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According to the experimental work of C. Barus in Am. J. Sci. 45, 87 (1893) [1], the dependency
of liquid viscosity on pressure is exponential. Therefore, we extend the study of squeeze film prob-
lems of long partial journal bearings for Stokes non-Newtonian couple stress fluids by considering
the pressure-dependent viscosity in the present paper. Through a small perturbation technique, we
derive a first-order closed-form solution for the film pressure, the load capacity, and the response
time of partial-bearing squeeze films. It is also found that the non-Newtonian couple-stress partial
bearings with pressure-dependent viscosity provide better squeeze-film characteristics than those of
the bearing with constant-viscosity situation.
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1. Introduction

Squeeze film effects arise when two lubricated
surfaces approach mutually with a normal velocity.
This phenomenon is important in many areas of bio-
lubrication and engineering sciences, such as the an-
imal joint, the reciprocating engine, machine tools,
braking apparatus, etc. In the literature, the squeeze-
film journal bearings lubricated with a Newtonian lu-
bricant have been investigated by Pinkus and Stern-
licht [2], Prakash and Vij [3], and Murti [4]. With
the improvement of machine systems, the wide ap-
plication of non-Newtonian lubricants has received
great attention. General non-Newtonian lubricants can
be observed such as the synovial fluids, polymer-
thickened oils, and base lubricants blended with addi-
tives. For a better description of the flow behaviour of
these kinds of non-Newtonian fluids, a non-Newtonian
micro-continuum theory including the effects of cou-
ple stresses and body couples was developed by
Stokes [5]. This micro-continuum theory is important
for pumping fluids, such as bio-fluids, liquid crystals,
and complex fluids. According to the thin-film lubrica-
tion theory by Pinkus and Sternlicht [2] together with

the negligible body couples, the momentum equations,
and the continuity equation of a Stokes non-Newtonian
incompressible couple stress fluid by Stokes [5] for
two-dimensional rectangular coordinates (x,z) can be
written as

∂ p
∂x

=
∂

∂ z

(
µ · ∂u

∂ z

)
−η · ∂

4u
∂ z4 , (1)

∂ p
∂ z

= 0, (2)

∂u
∂x

+
∂w
∂ z

= 0. (3)

In the above equations, p is the fluid pressure, u and w
are the velocity components in the x- and z-directions,
respectively, µ denotes the viscosity coefficient; in ad-
dition, η represents a new material constant responsi-
ble for the non-Newtonian properties of couple stress
fluids. By applying this couple stress fluid model and
assuming a constant viscosity (CV) of the fluid, many
researchers have investigated the peristaltic transport
problems and the squeeze film problems, such as the
mechanisms of peristalsis by Srivastava [6] and She-
hawey and Mekheimer [7]; the squeeze film plates with
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reference to human joints by Tandon and Jaggi [8] and
Ahmad and Singh [9]; the squeeze film behaviour be-
tween parallel circular disks by Lin and Hung [10];
the squeeze film characteristics between a cylinder and
a plate by Lin and Hung [11]; the squeeze film perfor-
mances between a sphere and a plate by Naduvinamani
et al. [12] and Elsharkawy and Al-Fadhalah [13]; and
the squeeze film phenomenon in long partial journal
bearing by Lin [14] and Lin et al. [15].

As reviewed in the above passage, the stud-
ies [6 – 15] have assumed that the fluid viscosity µ

is constant, the peristaltic transport problems and the
squeeze film problems are then analyzed. However, the
viscosity of the fluid could depend upon the film pres-
sure. From the contributions by Barus [1], a relation-
ship for the exponential dependency of viscosity on the
fluid pressure is provided through the equation

µ = µ0 exp(mp), (4)

where µ0 is the viscosity at ambient pressure and
constant temperature, and m denotes the pressure-
viscosity coefficient. By applying this exponential de-
pendency of viscosity on the pressure, a Newtonian
spherical squeeze film problem has been investigated
by Gould [16]. In addition, by applying both the Stokes
micro-continuum theory [5] and the relationship for
the pressure-dependent viscosity (PDV) by Barus [1],
the squeeze film mechanism between a sphere and
a flat plate has been investigated by Lu and Lin [17].
However, the study for squeeze-film partial bearings
is absent. Since the squeeze film mechanism of par-
tial bearings is also important in engineering applica-
tion [2, 14, 15], an advanced study is motivated.

