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In this study, the homotopy perturbation transform method (HPTM) is performed to give approxi-
mate and analytical solutions of nonlinear homogenous and non-homogenous time-fractional gas dy-
namics equations. Gas dynamics equations are based on the physical laws of conservation, namely,
the laws of conservation of mass, conservation of momentum, conservation of energy etc. The HPTM
is a combined form of the Laplace transform, the homotopy perturbation method, and He’s polyno-
mials. The nonlinear terms can be easily handled by the use of He’s polynomials. The numerical
solutions obtained by the proposed method indicate that the approach is easy to implement and ac-
curate. Some numerical illustrations are given. These results reveal that the proposed method is very
effective and simple to perform.
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1. Introduction

Fractional-order ordinary differential equations, as
generalizations of classical integer-order ordinary dif-
ferential equations, are increasingly used to model
problems in fluid flow, mechanics, viscoelasticity, bi-
ology, physics and engineering, and other applications.
Fractional derivatives provide an excellent instrument
for the description of memory and hereditary prop-
erties of various materials and processes. Half-order
derivatives and integrals proved to be more useful for
the formulation of certain electrochemical problems
than the classical models [1 – 6].

It is commonly known that the equation of gas dy-
namics is the mathematical expressions of conserva-
tion laws which exist in engineering practices such
as conservation of mass, conservation of momentum,
conservation of energy etc. The nonlinear equations
of ideal gas dynamics are applicable for three types
of nonlinear waves like shock fronts, rarefactions, and
contact discontinuities. In 1981, Steger and Warm-
ing [7] addressed that the conservation-law form of the

inviscid gas dynamic equation possesses a remarkable
property by virtue of which the nonlinear flux vec-
tors are homogeneous functions of degree one which
permits the splitting of flux vectors into subvectors
by similarity transformations, and as a result new ex-
plicit and implicit dissipative finite-difference schemes
are developed for solving first-order hyperbolic sys-
tems of equations. The different types of gas dynamics
equations in physics have been solved by Elizarova [8]
and Evans and Bulut [9] by applying various kinds of
analytical and numerical methods. In 1985, Aziz and
Anderson [10] used a pocket computer to solve some
problems arising in gas dynamics. Liu [11] has stud-
ied nonlinear hyperbolic-parabolic partial differential
equations related to gas dynamics and mechanics. In
2003, Rasulov and Karaguler [12] applied the differ-
ence scheme for solving nonlinear system of equations
of gas dynamic problems for a class of discontinuous
functions. Recently, Biazar and Eslami [13] and Das
and Kumar [14] have applied to obtain the solutions of
the homogenous and non-homogenous time-fractional
gas dynamics equation.
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In this paper, the Laplace homotopy perturbation
method (LHPM) basically illustrates how the Laplace
transform can be used to approximate the solutions of
the linear and nonlinear differential equations by ma-
nipulating the homotopy perturbation method. The per-
turbation methods which are generally used to solve
nonlinear problems have some limitations, e.g., the ap-
proximate solution involves series of small parame-
ters which poses a difficulty since the majority of non-
linear problems have no small parameters at all. Al-
though appropriate choices of small parameters some
time leads to an ideal solution, in most of the cases un-
suitable choices lead to serious effects in the solutions.
The homotopy perturbation method (HPM) was intro-
duced and applied by He [15 – 19]. Recently, many re-
searchers [20 – 24] have obtained the series solution of
the integral equation and fractional differential equa-
tion by using HPM. The proposed method is a cou-
pling of the Laplace transform, the homotopy per-
turbation method, and He’s polynomials mainly due
to Ghorbani [25, 26]. In recent years, many authors
have paid attention to studying the solutions of linear
and nonlinear partial differential equations by using
various methods combined with the Laplace trans-
form. Among these are the Laplace decomposition
method [27, 28] and the Laplace homotopy perturba-
tion method [29, 30].

