t=s Y
Mm](y7t):7ﬁ o Wexp 74fS*KpS ds
1
= [ o) ds. (34)
0

5.3. Case f(r) = f sin(ot)

By now letting f(¢) = fsin(®t) in the general ex-
pression (19) of u,(y,1), it results that
f [Psinfo(t—ys)]
H=——"[ ———=
um(ya ) \/E o \/E

¥?
-exp (_4s —Kps) ds.

This is the mechanical component of the fluid velocity
in the motion induced by an infinite plate that applies
an oscillating shear stress to the fluid. It can be written
as a sum between steady-state and transient solutions:

(35)

__f msinfo(t—s)]
ums(yvt) - _ﬁ/o \/E
. (36)
-exp <_43 —Kps | ds,
f [ sinjo(r —s)]
umi(y,1) = == | ———=
ﬁ/t Vs (37)

2
-exp (—L — ps> ds.

In the above relations, @ is the dimensionless fre-
quency of the shear stress. In the absence of porosity,
the steady-state component

~f [sinfo(r—s)]
ums(yvt)__ﬁ o T

5 (38)
-exp 2 ds
4s
can be written in the simplified form
tms (y,1) = feXp(y w)

ms 9 - T = - A

v 2
¢ (39)

jo &
- COS <a)t—y 2+4> .

For a check of results, let us determine the steady
shear stress component corresponding to the steady-
state velocity (39), namely [13, (24)],

Tms(,1) = fexp <y ;’)

o)

As expected, it is in accordance with the dimensional
form resulting from [14, (30)].

(40)

6. Numerical Results and Discussion

In order to study the behaviour of dimensionless ve-
locity and temperature fields and to get some physi-
cal insight of the obtained results, a series of numeri-
cal calculations was carried out for different values of
pertinent parameters that describe the flow characteris-
tics. All graphs correspond to the case when the plate
applies a constant shear stress to the fluid. Figure 1 ex-
hibits the dimensionless velocity profiles at different
times and fixed values of the material parameters Pres
and K, and the shear f on the boundary. As expected,
the velocity of the fluid increases in time and smoothly
decreases to zero for y going to infinity. Figure 2 shows
the influence of the effective Prandtl number on veloc-
ity. The velocity of the fluid is a decreasing function
with respect to Pregr. This result agrees well with that
resulting from [1, Fig. 3] because Pre¢ decreases if the
radiation—conduction parameter N; increases.

2 T T T
1.5
ul(y)
oo o
u2(y) 4
B—8—4=
u3(y)
A—A—A
0.5
ok
y
Fig.1. Non-dimensional velocity profiles for Preg =

0.35(N; =1,Pr=0.7), K, = 1, and different values of r when
the plate applies a constant shear stress f = —2 to the fluid.



136 C. Fetecau et al. - Radiative and Porous Effects on free Convection Flow

T T T
2 \ —
Pr,, = 0.140
ul(y) Pr,, = 0.233
*—o 0
u2(y)
iﬁ§;31— Pr,, = 0.467
A—h—ah
(0] = 1 1 1 F
1 2 3 4
y

Fig.2. Non-dimensional velocity profiles for t = 1, Ky = 1,
and different values of Pr.g when the plate applies a constant
shear stress f = —2 to the fluid.

ul(y)
u2(y)

u3(y)1

Fig. 3. Non-dimensional velocity profiles for t = 1, Pregr =
0.35, and different values of K}, when the plate applies a con-
stant shear stress f = —2 to the fluid.

The effects of permeability parameter K}, on the spa-
tial distribution of the dimensionless velocity are pre-
sented in Figure 3. The inverse permeability parame-
ter K, as defined by (8), is inverse proportional to the
permeability of the medium. The resistance of porous
medium increases if its permeability decreases. Con-
sequently, the velocity of the fluid decreases with re-
spect to K. However, this change of velocity is max-
imum near the plate, decreases with respect to y, and
finally approach to zero. The profiles of velocity mono-
tonically decay for all values of K, and the boundary
layer thickness decreases when K, increases. The spa-

10 T T T

ul(y)
u2(y)

u3(y)

Fig.4. Non-dimensional velocity profiles for t = 1, Preg =
0.35, Kp = 1, and different values of constant shear stress f.