In the present paper, we extend the study of squeeze
film problems of long partial journal bearings for non-
Newtonian couple stress fluids [14] with variable vis-
cosity through the application of the micro-continuum
theory by Stokes [5] together with the relationship
for the exponential PDV by Barus [1]. By employ-
ing a small perturbation technique, a first-order closed-
form solution for the film pressure, the load capacity
and the response time of partial-bearing squeeze films
has been derived. Comparing with those of the non-
Newtonian bearing with CV situation, the effects of
exponential PDV on the squeeze-film partial-journal
bearings are presented and discussed through the varia-
tion of the pressure-dependent viscosity parameter and
the non-Newtonian couple-stress parameter.

2. Analysis

Figure 1 presents the squeeze film configuration of
a long partial journal bearing lubricated with a non-
Newtonian couple stress fluid considering pressure-
dependent viscosity, in which C denotes the radial
clearance, and e is the eccentricity. The journal with ra-
dius R is approaching the partial bearing with a squeez-
ing velocity: −∂h/∂ t. It is assumed that the thin-
film lubrication theory of hydrodynamic lubrication by
Pinkus and Sternlicht [2] is applicable, the body cou-
ples for the couple stress fluids by Stokes [5] are neg-
ligible, and the dependency of viscosity on pressure
is exponential [1]. Based upon these assumptions, the
momentum equations, the continuity equation, and the
variation of the viscosity with fluid pressure reduce to
(1), (2), (3), and (4). According to the derivation in the
squeeze-film problem between a sphere and a flat plate,
the cylindrical-form of the non-Newtonian couple-
stress squeeze-film Reynolds-type equation with PDV
has been obtained by Lu and Lin [17]. Expressed in
the rectangular-coordinate form, we have the follow-
ing equation for the present study:

∂

∂x

{
f (h, l,m, p) · ∂ p

∂x

}
= 12µ0

∂h
∂ t

, (5)

Fig. 1. Squeeze film configuration of a partial journal bearing
lubricated with a non-Newtonian couple stress fluid consid-
ering pressure-dependent viscosity.
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where the quantity l, the film thickness h, and the func-
tion f = f (h, l,m, p) are given by:

l = (η/µ0)1/2, (6)

h = C− ecos(θ), (7)

f = h3e−mp−12l2he−2mp

+24l3e−2.5mp tanh
(
he0.5mp/2l

)
.

(8)

Using non-dimensional parameters and variables, the
non-Newtonian squeeze-film Reynolds-type equation
with PDV for the long partial journal bearing together
with the boundary conditions can be written as:

∂

∂θ

{
f ∗(h∗,N,G, p∗) · ∂ p∗

∂θ

}
=−12cosθ , (9)

dp∗/dθ = 0 at θ = 0, (10)

p∗ = 0 at θ =±π/2, (11)

where p∗ = pC2/µ0R2(dε/dt) is the non-dimensional
squeeze film pressure, and θ = x/R represents the non-
dimensional circumferential coordinate. Furthermore,
the non-dimensional film thickness h∗ = h/C and the
non-dimensional function f ∗ = f ∗(h∗,N,G, p) = f /C3

are defined by:

h∗ = 1− ε cos(θ) (12)

f ∗ = h∗3e−Gp∗ −12N2h∗e−2Gp∗

+24N3e−2.5Gp∗ tanh
(
0.5h∗e0.5Gp∗/N

)
.
(13)

In these equations, ε denotes the eccentricity ratio.
In addition, the couple stress parameter N character-
izes the effects of non-Newtonian rheology and the
PDV parameter G identifies the effects of exponential
pressure-dependent viscosity:

N = l/C, (14)

G = mµ0R2(dε/dt)/C2. (15)

It is seen that the non-Newtonian PDV Reynolds-type
equation is a highly nonlinear differential equation. In
order to simplify the problem and to obtain an approx-
imately analytical solution for small values of the PDV
parameter 0 ≤ G� 1, a small perturbation technique
for the film pressure following the similar procedure
by Lu and Lin [17] is applied:

p∗ = p∗0 +G · p∗1. (16)