In this article, the homotopy perturbation method is
used to solve the time-fractional gas dynamics equa-
tion with coupling of Laplace transform and He’s poly-
nomials. Using the initial condition, the approximate
analytical expressions of u(x, t) for different fractional
Brownian motions and also for standard motion are
obtained. The approximate solution is obtained nu-
merically and depicted graphically. The elegance of
this article can be attributed to the simplistic approach
in seeking the approximate analytical solution of the
problem.

2. Basic Definitions of Fractional Calculus

In this section, we give some basic definitions and
properties of the fractional calculus theory which shall
be used in this paper:

Definition 1. A real function f (t), t > 0, is said to be in
the spaceCµ ,µ ∈ R, if there exists a real number p > µ ,
such that f (t) = t p f1(t) where f1(t) ∈ C(0,∞), and it is
said to be in the spaceCn if and only if f (n) ∈Cµ ,n ∈ N.

Definition 2. The left sided Riemann–Liouville frac-
tional integral operator of order µ ≥ 0 of a function
f ∈Cα , α ≥−1, is defined as follows [31, 32]:

Iµ f (t) =
1

Γ (µ)

∫ t

0
(t− τ)µ−1 f (τ)dτ, µ > 0, t > 0 ,

f (t), µ = 0 ,

(1)

where Γ (.) is the well-known Gamma function.

Definition 3. The left sided Caputo fractional deriva-
tive of f , f ∈Cm

−1,m ∈ N∪{0} is defind as follows [4,
33]:

Dµ
∗ f (t) =

∂ µ f (t)
∂ tµ

=


Im−µ

[
∂ m f (t)

∂ tm

]
, m−1 < µ < m, m ∈ N ,

∂ m f (t)
∂ tm , µ = m .

(2)

Note that [4, 35]

(i) Iµ

t f (x, t) =
1

Γ (µ)

∫ t

0

f (x, t)
(t− s)1−µ

dt, µ > 0, t > 0.

(ii) Dµ
∗ f (x, t) = Im−µ

t
∂ m f (x, t)

∂ tm , m−1 < µ ≤ m.

Definition 4. The Mittag–Leffler function Eα(z) with
α > 0 is defined by the following series representation,
valid in the whole complex plane [34]:

Eα(z) =
∞

∑
n=0

zn

Γ (αn+1)
. (3)

Definition 5. The Laplace transform of f (t) is

F(s) = L[ f (t)] =
∫

∞

0
e−st f (t)dt . (4)

Definition 6. The Laplace transform L[ f (t)] of the
Riemann–Liouville fractional integral is defined as [2]

L[Iα f (t)] = s−α F(s) . (5)

Definition 7. The Laplace transform L[ f (t)] of the Ca-
puto fractional derivative is defined as [2]

L[Dα f (t)] = sα F(s)−
n−1

∑
k=0

s(α−k−1) f (k)(0),

n−1 < α ≤ n .

(6)
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3. Fractional Homotopy Perturbation Transform
Method

In order to elucidate the solution procedure of the
fractional Laplace homotopy perturbation method, we
consider the following nonlinear fractional differential
equation:

Dα
t u(x, t)+R[x]u(x, t)+N[x]u(x, t)

= q(x, t) , t > 0 ,x ∈ R ,0 < α ≤ 1 ,

u(x,0) = h(x) ,
(7)

where Dα = ∂ α

∂ tα , R[x] is the linear operator in x, N[x]
is the general nonlinear operator in x, and q(x, t) are
continuous functions. Now, the methodology consists
of applying the Laplace transform first on both sides
of (7):

L[Dα u(x, t)]+L[R[x]u(x, t)+N[x]u(x, t)]
= L[q(x, t)] .

(8)

Using the differentiation property of the Laplace trans-
form, we have

L[u(x, t)] = s−1h(x)− s−α L[q(x, t)]
+ s−α L[R[x]u(x, t)+N[x]u(x, t)] .

