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The homotopy analysis method (HAM) has been used to develop an analytical solution for the
thermal performance of a circular-thin-foil heat flux gage with temperature dependent thermal con-
ductivity and thermal contact resistance between the edge of the foil and the heat sink. Temperature
distributions in the foil are presented illustrating the effect of incident heat flux, radiation emission
from the foil, variable thermal conductivity, and contact resistance between the foil and the heat sink.
The HAM results agree up to four places of decimal with the numerical solutions generated using the
symbolic algebra package Maple. This close comparison vouches for the high accuracy and stability
of the analytic solution.
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1. Introduction

Heat flux gages are widely used in aerospace in-
dustry, fire research, measurement of thermophysical
properties, and environment monitoring systems [1, 2].
A popular design, the Gardon gage, consists of a thin
circular foil of constantan tightly stretched and at-
tached to a copper annulus. The sensing face of the
gage is exposed to the heat flux to be measured, while
heat transfer from the bottom face is assumed to be
negligible. One copper wire is attached to the center
of the foil and forms the hot junction. The cold junc-
tion is formed by attaching a second copper wire to
the copper annulus at the outer edge of the foil. The
copper-constantan thermocouple records the tempera-
ture difference between the center of the foil and the
copper annulus. A calibration graph or an algebraic ex-
pression (usually linear) is used to relate the thermo-
couple output to the measured heat flux. The copper-
constantan is the most commonly used combination
of metals. The nonlinear mathematical model for the
temperature distribution in the foil has been derived by
Liechty et al. [3] and Agnone [4]. This model has re-
cently been improved by Aziz and Lopez [5] to include
the effects of temperature dependent thermal conduc-
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tivity and edge contact resistance. They present three
solutions: (i) an exact solution for the zero foil emis-
sion, (ii) a perturbation solution when the nonlinear-
ities associated with foil emission and variable ther-
mal conductivity are small, and (iii) direct numerical
solutions for the fully nonlinear thermal model with
no restriction on the strength of the nonlinear effects.
The present paper is contemporaneous with the paper
by Aziz and Lopez [5] and uses the homotopy analy-
sis method (HAM) to solve the nonlinear model pro-
posed in [5]. In 1992, Liao proposed a new analytic
method for nonlinear problems, namely, the homotopy
analysis method [6]. The method does not depend on
the presence of small/large parameters in the problem.
Furthermore, it can be elegantly combined with many
mathematical techniques, such as the Padé method,
the numerical methods, and so forth. Especially, un-
like other analytic techniques, the homotopy analysis
method itself provides a convenient way to control and
adjust the convergence of solutions series [7]. Some
new solutions have been found by means of the homo-
topy analysis method [8], which were never reported
even by means of numerical techniques. In view of
these advantages, the method has been applied to many
nonlinear problems [7 – 18]. In the next section, we
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present the solution process for the homotopy analy-
sis method.

2. Nonlinear Heat Flux Gage Model

The nonlinear model governing the temperature dis-
tribution in the heat flux gage derived in [5] is

1
R

d
dR

[
R

dθ
dR

(1+ a(θ − 1))
]
−Aθ 4 +B = 0. (1)

The boundary conditions are

R = 0 :
dθ
dR

= 0, (2)

R = 1 : θ +Rc
dθ
dR

(1+ a(θ − 1)) = 1, (3)

where R is the dimensionless radius, θ the dimension-
less temperature, A the emission parameter, B the heat
flux parameter, a the thermal conductivity parameter,
and Rc the contact resistance parameter.

3. Homotopy Analysis Method (HAM)

Let’s define the (jointly continuous) map Θ(R;q) �→
θ (R), where the embedding parameter q ∈ [0,1], such
that, as q increases from 0 to 1, Θ(R;q) vary from
the initial guess to the exact solution θ (R). To ensure
this, we construct the following zero-order deforma-
tion equation of the governing equation:

(1−q)L[Θ(R;q)−θ0(R)] = h̄qN[Θ(R;q)], (4)

where h̄ �= 0 is a convergence-control parameter [10]
which helps to ensure the convergence of the solution
series; the operator N[Θ(R;q)] is defined by the gov-
erning equation (1) depending on the two-dimensional
case. So N can be expressed by

N[Θ(R;q)] := (1− a)
∂ 2Θ
∂R2 + a

(
Θ

∂ 2Θ
∂R2 +

(
∂Θ
∂R

)2
)

−AΘ 4 +B. (5)

The boundary conditions (2) and (3) now yield

∂Θ
∂R

(0;q) = 0,

Θ(1;q)+Rc
∂Θ
∂R

(1;q)(1+ a(Θ(1;q)− 1))= 1.
(6)

L is an auxiliary linear operator defined by

L(Θ) :=
∂ 2

∂R2 Θ . (7)

Clearly, when q = 0 the zero-order deformation equa-
tion (4) and (6) give rise to

Θ(R;0) = θ0(R). (8)

When q = 1, they become

Θ(R;1) = θ (R). (9)

Here, Θ0(R) is the initial guess. We can assume the
initial guess of θ (R) to be

θ0(R) = γ,

where γ > 0 is a constant to be determined by the sec-
ond equation in (6). Expanding Θ(R;q) in the Maclau-
rin series with respect to the embedding parameter q,
we obtain

Θ(R;q) = θ0(R)+
∞

∑
k=1

θk(R)qk, (10)

where

θk(R) =
1
k!