Substituting this equation into the non-Newtonian
PDV Reynolds-type equation and neglecting the
higher-order terms of the PDV parameter, we can ob-
tain the equation governing the zero-order pressure p∗0
and the equation governing the first-order pressure p∗1:

∂

∂θ

{
f ∗0 (h∗,N) ·

dp∗0
dθ

}
=−12cosθ , (17)

∂

∂θ

{
f ∗0 (h∗,N) · dp∗1

dθ
+ f ∗1 (h∗,N) · p∗0 ·

dp∗0
dθ

}
= 0,

(18)

where the non-dimensional functions f ∗0 = f ∗0 (h∗,N)
and f ∗1 = f ∗1 (h∗,N) are expressed by

f ∗0 = h∗3−12N2h∗+24N3 tanh(h∗/2N), (19)

f ∗1 =−h∗3 +6N2h∗
[
4+ sech2(h∗/2N)

]
−60N3 tanh(h∗/2N).

(20)

It is noted that the differential equation governing
the zero-order pressure p∗0 is the form of the non-
Newtonian partial-bearing squeeze-film Reynolds-type
equation with CV by Lin [14]. Now integrating the two
differential equations, we can obtain approximate an-
alytical solutions for the zero-order pressure and the
first-order pressure:

p∗0 = 12 ·g∗0(h∗,N), (21)

p∗1 =−144 ·g∗1(h∗,N), (22)

where

g∗0(h
∗,N) =

∫
θ=+π/2

θ

sinθ

f ∗0 (h∗,N)
dθ , (23)

g∗1(h
∗,N) =

∫
θ=+π/2

θ

sinθ · f ∗1 (h∗,N)
f ∗20 (h∗,N)

·g∗0(h∗,N)dθ .

(24)

Integrating the squeeze film pressure acting upon the
journal surface, we can obtain the load-carrying capac-
ity:

W =
∫ +π/2

θ=−π/2
pcosθ ·LRdθ , (25)

where L denotes the length of the bearing. After per-
forming the integration, the non-dimensional load-
carrying capacity W ∗ = WC2/µ0R3L(dε/dt) can be
expressed as

W ∗ = 12 ·
∫ +π/2

θ=−π/2
g2(h∗,N,G)dθ , (26)
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where

g2(h∗,N,G)

=
sin2

θ · [ f ∗0 (h∗,N)−12 ·G · f ∗1 (h∗,N) ·g∗0(h∗,N)]
f ∗20 (h∗,N)

.

(27)

Now, we introduce the non-dimensional response time
as

t∗ =
WC2

µ0R3L
· t. (28)

Thereafter, one can derive the non-dimensional differ-
ential equation for the eccentricity ratio varying with
the response time as

dε

dt∗
=

1

12 ·
∫ +π/2

θ=−π/2 g2(h∗,N,G) ·dθ

. (29)

Integrating this differential equation together with the
initial condition ε(t∗= 0) = 0, the response time t∗ can
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Fig. 2. Pressure distri-
bution as a function
of circumferential co-
ordinate θ for different
N and G; (a) ε = 0.1,
(b) ε = 0.3.

be obtained:

t∗ = 12 ·
∫

ε

ε=0

[∫ +π/2

θ=−π/2
g2(h∗,N,G)dθ

]
·dε. (30)

By applying the Gaussian-quadrature method of nu-
merical integration by Faires and Burden [18], one can
evaluate the values of the pressure, the load-carrying
capacity, and the response time.

3. Results and Discussion

In the literature, there are several expressions pro-
posed for the isothermal pressure-dependent viscosity
of liquids. Many of the correlative methods are rather
complicated such that the analysis and computation are
not easy. On the other hand, the relationship of vis-
cosity to pressure proposed by Barus [1] is commonly
used and is relatively easy to investigate the problem.
Therefore, the Barus equation is applied in the present
study. However, this Barus equation is assumed under
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the isothermal condition and is applicable at moderate
pressure. According an excellent experimental contri-
bution by Jones et al. [19], the pressure-viscosity coef-
ficient of a number of liquid lubricants containing ad-
ditives has been measured at 38 ◦C, 99 ◦C, and 149 ◦C,
and gauge pressures up to 5.5 ·108 N/m2. Following
the similar procedure, the pressure-viscosity coeffi-
cient of couple stress fluids can be obtained for appli-
cations, such as in the area of matching gears, rolling
bearings, and braking plates.

