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In the present investigation, we have studied ion-acoustic solitary waves in a plasma consisting
of warm positive and negative ions and nonisothermal electron distribution. We have used reductive
perturbation theory (RPT) and derived a dispersion relation which supports only two ion-acoustic
modes, viz. slow and fast. The expression for phase velocities of these modes is observed to be
a function of parameters like nonisothermality, charge and mass ratio, and relative temperature of
ions. A modified Korteweg-de Vries (KdV) equation with a (1+1/2) nonlinearity, also known as
Schamel-mKdV model, is derived. RPT is further extended to include the contribution of higher-order
terms. The results of numerical computation for such contributions are shown in the form of graphs
in different parameter regimes for both, slow and fast ion-acoustic solitary waves having several
interesting features. For the departure from the isothermally distributed electrons, a generalized KdV
equation is derived and solved. It is observed that both rarefactive and compressive solitons exist for
the isothermal case. However, nonisothermality supports only the compressive type of solitons in the
given parameter regime.

Key words: Ion Acoustic Solitons; Multispecies Plasma; Nonisothermal Distribution;
Renormalization Technique.

1. Introduction

The pioneer work of Zabusky and Kruskal [1] on
the one-dimensional soliton solution of the Korteweg-
de Vries (KdV) equation in plasma physics opened
new vistas in the study of nonlinear phenomena in
various branches of science. The fundamental role
in modelling nonlinear processes in biology, particle
physics, condensed matter physics, plasma physics,
nonlinear optics, neuro physics, and more recently in
Bose-Einstein condensates have been in vogue for the
last several years. Of particular interest in the study
of nonlinear waves, the excitation, propagation, and
interaction of solitary waves is an important issue in
theoretical physics. Washimi and Taniuti [2] were the
first to use the reductive perturbation technique to de-
rive a KdV equation for ion-acoustic (IA) solitons in
plasma. Among the most studied structures are ion-
acoustic solitons, which are beautiful manifestations
of nature, arising out of the delicate balance between
properties like nonlinearity and dispersion. The KdV
model used to study ion-acoustic solitons (IASs) is ap-
plicable only for small amplitude solitary waves. This
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has been done in a number of plasma systems [3 – 5].
However, another method known as Sagdeev poten-
tial method is also used to study ion-acoustic solitary
waves. This method makes use of the full nonlineari-
ties of equations on plasma dynamics [6]. Particularly,
ion-acoustic solitary waves in magnetized plasma have
been restricted to study small amplitudes [7, 8]. Soli-
tary waves and all nonlinear terms in the equation of
motion have not been considered. Yu et al. [6] consid-
ered the problem of ion-acoustic solitary waves prop-
agating in a plasma by mean of equations describing
the two-dimensional wave propagation in a quasineu-
tral magnetized plasma with cold ions. The dispersion
in this plasma system is purely due to the gyro radius
effect. The Sagdeev potential derived here is a func-
tion of n, V , and kz. It is observed that for the physical
viable solutions ψ is negative between n = n and N if
N2 > 1 > V 2. In that case solitons consist of a density
hump propagating at near sonic speed. Ion-acoustic
solitary waves in magnetized as well as unmagnetized
plasmas were reported using both the RPT as well as
the Sagdeev potential method as witnessed by a large
number of publications. The earlier experimental ob-
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servations confirmed the existence of various solitons
in laboratory [9 – 12] and is reported in an excellent re-
view [13]. Theoretical investigations of IASs and other
nonlinear wave structures such as double layers, shock
waves, vortices, etc. have received considerable atten-
tion for more than over three decades as is evident from
the prolific literature. Solitons and other nonlinear phe-
nomena in plasma physics are well documented in a
standard text [14].

Space plasmas contain several ions having different
charge states and are usually of a multicomponent type.
In situ measurements by various satellite missions pro-
vide abundant information about stationary nonlinear
electrostatic/electromagnetic (ES/EM) structures oc-
curring in a space plasma. Both, positive as well as
negative ions exist in such a plasma. Further, the re-
sponse of a plasma to disturbances in the presence of
negative ions is significantly modified [15]. Moreover,
it was well known that negative ions have a consider-
able effect on the characterization of ion waves [16 –
21]. Uberoi and Das [22] showed that the presence of
negative ions in the lower ionosphere affect the plasma
diagnostics through the study of cross over frequen-
cies. The functional relationship of relative density and
the idea of critical density of negative ions have been
introduced theoretically [23, 24] and confirmed exper-
imentally [25 – 28]. Negative ions are found in the D-
region of the Earth’s ionosphere [29]. As an approxi-
mation, plasma can be treated collisionless in the upper
part of the D-region of the Earth’s ionosphere where
collision frequency is expected to be small and can
be neglected [30]. As earlier mentioned, space plas-
mas are frequently of multicomponent type consisting
of both positive as well as negative ions of different
temperatures [3, 5, 31]. Two-ion species having differ-
ent masses, concentrations, charge states, and temper-
atures [3, 5, 31] are very common in space and in the
laboratory, e. g. (Ar+, SF6

