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In this paper, we studied the solitary wave solutions of the (2+1)-dimensional Boussinesq equation
Upp — Uy — Uyy — (uz) xx — Urexe = 0 and the (3+1)-dimensional Kadomtsev-Petviashvili (KP) equation
Ut — Oty + Oty — Uprxr — utyy — Uz; = 0. By using this method, an explicit numerical solution is
calculated in the form of a convergent power series with easily computable components. To illustrate
the application of this method numerical results are derived by using the calculated components of
the homotopy perturbation series. The numerical solutions are compared with the known analytical
solutions. Results derived from our method are shown graphically.
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1. Introduction

In this study, we consider the (2+1)-dimensional
Boussinesq equation and the (3+1)-dimensional Ka-
domtsev-Petviashvili (KP) equation:

Uy — Uxx — Uyy — (uz)xx_uxxxx =0, (D

2
Uy — OUy” + OU ey — Uyyry — Uyy — Uzz = 0, ()

where the initial conditions u(x,0,t) = fi(x,t),
uy(x,0,t) = fo(x,r) and u(x,0,z,r) = gi(x,z1),
uy(x,0,z,1) = g2(x,z,t) are given. Nonlinear phenom-
ena play a crucial role in applied mathematics and
physics. The studies of the exact solutions for the
nonlinear evolution equations have attracted the atten-
tion of many mathematicians and physicists [1—4].
Senthilvelan [5] studied the travelling wave solutions
for the (2+1)-dimensional Boussinesq equation and the
(3+1)-dimensional KP equation by the homogeneous
balance method and explored certain new solutions
of the equations. Recently, El-Sayed and Kaya [6]
used the Adomian decomposition method (ADM) for
solving this problem.

Finding explicit exact and numerical solutions of
nonlinear equations efficiently is of major importance
and has widespread applications in numerical analy-
sis and applied mathematics. In this paper, we will
represent the homotopy pertubation method (HPM) to
find approximate solutions to the (2+1)-dimensional

Boussinesq equation and the (3+1)-dimensional KP
equation.

The homotopy perturbation method (HPM) was
first proposed by the Chinese mathematician Ji-Huan
He [7,8]. Unlike classical techniques, the homotopy
perturbation method leads to an analytical approximate
and to exact solutions of the nonlinear equations easily
and elegantly without transforming the equation or lin-
earizing the problem and with high accuracy, minimal
calculation, and avoidance of physically unrealistic as-
sumptions. As a numerical tool, the method provides
us with a numerical solution without discretization of
the given equation and therefore it is not effected by
computation round-off errors and one is not faced with
the necessity of large computer memory and time.

The essential idea of this method is to introduce a
homotopy parameter, say p, which takes values from 0
to 1. When p = 0, the system of equations usually
reduces to a sufficiently simplified form, which nor-
mally admits a rather simple solution. As p is gradu-
ally increased to 1, the system goes through a sequence
of ‘deformations’, the solution for each of which is
‘close’ to that at the previous stage of ‘deformation’.
Eventually at p = 1, the system takes the original form
of the equation and the final stage of ‘deformation’
gives the desired solution. One of the most remarkable
features of the HPM is that usually just a few pertur-
bation terms are sufficient for obtaining a reasonably
accurate solution. This technique has been employed
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to solve a large variety of linear and nonlinear prob-
lems [9—24]. The interested reader can see the Refer-
ences [25— 28] for last development of HPM.

2. The Homotopy Perturbation Method

Consider the following nonlinear differential equa-
tion:

Aw)—f(r)=0, reQ, 3)
with boundary conditions
B(u,@):o rer, @)
on

where A is a general differential operator, B is a bound-
ary operator, f(r) is a known analytic function, I is the
boundary of the domain (2.