Based upon the above analysis, we have obtained
a first-order analytical solution of long partial-bearing
squeeze film problems for Stokes non-Newtonian cou-
ple stress fluids by considering the pressure-dependent
viscosity. Two special cases can be obtained through
the specific values of both the PDV parameter G and
the non-Newtonian couple stress parameter N.

Case 1 for G = 0 and N = 0: it is the partial-bear-
ing squeeze film problem by using Newtonian lubri-
cants with CV by Pinkus and Sternlicht [2].
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Fig. 3. Load capac-
ity W ∗ as a func-
tion of eccentricity
ratio ε for differ-
ent N; (a) Constant
viscosity, (b) G =
0.025.

Case 2 for G = 0 and N 6= 0: it is the partial-bearing
squeeze film problem by using Stokes non-Newtonian
couple stress lubricant with CV by Lin [14].

To show both the effects of the pressure-dependent
viscosity and the non-Newtonian couple stress cases,
the following results are presented with the values of
G 6= 0 and N 6= 0.

Figure 2 shows the film pressure distribution p∗ as
a function of the circumferential coordinate θ for dif-
ferent values of N and G. For the bearing with CV
operating at the eccentricity ratio ε = 0.1, the ef-
fects of non-Newtonian couple stresses (N = 0.1) pro-
vide a higher pressure distribution as compared to the
Newtonian-lubricant situation. For the bearing consid-
ering the pressure-dependent viscosity and applying
the non-Newtonian couple stress lubricant (G = 0.025,
N = 0.1; G = 0.025, N = 0.2), further higher distribu-
tions of the pressure are obtained. In addition, when the
bearing operating at a larger eccentricity ratio ε = 0.3,
the effects of PDV and non-Newtonian rheology on
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Fig. 4. Response time t∗

as a function of eccentric-
ity ratio ε for different N;
(a) Constant viscosity, (b)
G = 0.025.

the film pressure are more emphasized. Figure 3 dis-
plays the load-carrying capacity W ∗ as a function of
the eccentricity ratio ε for different values of N. Under
the CV case, the bearing with non-Newtonian couple
stress fluids (N = 0.05, 0.1, 0.15, 0.2) provides higher
loads as compared to the Newtonian-lubricant situa-
tion. When the lubricant with the PDV (G = 0.025) are
considered, the effects of pressure-dependent viscosity
provide further increments in the load capacity, espe-
cially for larger values of the non-Newtonian couple
stress parameter N. Since the effects of PDV and non-
Newtonian rheology result in a higher pressure distri-
bution, the integrated load-carrying capacity is similar
affected for the bearing lubricated with couple stress
fluids and considering the pressure-dependent viscos-
ity. Figure 4 presents the response time t∗ as a func-
tion of the eccentricity ratio ε for different values of N.
Under the CV case, the effects of non-Newtonian rhe-
ology (N = 0.05) are observed to provide a longer re-
sponse time as compared to the Newtonian-lubricant
situation. Increasing the non-Newtonian couple stress

parameter (N = 0.1, 0.15, 0.2) lengthens more the val-
ues of the response time. When the effects of PDV
(G = 0.025) are also considered, further values of the
response time are lengthened for the partial-bearing
squeeze films with non-Newtonian couple stress lu-
bricants (N = 0.05, 0.1, 0.15, 0.2). Generally speak-
ing, the non-Newtonian partial journal bearing consid-
ering the pressure-dependent viscosity results in better
squeeze-film performances and provides longer bear-
ing life.

4. Conclusion

By considering the pressure-dependent viscosity,
the squeeze film problems of long partial journal bear-
ings with non-Newtonian couple stress fluids has been
extended in the present paper. Based upon the above
analysis, results, and discussions, we can draw the con-
clusion as follows.

We have derived a closed-form solution of long par-
tial journal non-Newtonian squeeze-film bearings with
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pressure-dependent viscosity for small values of the
PDV parameter. Comparing with those of the non-
Newtonian bearing with CV situation, the effects of ex-

ponential pressure-dependent viscosity provide better
performance characteristics and prolong the squeezing
life of partial bearings.
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