(9)

Operating the inverse Laplace transform on both sides
in (9), we get

u(x, t) = G(x, t)

−L−1(s−α L[R[x]u(x, t)+N[x]u(x, t)]) ,
(10)

where G(x, t) represents the term arising from the
source term and the prescribed initial conditions. Now,
applying the classical perturbation technique, we can
assume that the solution can be expressed as a power
series in p as given below:

u(x, t) =
∞

∑
n=0

pnun(x, t) , (11)

where the homotopy parameter p is considered as
a small parameter (p ∈ [0,1]). The nonlinear term can
be decomposed as

Nu(x, t) =
∞

∑
n=0

pnHn(u) , (12)

where Hn are He’s polynomials (see [26, 27]) of
u0,u1,u2, . . .,un, and it can be calculated by the fol-
lowing formula:

Hn(u0,u1,u2, . . .,un) =
1
n!

∂ n

∂ pn

[
N

(
∞

∑
i=0

piui

)]
p=0

,

n = 0,1,2,3, . . . .

Substituting (11) and (12) in (10) and using HPM
[15 – 19], we get

∞

∑
n=0

pnun(x, t) = G(x, t)
(13)

− p

(
L−1
[

s−α L

[
R

∞

∑
n=0

pnun(x, t)+
∞

∑
n=0

pnHn(u)
]])

.

This is coupling of the Laplace transform and ho-
motopy perturbation method using He’s polynomials.
Now, equating the coefficients of the corresponding
power of p on both sides, the following approxima-
tions are obtained:

p0 : u0(x, t) = G(x, t) ,

p1 : u1(x, t) = L−1(s−α L[R[x]u0(x, t)+H0(u)]
)
,

p2 : u2(x, t) = L−1(s−α L[R[x]u1(x, t)+H1(u)]
)
,

p3 : u3(x, t) = L−1(s−α L[R[x]u2(x, t)+H2(u)]
)
,

...

Proceeding in this same manner, the rest of the compo-
nents un(x, t),n ≥ 4, can be completely obtained, and
the series solutions are thus entirely determined.

Finally, we approximate the analytical solution
u(x, t) by the truncated series

u(x, t) = lim
N→∞

N

∑
n=1

un(x, t) . (14)

The above series solutions generally converge very
rapidly. A classical approach of convergence of this
type of series is already presented by Abbaoui and
Cherruault [35].

4. Numerical Examples

In this section, three examples on nonlinear
fractional-order homogeneous and non-homogeneous
time-fractional gas dynamic equations are solved to
demonstrate the performance and efficiency of the
HPM with coupling of Laplace transform and He’s
polynomials.
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Example 1. We consider the following homogeneous
nonlinear time-fractional gas dynamic equation [14]:

∂ α u
∂ tα

+u
∂u
∂x
−u(1−u) = 0 , 0 < α ≤ 1 , (15)

with initial condition u(x,0) = e−x, and u(x, t) = et−x

is the exact solution for α = 1.
Applying Laplace transform on both sides in (15),

we get

L[u(x, t)] = s−1 e−x + s−α L[u−u2−uux] . (16)

The inverse Laplace transform on both sides implies
that

u(x, t) = e−x +L−1(s−α L[u−u2−uux]
)
. (17)

Now, we apply the homotopy perturbation method
[15 – 19]:

∞

∑
n=0

pnun(x, t)

= e−x + p

(
L−1
[

s−α L[
∞

∑
n=0

pnHn(u)]
])

,

(18)

where Hn(u) are He’s polynomials [26, 27] that repre-
sent the nonlinear terms. The first few components of
He’s polynomials, for example, are given by

H0(u) = u0−u2
0−u0u0x ,

H1(u) = u1−2u0u1− (u0u1x +u1u0x) ,

H2(u) = u2− (u2
1 +2u0u2)− (u0u2x +u1u1x +u2u0x) ,

H3(u) = u3− (2u1u2 +2u0u3)
− (u0u3x +u1u2x +u2u1x +u3u0x) .