The operator A can, generally speaking, be divided
into two parts L and N, where L is linear and N is non-
linear, therefore (3) can be written as,

L(u) +N(u) = f(r) = 0. (5)

By using the homotopy technique, one can construct a
homotopy v(r, p) : 2 x [0, 1] — R which satisfies

H(vp) = (1= p)ILY) ~ L))+ pIAW) ~ 1)
=0 3)
H(sp) = L)~ Lwo) + pLiw) + pINE) = £

:O’

where p[0, 1] is an embedding parameter and uy is the
initial approximation of (3) which satisfies the bound-
ary conditions. Clearly, we have

H(v,0)=L(v) —L(up) =0 (7)
H(v,1)=A(v)— f(r) =0. (8)

The changing process of p from zero to unity is just
that of v(r,p) changing from uy(r) to u(r). This is
called deformation and L(v) — L(up) and A(v) — f(r)
are called homotopic in topology. If the embedding
parameter p; (0 < p < 1) is considered as a ‘small
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parameter’, applying the classical perturbation tech-
nique, we can assume that the solution of (6) can be
given as a power series in p , i.e.,

v:vo—i-pvl—l—pzvz—i—... ©))

and setting p = 1 results in the approximate solution
of (3) as

uzlimlv:vo—i—vl—i—vz—i—.... (10)
p—?

3. Application of HPM

3.1. Application of HPM to the (2+1)-Dimensional
Boussinesq Equation

In order to solve (1) by HPM, we choose the initial
approximation

M(X,O,t):fl(x,t), u)’(xaoat):fZ(xat)

and construct the following homotopy:

(11)

uyy — (to)yy = p [”ff —Uxx — (uz)xx — Usxxx — (MO)yy] :
(12)

Assume the solution of (12) in the form

M(X,y,t) = M()(X,y,t) +pu1(x7y7t)

2 3 (13)
+p MZ(xvyvt)+p u3(x7y7t)+"' .

Substituting (13) into (12) and collecting terms of the
same power of p gives:

o (u0)yy — (u0)yy =0, (14)
Pl :(u )yy = (u0)rr — (U0)xx — (MOZ)M

- (MO)xxxx, (15)
P2 : (MZ)yy = (ul)tt - (ul)xx - (zuoul)xx

- (ul)xxxx» (16)
P3 : (“3)yy = (u2)n — (u2)xx

- (2140142 + ulz)xx - (u2)xxxx, (17)

P4 : (u4)yy = (u3)tt - (u3)xx
— (2uous 4 2uiuz) xx — (43) xxnx, (18)

P i (us)yy = (ua)ir — (ua) e — (2uous

+2uyu3 + ur%) | — (14) xexes

(19)
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We can start with the initial approximation and all the

linear equations above can be easily solved, so we get
all the solutions. The solution of (12) can be obtained
by setting p = 1 in (13):

M(X,y,t) = M()(X,y,t) +u1(x7y7t) +M2(X,y,t)

+uz(x,3,t) Fua(x,y,t)+....  (20)

3.2. Application of HPM to the (3+1)-Dimensional
KP Equation

In order to solve (2) by HPM, we choose the initial
approximation

”(xvovzvt) =81 (X,Z,t), My(x,o,z,t) = gZ(vavt)

and construct the following homotopy:
iy — (uo)yy = p(ttxs — 6(“2)x — Ot — Uz — (Up)yy)-
2D

Assume the solution of (21) in the form
M(X,y,t) = M()(X,y,t) + puy (xvyvt) +p2u2(X,y,t)
+ pPus(x, ) + ... (22)

Substituting (22) into (21) and collecting terms of the
same power of p gives:

PO : (o) yy — (0)yy = 0, (23)
P': (w1)yy = (o) — (10 )x = (u0)xx(0)
= (u0) xxer — (U0)zz (24)
P? (u2)yy = (u1)ar — 2(ut0)(un)x — (u0) x (1)
— (1) (10) — (1) xer — (41) 2z, (25)
P3 (u3)yy = (u2)xr — 2(u0)x(u2)x — (uy )
= () xx (u2) — (w1 )xx (1)
— (u2)xx(u0) — (U2)xxex — (42)zz,  (26)
Pt (a)yy = (13)ar — 2(u0)x (3)x — 2(u1 ) (u2)x
= (u0)xx (u3) — (1 )xx (u2)
— () (1) — (u3)xx (ut0)
(u?’) (u3)zz» (27)
P (us)yy = (ua)xe — 2(u0)x(tta)x — 2(u1) 2 (u3)s
— (%) = (10) cx (ua) — (u1) e (143)
— () (u2) — (u3)xx (u01)
— (ua)xx (o) — (Ua)xoxe — (ua)zz,  (28)
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We can start with the initial approximation and all the
linear equations above can be easily solved, so we get
all the solutions. The solution of (21) can be obtained
by setting p = 1 in (22):
u(x,y,z,t) = M()(x,y,Z,t) +u (x,y,z,t)
+M2(X»y»2»f) +M3(X»y»2»f)
+ua(x,y,z,8) +....