−), (Ar+, F−), (H+, O2
−),

and (H+, H−) plasma systems.
Recent observations of space and laboratory plas-

mas have shown that particle distributions play a cru-
cial role in characterizing the physics of nonlinear
waves. Both linear and nonlinear properties are influ-
enced by the velocity distribution of the particle con-
stituents of the plasma. Moreover, they add consider-
able increase in richness and variety of wave motion
that can exist in plasma and further influence the con-
ditions required for the formation of these waves. In
practice, the particles may not follow a Maxwellian
distribution and based on the data, particle distributions

are better modelled by velocity distributions having a
flat top with high energy tails. Two most commonly
used non-Maxwellian type distributions are nonther-
mal and nonisothermal particle distributions. The for-
mer one, associated with the particle flows resulting
from the force fields present in the space and astro-
physical plasmas, has an abundance of superthermal
particles. The second one, nonisothermal particle dis-
tribution is due to the formation of phase space holes
caused by the trapping of electrons in a wave poten-
tial and is not only observed in space plasmas [32, 33]
but also in laboratory [34, 35]. Moreover, the plas-
mas excited by an electron beam evolve towards a
coherent trapped particle state rather than developing
into a turbulent one as has been confirmed by exper-
iments [36]. As a matter of fact, trapping can occur
and contribute even for infinite small amplitude [37].
Several investigations, earlier [32, 33, 38] as well as
the recent ones [37, 39, 40], have been reported on the
study of ion-acoustic solitons with vortex-like distri-
butions. The presence of trapped and free particles can
significantly modify the characteristics in collisionless
plasmas [32, 38]. Another important particle distribu-
tion, used to analyze and interpret space craft data on
the Earth’s magnetospheric plasma sheet, solar wind,
and many space plasmas, is the kappa distribution cur-
rently being studied in many nonlinear wave struc-
tures [41, 42].

Observations made from the Freja satellite with den-
sity depletion associated with an electric field sug-
gested that such structures are electrostatic in na-
ture [43]. Even though several theoretical models were
proposed to explain these structures, however, Cairns
et al. [44] proposed the theoretical explanation of these
structures by assuming a nonthermal distribution of
electrons. It was found that the excess of energetic
particles changes the nature of ion-acoustic (IA) soli-
tary structures and it was possible to obtain solutions
with density depletions. This opened a new area in
the study of nonlinear wave structures in different
plasma systems containing nonthermal particle distri-
butions [5, 39, 45 – 59]. In a plasma with nonisothermal
particle distribution both trapped and free particles are
available. However, in the nonthermal model, there is
an excess of energetic particles arising due to the force
fields present in space plasma.

KdV or mKdV model equations describe the small
amplitude IASs and include lowest-order nonlinear-
ity and dispersion. These evolution equations are as-
sociated with a quadratic and a cubic type of nonlin-
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earity. However, for particles described by a vortex-
like distribution, the nonlinearity is of the (1+1/2) type
and the resulting equation is the Schamel-mKdV equa-
tion [60]. As the wave amplitude increases, the width
and velocity of a soliton deviates from the one pre-
dicted by the KdV or mKdV model. In such cases,
more accurate results can be obtained by the inclu-
sion of higher-order nonlinear and dispersive effects.
For this purpose, the higher-order approximation of the
reductive perturbation theory has been considered as
a powerful tool [61 – 74]. More recently, Esfandyari-
Kalejahi et al. [60] have studied ion-acoustic waves
in a plasma consisting of adiabatic ions, nonisother-
mal electrons, and a weakly relativistic electron beam.
They have studied both, linear and higher-order ef-
fects. Higher-order effects are shown to modify the
solitary wave amplitude and may also cause a shape
deformation.

In this research work, we consider higher-order non-
linear effects on the propagation of IASs in a col-
lisionless plasma consisting of positively and nega-
tively charged ions with nonisothermal electrons. The
organisation of the paper is as follows: In Sections 2
and 3, we set up the basic equations governing the
dynamics of the multispecies plasma and derive the
Schamel mKdV equation. The deviation from isother-
mality is taken up in Section 4. In Section 5, we ob-
tain higher-order stationary solutions under appropri-
ate conditions using renormalization technique devel-
oped by Kodma and Taniuti [62, 63] and in Section 6,
we present the discussion of numerical computation of
different plasma systems. The last section is devoted to
the concluding remarks.