∂ k

∂qk Θ(R;0). (11)

Assuming that above series converges at q = 1, we
have

θ (R) = θ0(R)+
∞

∑
k=1

θk(R). (12)

Differentiating the zero-order deformation equation (4)
and (6) m times with respect to q, then setting q = 0,
and finally dividing by m!, we have the high-order de-
formation equations (m ≥ 1)

L[θm − χmθm−1] = h̄Km (13)

with the boundary conditions

θ ′
m(0) = 0,

θm(1)+Rcθ ′
m(1)(1+ a(θm(1)− 1)) = 0,

(14)

where

χm =

{
0, m = 1,

1, m > 1,
(15)
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and

Km =

(1− a)θ ′′
m−1 + a

(
m−1

∑
i=0

θ ′′
i θm−1−i +θ ′

i θ ′
m−1−i

)

−A
m−1

∑
k=0

θk

m−1−k

∑
i=0

θi

m−1−k−i

∑
j=0

θ jθm−1−k−i− j +B(1− χm),

(16)

where the prime denotes differentiation with respect to
the similarity variable R. Then the solutions for (13)
can be expressed by

θm(R) = χm θm−1(R)+ h̄
∫ R

0
dω
∫ ω

0
KmdR+c1R+c2,

(17)

where the integral constants c2 = 0 and c1 are de-
termined by the first equation in the boundary con-
ditions (14). Hence, the mth-order approximation of
θ (R) can be generally expressed by

θm(R) =
m

∑
n=0

Γm,n(h̄)R2n, (18)

where Γm,n(h̄) are dependent upon h̄. (18) is a family of
solutions which is expressed by the auxiliary parame-
ter h̄. For example, we have

θ1(R) = R2
(

Bh̄
2

− 1
2

Ah̄γ4
)
,

θ2(R) = R2
(

Bh̄
2

+
Bh̄2

2
− 1

2
aBh̄2 +

1
2

aBh̄2γ

−1
2

Ah̄γ4 − 1
2

Ah̄2γ4 +
1
2

aAh̄2γ4 − 1
2

aAh̄2γ5
)

+ R4
(
− 1

6
ABh̄2γ3 +

1
6

A2h̄2γ7
)
.

With the aid of mathematical software, such as Mathe-
matica or Maple, it is easy to proceed to high orders.

4. Results and Discussion

Note that, right now, there are still two parameters γ
and h̄ that are unknown. The parameter γ > 0 is de-
termined by imposing the second boundary condition
given by (6). The Newton-Raphson method may be
used in evaluating the value of γ . It is important to
ensure that the solution series (12) converges. Fortu-
nately, we have the freedom to choose the values of the

�1.0 �0.8 �0.6 �0.4 �0.2
�0.0300

�0.0295

�0.0290

�0.0285

�0.0280

�0.0275

�0.0270

�

Θ''
�0
�

Fig. 1 (colour online). θ ′′(0) versus h̄ for the 20th-order ap-
proximation at a = 1, Rc = 3, A = 1, and B = 10.
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Fig. 2 (colour online). θ ′′(0) versus h̄ for the 20th-order ap-
proximation at a = 0.25, Rc = 1, A = 10, and B = 100.

auxiliary parameter h̄. This parameter provides a sim-
ple way to adjust and control the convergence region
and as well as the rate of convergence of the series so-
lution, as shown by Liao [6]. Let h̄ be an unknown vari-
able. By plotting the curves of θ ′′(0) versus h̄, it is pos-
sible to choose the proper values of h̄ so as to ensure
that the series solution converges. A sample of these
calculations is shown in Figures 1 and 2. It can be ob-
served that h̄ must be negative. When A = B, the exact
solution of (1) with the boundary conditions (2) and (3)
is θ (R) = 1. We managed to obtain this result using
HAM, too. In order to compare the HAM results with
the direct numerical results, the problem was solved
using the symbolic algebra package Maple 13. The nu-
merical solution is implemented by calling the proce-
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Fig. 3 (colour online). Comparison of the numerical result
with analytic approximation when a = 0.25, Rc = 1, A = 10,
and B = 100. Solid line: 20th-order HAM approximation;
filled circle: numerical result.
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Fig. 4 (colour online). Comparison of the numerical result
with analytic approximation when a = 1, Rc = 3, A = 1, and
B = 10. Solid line: 20th-order HAM approximation; filled
circle: numerical result.

dure ‘dsolve’ (differential equation solver). Maple of-
fers a choice of methods for use with the numeric op-
tion. The method chosen for the numerical integration
was ‘midrich’ (midpoint method with Richardson ex-
trapolation). This method led to a faster convergence
and produced stable solutions for all parametric stud-
ies performed.