(29)

4. Test Examples

In this section we will be concerned with the solitary
wave solutions of the Boussinesq equation (1) and the
KP equation (2).

In the first example, we consider the Boussinesq
equation (1) which has the solitary wave solution. The
solution of (1) is subject to the initial conditions

u(x,0,1) = K — 6a>R? tanh? (R(0tx — ct)),
y(x,0,1) = —120> BR? sech® (R(otx — ct)) (30)
-tanh(R(ox — ct)).

Using the homotopy perturbation procedure (11)-—
(20), we obtain following components:

uyg = 0,

u; = Ki — 120> BR?ysech? (Rn) tanh(Rn) (31)
— 60> R*tanh? (Rn),

302R%?

w == [3a2—3c2—132a4R2+2a2cosh(2Rn)
—2¢? cosh(2R1) +1040*R? cosh(2R1) — a® cosh(4Rn)
+c? cosh(4R1) — 40*R? cosh(4Rn )} sech(Rn)®
Lo2BRSY [— 902 +9¢2 + 4920*R? — 8at* cosh(2Rn)
+8c% cosh(2Rn) —2240*R? cosh(2RN) +a* cosh(4Rn)
—c? cosh(4Rn) + 4a*R? cosh(4Rn )}

-sech®(Rn) tanh(R7), (32)
uz = 30’ RYy? [31(1 +540*R? + 2K, cosh(2R7)

—600>R? cosh(2Rn) — K| cosh(4Rn)
216, 4

+60a*R? cosh(4Rn)} sech®(Rn) + 950t
—1900a%c? —9800a°R* — 19200.* B2R?
+98000*c?R? 4 12495200R4 + 860.* cosh (2RN)
—1720c% cosh(2Rn) 4 86¢* cosh(2R7)

+95¢*
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—172a2c* cosh(2RN) + 86¢* cosh (2RN)
—12320°R*cosh(2Rn) — 192a* B2 cosh(2R7)
+12320*c? cosh(2Rn) — 14117440R* cosh(2Rn)
—320* cosh(4Rn) 4 64a>c* cosh(4Rn)
—32¢*cosh(4Rn) + 76160°R* cosh(4Rn)
+1536a*B>R? cosh(4Rn) — 76160 *c*R* cosh(4Rn))
+233728a8R* cosh(4Rn) — 220* cosh(6RN)
+4402c* cosh(6RN) — 22¢* cosh(6RN)

—9440°R? cosh(6RN) — 192a* B2R* cosh(6RN)
+9440*c?R? cosh(6R1 ) — 8032a*R* cosh(6R7)
+a* cosh(8RN) — 2a*c? cosh(8RN) + ¢* cosh(8R7)
+8a®R*cosh(8RN) — 8a*c®R? cosh(8RN)

+1608R* cosh(SRn)} sech!'®(Rn) 4+ 20* BRy® |- 9K,
—210a>R? — 8K cosh(2R — ¢t + aux)

+1440°R? cosh(2Rn) + K; cosh(4Rn)

—60’R? cosh(4Rn)} sech(Rn)% tanh(Rn)

2 R7 5
+a€g70y{—512a4+1030a2c2—515c4+60200a2R2

—602000*c*R* —72159200R* — 596a* cosh(2Rn)
+1192a%¢* cosh(2R1) — 596¢* cosh(2RnN)
+119202¢? cosh(2RN) — 596¢* cosh(2R7)
4+29792a°R? cosh(2R1) — 297920*c*R? cosh(2R7)
465338240 R* cosh(2R1) — 28a* cosh(4Rn)
+560a%c? cosh(4Rn) — 28¢* cosh(4Rn)

—284480°R? cosh(4Rn) + 28448a*c? R cosh(4Rn)
—74924808R* + (52a* — 10402c* +52¢* +19520°R?
—19520*c?R? + 16192a®R*) cosh(6Rn)
—(a*—20c* + c* + 8a°R? — 8a* I R?