Equating the coefficients of corresponding power of p
on both sides in (18), we get

p0 : u0(x, t) = e−x ,

p1 : u1(x, t) = L−1(s−α L[H0(u)]
)

= e−x tα

Γ (α +1)
,

p2 : u2(x, t) = L−1(s−α L[H1(u)]
)

= e−x t2α

Γ (2α +1)
,

p3 : u3(x, t) = L−1(s−α L[H2(u)]
)

= e−x t3α

Γ (3α +1)
,

...

pn : un(x, t) = L−1(s−α L[Hn−1(u)]
)

= e−x tnα

Γ (nα +1)
.

Using the above terms, the solution u(x, t) is given as

u(x, t) = e−x
(

1+
tα

Γ (α +1)
+

t2α

Γ (2α +1)

+
t3α

Γ (3α +1)
+ . . .+

tnα

Γ (nα +1)
+ . . .

)
= e−x

∞

∑
k=0

tkα

Γ (kα +1)
= e−xEα(tα) .

As α = 1, this series has the closed form et−x, which
is an exact solution of the classical gas dynamics. The
above result is in complete agreement with Biazar and
Eslami [13].

Example 2. Consider the following homogeneous
nonlinear time-fractional gas dynamic equation:

∂ α u
∂ tα

+u
∂u
∂x
−u(1−u) loga = 0 ,

a > 0, 0 < α ≤ 1 ,
(19)

with initial condition u(x,0) = a−x. The exact solution
for α = 1 is u(x, t) = at−x.

Taking the Laplace transform on both sides of (19),
we get

L[u(x, t)] = s−1a−x + s−α L[(u−u2) loga−uux] . (20)

We apply the inverse Laplace transform on both sides
and get

u(x, t) = a−x +L−1(s−α L[(u−u2) loga−uux]
)
. (21)

Using the aforesaid homotopy perturbation method, we
have

∞

∑
n=0

pnun(x, t)

= a−x + p

(
L−1
(

s−α L[
∞

∑
n=0

pnHn(u)]
))

.

(22)

Equating the corresponding power of p on both sides,
we get

p0 : u0(x, t) = a−x ,

p1 : u1(x, t) = L−1(s−α L[H0(u)]
)

= a−x tα loga
Γ (α +1)

,

p2 : u2(x, t) = L−1(s−α L[H1(u)]
)

= a−x (tα loga)2

Γ (2α +1)
,
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p3 : u3(x, t) = L−1(s−α L[H2(u)]
)

= a−x (tα loga)3

Γ (3α +1)
,

...

so that the solution u(x, t) is given as

u(x, t) = a−x
(

1+
tα loga

Γ (α +1)
+

(tα loga)2

Γ (2α +1)

= +
(tα loga)3

Γ (3α +1)
+ . . .

)
= a−x

∞

∑
k=0

(tα loga)k

Γ (kα +1)
= a−xEα(tα loga) .

Now for the standard case, i.e. for α = 1, the series has
the form at−x, which is the closed form of the solution.

Example 3. In this example, we consider the fol-
lowing inhomogeneous fractional gas dynamics equa-
tion [13]:

∂ α u
∂ tα

+u
∂u
∂x

+(1+ t)2u2 = x2, 0 < α ≤ 1 , (23)

with initial condition u(x,0) = x and exact solution
u(x, t) = x

(1+t) for α = 1.
Taking the known Laplace transform on both sides

in (23), we get

L[u(x, t)] = s−1x− s−α L[uux +(1+ t)2u2− x2] . (24)

Then the inverse Laplace transform on both sides im-
plies that

u(x, t) = x−L−1 (s−α L[uux +(1+ t)2u2− x2]
)

. (25)

We apply the homotopy perturbation method [15 – 19]
and get

∞

∑
n=0

pnun(x, t)

= x− p

(
L−1
[

s−α L[
∞

∑
n=0

pnHn(u)− x2]
])

.

(26)

The first component of He’s polynomials is given as

H0(u) = u0u0x +(1+ t)2u2
0,H1(u)

= u0u1x +u1u0x +2(1+ t)2u0u1 .