2

u(y) fort=0.8

ul
e—e(—yg ufy)fort=0.8

u2(y)
*—e o
ud(y) i
A—A—A

U4 (y) u(y) fort=0.5
A A4

ufy)fort=0.5

Fig.5. Comparison between dimensionless velocity u(y,r)
and its thermal component u(y,t) for Preg = 0.35, K, =1,
f=-2,andt=0.5and 0.8.

tial variation of the dimensionless velocity u(y,t) with
the shear stress f induced by the boundary plate is plot-
ted against y in Figure 4. As expected, the velocity of
the fluid decreases for increasing values of f (by nega-
tive values) and this result is in accordance with that of
Erdogan [21, Fig. 3]. The influence of thermal effects
on the fluid motion is shown by Figure 5 where the di-
mensionless velocity u(y,) against y is compared with
its thermal component u,(y,7). As expected, the me-
chanical effects are stronger but the thermal influence
on velocity is also significant.

Expressions of the dimensionless temperature and
surface heat transfer rate, as we previously specified,
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1 T T T
0.8F Pr,=0.175 -
Pr,=0.233
T1(y) 0.6- i
.TZ.(y.) Pr,, = 0.350
T3(Y) 9.4k i
»
0.2f 3
0 1 1 1
0 1 2 3 4

Fig. 6. Dimensionless temperature profiles for = 1 and dif-
ferent values of Pregt.

are identical to those from [1, (13) and (15)]. Conse-
quently, there is no reason to present again their vari-
ations with respect to time, Prandtl number or radi-
ation—conduction parameter. Of interest seems to be
here their variations against y for different values of
the effective Prandtl number. Such a variation for tem-
perature is presented in Figure 6 for r = 1. It is clearly
observed that an increase of the effective Prandtl num-
ber Preg implies a significant decrease of the tem-
perature throughout the fluid. The temperature of the
fluid, for different values of Preg, smoothly decreases
from a maximum at the boundary to a minimum value
for large values of y. Further, the values of T'(y,#) at
any distance y from the plate are always higher for
Presr = 0.175 than those for Pregr = 0.233 or 0.350. The
thermal boundary layer thickness also decreases for in-
creasing Pregr.

7. Conclusions

Heat transfer and the motion of a viscous fluid over
a heated infinite plate that applies an arbitrary shear
stress f(#) to the fluid are analytically studied. Ra-
diative and porous effects are taken into consideration
and exact solutions for the dimensionless velocity and
temperature are obtained by means of Laplace trans-
forms. These solutions, presented in simple forms in
terms of the complementary error function of Gauss,
satisfy both governing equations and all imposed ini-
tial and boundary conditions. The dimensionless tem-
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perature depends on Preg only, and the fluid velocity
is presented as a sum of thermal and mechanical com-
ponents. All results regarding velocity are new and its
mechanical component reduces to known forms from
the literature in absence of porous effects.

Some significant limiting cases, excepting those cor-
responding to Prer = 1 and K, = 0 whose solutions
are separately established, are easy obtained from gen-
eral solutions. In all cases, the temperature of the fluid
does not depend on porosity and shear stress on the
boundary. This is possible as the viscous dissipation is
not taken into consideration. Further, as expected, both
components of velocity are affected by the porosity of
the medium and the number of essential parameters is
reduced by a suitable selection of the reference veloc-
ity U.

Finally, in order to underline some physical insight
of present results, three special cases of technical rel-
evance motions are considered. The first case corre-
sponds to the fluid motion due to an infinite plate that
applies a constant shear to the fluid. Figures 1—4 are
prepared to bring to light the effects of pertinent pa-
rameters on the velocity field. A comparison between
the dimensionless velocity u(y,#) and its thermal com-
ponent u, (y,t) is presented in Figure 5. It is clearly seen
that the thermal effects, as well as the mechanical ones,
have a significant influence on the fluid motion. The
main findings are:

(i) The dimensionless temperature, as well as the
surface heat transfer rate, is not influenced by the
porosity of the medium and the shear stress on the
boundary. It depends only on the effective Prandtl
number Preg.

(i1) The dimensionless velocity is presented as a sum
of thermal and mechanical components. The influence
of thermal effects on velocity is also significant.

(iii) The velocity of the fluid is a decreasing function
with respect to Pregr, K, and f.

(iv) The boundary layer thickness, as well as the
thermal boundary layer thickness, decreases when the
effective Prandtl number increases.
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