+16a8R4)cosh(8Rn)} sech!®(Rn)tanh(Rn).  (33)
The series solution is
v(x ) =Y un(x,1), (34)
m=0

for n = 3, the HPM truncated series solution therefore

W(X,y,t) = MO(X,)’J) +u1(x,y,t)

35
+M2(xa)’af)+u3(X,)’af) ( )

and so on, where 1) = (ax — ct). In this manner the rest
of the components of the homotopy perturbation series
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()

(b)

Fig. 1. (a) Truncated HPM series solution (35) and (b) for the
solitary wave solution (36) of (1) with # = 0.5 when o =5,
B =0.01,y=1,R=0.02.

were obtained. Following this procedure as in the first
example, substituting (31)—(33) into (35), we obtained
the closed form of the soliton solution u(x,7) in a close
form solution

u(x,y,t) = K; —60> R tanh® (R(ax+ By —ct)), (36)

where c; = /a2 + B2 +4a2R2, K| = 6a’R?, and a,
B, R are arbitrary constants.
In the second example, we will consider the KP

equation (2) with the initial conditions
u(x,0,z,1) = K+2a2R2tanh2(R§), 37)
uy(x,0,2,1) = 40> BR? sech® (R tanh(R(),

where { = (ax+ By —ct),c = — (B> + ¥ +4a*R?)/a,
K= —2062R(2+R)/3, and a, B, 7, R are arbitrary con-
stants.
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Fig. 2. Error between the solitary wave solution u(x,#) and
the truncated series solution y(x,¢) at r = 0.5 when o = 5,
B=001,y=1,R=0.02.

Using the homotopy perturbation procedure (21)—
(29), we obtain following components:
uy =0,
up = K +4a*BR3ysech(RE)* tanh(RE)
+20a’R*tanh(R¢)?,

(38)

(X2R4y2

[3occ — 372+ 132a*R? — 2accosh(2R)
—29% cosh(2R{) —104a*R? cosh(2RE) + ac cosh(4R()

+7*cosh(4R{) + 40 R? cosh(4R§)} sech®(R{)
+@ [9ac +97% —4920*R? + 8arccosh(2RE)
+87%cosh(2RE) + 224a*R? cosh(2RE)
—accosh(4RE) — y*cosh(4RE)

—40*R? cosh(4RC)} sech®(R() tanh(RC),

Uy —

(39)

02ROy

Uz = [ — 95022 — 190acy? — 957
+98000°cR* + 98000 P R? — 124952008 R*
—860c? cosh(2R{) — 172acy? cosh(2RE)
—86Y*cosh(2RE) + 1232a°cR? cosh(2RE)
+12320*y*R? cosh(2RE) + 1411744 08R* cosh(2RE)
+320a%c? cosh(4RE) + 640ucy? cosh(4RE)
+327*cosh(4RE) — 7616a°cR? cosh(4R &)
—76160*y*R* cosh(4R{) — 233728 a®R* cosh(4R)
+220%c? cosh(6RE) + 440ucy? cosh(6RE)

+22y* cosh(6RE) + 9440°cR? cosh(6RE)

415

+9440* Y’ R? cosh(6RE) + 80320 R* cosh(6R()
—a®c? cosh(8RE) — 2acy? cosh(8RE) — y* cosh(8RE)
—8a°cR? cosh(8R{) — 8a*y*R* cosh(8RE)
—16a8R4cosh(8RC)} sech!®(R¢)