Equating the coefficients of corresponding power of p
on both sides in (26), we get

p0 : u0(x, t) = x ,

p1 : u1(x, t) =−L−1(s−α L[H0(u)− x2]
)

=−tα

(
x

Γ (α +1)
+

2x2t
Γ (α +2)

+
2x2t2

Γ (α +3)

)
,

p2 : u2(x, t) =−L−1(s−α L[H1(u)]
)

=
2x(x+1)t2α

Γ (2α +1)

+
2x2(2x+2α +5)t2α+1

Γ (2α +2)

+
2x2(4αx+10x+α2 +3α +5)t2α+2

Γ (2α +3)

+
4x3(α +3)(α +4)t2α+3

Γ (2α +4)
+

4x3(α +3)(α +4)t2α+4

Γ (2α +5)
,

...

Proceeding in this manner, the rest of the components
un(x, t),n≥ 2, can be completely obtained, and the se-
ries solutions are thus entirely determined.

Fig. 1 (colour online). Plot of the exact solution u(x, t) for
Example 1.

Fig. 2 (colour online). Plot of the approximate solution u(x, t)
at α = 1 for Example 1. It is very close to the exact one in
Figure 1.
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Fig. 3 (colour online). Plot of
u(x, t) vs. time t at x = 1 for
different values of α for Exam-
ple 1.
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Fig. 4 (colour online). Plot of
u(x, t) vs. time t at different
values of α for Example 3.

Finally, we approximate the analytical solution
u(x, t) by truncated series:

u(x, t) = lim
n→∞

Ψn(x, t) , (27)

where ΨN(x, t) = ∑
N−1
n=0 un(x, t). The above series so-

lutions generally converge very rapidly in real phys-
ical problems. The rapid convergence means that
only few terms are required to get approximate solu-
tions.

5. Numerical Results and Discussion

In this section, Figures 1 – 4 show the evaluation re-
sults of the approximate solution for Examples 1 and 3,
respectively. Figures 3 and 4 show the behaviour of the
approximate solution for different fractional Brownian
motions and standard motions, i.e. for the standard mo-
tion α = 1 at the value of x = 1.

Figures 1 – 3 show the evaluation results of the ap-
proximate solution for Example 1. Figures 1 – 2 show
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the comparison between the exact solution and the
approximate solution (which is obtained by aforesaid
method). It can be seen from these figures that the
analytical solution obtained by the present method is
nearly identical to the exact solution of the standard
gas dynamics, i.e. for the standard motion α = 1.

Figure 3 shows the behaviour of the approximate
solution u(x, t) for different fraction Brownian motion
α = 0.7, 0.8, 0.9, and for standard motion, i.e. at α = 1
for Example 1. It is seen from Figure 3 that the solu-
tion obtained by HPTM increases very rapidly with the
increases in t at the value of x = 1.

Figure 4 shows the behaviour of the approximate so-
lution u(x, t) for different values of α = 0.7, 0.8, 0.9,
and for the standard gas dynamics equation, i.e. at
α = 1 for the inhomogenous equation (23). It is seen
from Figure 4 that the solution obtained by the present
method increases very rapidly with the increase in t at
the value of x = 1. The accuracy of the result can be im-
proved by introducing more terms of the approximate
solutions.

6. Conclusion

This paper develops an effective modification of
the homotopy perturbation method, which is a cou-

pling with the Laplace transform and He’s polynomi-
als, and studied its validity in a wide range with three
examples of linear and nonlinear time-fractional gas
dynamics equations. The method is applied in a di-
rect way without using linearization, transformation,
discritization or restrictive assumptions. The method
gives more realistic series solutions that converge very
rapidly in physical problems. It is worth mentioning
that the method is capable of reducing the volume of
the computational work as compare to the classical
methods with high accuracy of the numerical result and
will considerably benefit mathematicians and scientists
working in the field of partial differential equations. It
may be concluded that the LHPM methodology is very
powerful and efficient in finding approximate solutions
as well as analytical solutions.
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