Because of the presence of four independent param-
eters in the problem, namely, A, B, a, and Rc, it is not
practical to present the results for all feasible combi-

0.0 0.2 0.4 0.6 0.8 1.0
1.160

1.165

1.170

1.175

1.180

1.185

1.190

1.195

R

Θ�
R
�

Fig. 5 (colour online). Comparison of the numerical result
with analytic approximation when a = 0.75, Rc = 2, A =
0.01, and B = 0.1. Solid line: 20th-order HAM approxima-
tion; filled circle: numerical result.
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Fig. 6 (colour online). Comparison of the numerical result
with analytic approximation when a = 0.75, Rc = 3, A = 1,
and B = 0.1. Solid line: 20th-order HAM approximation;
filled circle: numerical result.

nations of the parameters. Thus, only a selection of re-
sults is presented to demonstrate the efficacy of HAM.
Figure 3 gives the temperature distribution in the foil
for a = 0.25, Rc = 1, A = 10, and B = 100. The numer-
ical results delivered by Maple are indicated by solid
dots. The agreement between the HAM and the Maple
results is excellent. In fact, the two results in every case
investigated agreed to at least four places of decimal.
Since the incident heat flux is ten times the foil emis-
sion, the foil gains energy on the net. This energy is
conducted radially along the foil and deposited into the
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Fig. 7 (colour online). Comparison of the numerical result
with analytic approximation when a = 0.75, Rc = 3, A = 10,
and B = 0.1. Solid line: 20th-order HAM approximation;
filled circle: numerical result.
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Fig. 8 (colour online). Comparison of the numerical results
with analytic approximations when a = 0.5, A = 1, and B =
0.1 for different values of Rc. Solid line: 20th-order HAM
approximations; filled circle: numerical results.

heat sink at the edge (R = 1). The maximum tempera-
ture occurs at the center of the foil. Figure 4 for which
a = 1, Rc = 3, A = 1, and B = 10 exhibits a pattern
similar to Figure 3 because the incident heat flux in
this case is also ten times the foil emission. Figure 5
illustrates the temperature distribution when both the
incident heat flux and the emission are relatively weak.
Since the incident heat flux is still ten times the emis-
sion, the curve retains the patterns of Figures 3 and 4,
but the temperature at the center of the foil as well as
the temperatures throughout the foil are considerable
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Fig. 9 (colour online). Comparison of the numerical results
with analytic approximations when Rc = 1, A = 1, and B =
10 for different values of a. Solid line: 20th-order HAM ap-
proximation; filled circle: numerical results.

reduced due to the weak incident heat flux. When the
emission from the foil exceeds the incident heat flux,
the heat sink supplies the deficit energy to the foil. This
can be seen in the temperature profile depicted in Fig-
ure 6 which corresponds to A = 1, B = 0.1, a = 0.75,
and Rc = 3. It may be noted that now the emission is
ten times the incident heat flux. The temperature de-
creases from the edge of the foil to the center of the foil
indicating the flow of heat from sink to the foil. Further
reductions in temperatures are manifested when the
emission is increased to hundred times the incident flux
as shown in Figure 7. Figure 8 has been prepared to
demonstrate the effect of contact resistance on the tem-
perature distribution in the foil. The parametric values
chosen are a = 0.5, A = 1, B = 0.1. The highest tem-
peratures are encountered when the contact resistance
Rc= 0. As Rc increases the temperatures in the foil de-
crease progressively so does the temperature drop from
the edge of the foil to the center. The biggest temper-
ature drop occurs when Rc = 0. The temperature drop
becomes smaller as Rc increases and is the smallest
when Rc = 3. An interesting interplay between the ef-
fect of variable thermal conductivity and the effect of
contact resistance was observed in the temperature dis-
tribution in the foil. A sample of this interplay is illus-
trated in Figure 9 for A = 1, B = 10, and Rc= 1. As the
thermal conductivity parameter a increases, the tem-
perature in the foil decreases but at a certain radial lo-
cation R, this trend is reversed as the curves crossover.
The reversal occurs between R = 0.8 and R = 1 de-
pending on the value of the parameter a. From a phys-
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ical perspective, the effect of an increase in thermal
conductivity with temperature should be to lower the
temperature and the effect of contact resistance should
be to elevate the temperature in the foil. The competi-
tion between these opposing effects is exhibited in Fig-
ure 9. In the high temperature region, that is, the region
between R= 0 and 0.8, the increase of thermal conduc-
tivity with temperature exerts a greater influence on the
temperature distribution than the effect of contact re-

sistance. However, in the low temperature region, that
is, in the region R between 0.8 and 1.0, the influence of
contact resistance prevails over the influence of ther-
mal conductivity variation and, hence, the reversal-of-
trend noted earlier.
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