+%’§:y5 {512042(:2 +10300cy’ +515y*
—602000°cR? — 602000y R? +72159200R*
+5960a%c? cosh(2RE) + 11920cy? cosh(2RE)

+596y* cosh(2R{) —29792a°cR? cosh(2RE)
—297920*y?R? cosh(2RE) — 653382408 R* cosh 2RY)
+280a%c? cosh(4RE) + 560ucy? cosh(4RE)

+287* cosh(4R&) +28448a°cR? cosh(4R{)
1284480y’ R? cosh(4R ) + 749248 a8 R* cosh(4R{)
—520%¢? cosh(6RE) — 104acy? cosh(6RE)
—529*cosh(6RE) — 195207 ¢cR? cosh(6RE)
—1952a*y*R*cosh(6RE) — 16192aR* cosh(6RE)
+a2c? cosh(8RE) + 2acy? cosh(8RE) + ¥* cosh(8RE)
+8a’cR* cosh(8RE) + 8a*y?R? cosh(8RE)

+16aR* cosh(8RC )} sech!®(RC)tanh(RE).  (40)
With the series solution
v(xt) =Y un(x1), 1)

m=0

for n = 3, we obtain the HPM truncated series solution
as

V(x,,2,1) = uo(x,y,2,1) + u1(x,,2,1) 42)
—|—u2(x,y,z,t) +”3(X»y»2»f)7

where { = (ax+7yy—ct),c = —(B*>+ 7> +4a*R?)/a,
K = —2062R(2+R)/3, and o, B, ¥, R are arbitrary
constants. In this manner the rest of the components
of the decomposition series were obtained. Substitut-
ing uy = 0 and (38) —(40) into (42) gives the solution
u(x,y,z,t) in a series form and the series can be written
in a closed form solution by

u(x,y,z,1) = K +20°R? tanh® (R(— (ct)

(43)
+ox+ By+7vz2)),

where ¢ = — (B2 + v* +40*R*) /o, K = —20°R(2 +
R)/3,and a, B, v, R are arbitrary constants. This result
can be verified through substitution [6].
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Fig. 3. Truncated HPM series solution (42) for (2) with t =
z=0.5whenax=5,y=1,R=0.02.

f

Fig. 4. Solitary wave solution (43) of (2) att =z = 0.5 when
a=5,=001,y=1,R=0.02.

In the third example, we will consider the KP equa-
tion (2) with the initial conditions for numerical com-
parison purpose as

u(x, O,Z,t) =
uy(x,0,z,1) =

K 4 20R*tanh(R{),

40> BR? sech? (RE) tanh(RE), 49
where { = (ax+yy—ct),c = —(B*+ Y +4a*R?)/a,
K= —2062R(2+R)/3, and a, B, 7, R are arbitrary con-
stants.

Using homotopy perturbation procedure (21)—(29),
we obtain following components:

upg =
u = / ’ / — (02) — (10) e (110)

(uo)xxxx - (uo)zz] dydy,
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Fig. 5. Error between the solitary wave solution u(x,) (43)
and the truncated series solution y/(x,) at r = z = 0.5 when
o=5,3=0.01,y=1R=0.02.

\\‘t

i ‘q{\\\u,
* "‘““\\\“{\%[gl

. Solitary wave solution (46) of (2) att =z = 0.5 when
,B=0.01,y=1,R=0.02.

uy = /Oy/oy [(01) s = 2(u0)(201)x = (0 ce101)

— (1) (110) — (1) cuoex — (1) ] dydly,
(45)

and the exact solution

u(x,y,z,t) = K + 20> R* tanh® (R(—(ct)
2 (46)
+ox+By+7vz2)7,
where { = (ax+7yy—ct),c = —(B*>+ 7> +4a*R?)/a,

K= —2062R(2+R)/3, and a, B, 7, R are arbitrary con-
stants.

5. Conclusion

In this study, the HPM was used for solving the
Boussinesq equation (1) and the KP equation (2) with
initial conditions. We compared the approximation so-
Iution with the exact solution of the corresponding
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equation. Numerical approximations show a high de-
gree of accuracy. The numerical results we obtained
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