2. Governing Equations

We consider a collisionless unmagnetised plasma
consisting of a nonthermal electron distribution and
warm positive and negative ion species having tem-
peratures T1 and T2, which are divided into two dis-
tinct groups. We assume that low frequency electro-
static waves propagate in the plasma. The nonlinear be-
haviour of the ion-acoustic waves may be described by
the following set of normalized fluid equations [3, 5]:

∂n1

∂ t
+

∂ (n1ν1)
∂x

= 0, (1)

∂ν1

∂ t
+ ν1

∂ν1

∂x
= − 1

δ
∂φ
∂x

− σ1

δZ1

1
n1

∂n1

∂x
, (2)

∂n2

∂ t
+

∂ (n2ν2)
∂x

= 0, (3)

∂ν2

∂ t
+ ν2

∂v2

∂x
=

εz

δη
∂φ
∂x

− σ2

δηZ1

1
n2

∂n2

∂x
, (4)

∂ 2φ
∂x2 = ne − n1

1−αεz
+

αεz

1−αεz
n2, (5)

where

δ =
η + αε2

z

η(1−αεz)
, α =

n20

n10
, εz =

Z2

Z1
,

η =
m2

m1
, σ1 =

T1

Te
, σ2 =

T2

Te
.

(6)

In the above equations n1,v1 and n2,v2 are the den-
sities and fluid velocities of positive and negative ion
species, respectively. n10, n20 are the equilibrium den-
sities of two ion components, respectively. Further, φ is
the electrostatic potential, η is the mass ratio of the
negative ion species to the positive ion species, α is
the equilibrium density ratio of the negative ion to pos-
itive ion species, and εz is the charge multiplicity ratio
of the negative ion to positive ion species. In (1) – (6),
velocities (ν1, ν2), potential (φ ), time (t), and space co-
ordinate (x) have been normalized with respect to the
ion-acoustic speed in the mixture, Cs =

√
TeδZ1/m1,

thermal potential Te/e, inverse of ion plasma frequency
in the mixture ω−1

pi =
√

m1/4πneoδZ1, Debye length

λD =
√

Te/4πneoe2, respectively. Ion densities n1, n2
and electron density ne are normalized with their cor-
responding equilibrium values.

3. Formulation of the Problem

To study the effect of nonisothermal electrons on
the characterization of nonlinear ion-acoustic waves in
nonrelativistic plasma, we employ the vortex-like elec-
tron distribution of Schamel [32, 75, 76], which solves
the electron Vlasov equation. Thus, we have

fef =
1√
2π

e−
1
2 (v2−2φ), |v| >

√
2φ ,

fet =
1√
2π

e−
1

2β (v2−2φ)
, |v| ≤

√
2φ .

(7)

Here fef ( fet) represents the free (trapped) electron dis-
tribution. The velocity v is normalized to the electron
thermal velocity Cs and β = Tef/Tet is the ratio of free
electron temperature to trapped electron temperature.
The parameter β determines the number of trapped
electrons. It has been assumed that the velocity of non-
linear ion-acoustic waves is small in comparison with
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the electron thermal velocity. Also, it becomes obvious
from this distribution that β = 1 (β = 0) represents a
Maxwellian (flat-topped) distribution, whereas β < 0
represents a vortex-like excavated trapped electron dis-
tribution.

The electron distribution functions (7) can be readily
integrated over the velocity space to get the electron
number density [75 – 78].

ne = I(φ)+
eβ φ√|β |erf(

√
β φ), β ≥ 0,

ne = I(φ)+
2√
π |β |W

√
β φ , β < 0,

(8)

where

I(φ) = [1− erf(
√

φ )]eφ ,

erf(
√

β φ) =
2√
π

∫ √
β φ

0
e−y2

dy,

W (
√

−β φ) = eβ φ
∫ √

−β φ

0
ey2

dy.

(9)

In the small amplitude limit, we can expand ne and on
keeping terms up to φ2, it is found that ne is the same
for both β ≥ 0 and β < 0. We find

ne = 1 + φ +
1
2

φ2 − 4
3

bφ3/2, (10)

where β = 1−β/
√

π and β = Tef/Tet.
In order to derive a nonlinear dynamical equation

for the ion-acoustic waves from equations (1) – (5)
and (10), we must find an appropriate co-ordinate from
where the wave can be described smoothly. For this
purpose, we need to know the thickness and the non-
linear velocity v0 of the wave which can be taken
from the equilibrium theory using a vortex-like elec-
tron distribution [32, 38]. Thus, we find ∆ ∝ ε1/4 and
(v0 − 1) ∝ ε1/2, where ε is a small parameter mea-
suring the weakness of nonlinearity. This immediately
leads to the following stretched co-ordinates:

ξ = ε1/4(x−λ t), τ = ε3/2t, (11)

where λ is the phase velocity of ion-acoustic waves
and ε measures the size of the perturbation amplitude.
Furthermore, the dependent variables are expanded as
power series in ε about their equilibrium values as:

n1,2 = 1 +
∞

∑
r=1

ε(r+1)/2n(n)
1,2, u1,2 =

∞

∑
r=1

ε(r+1)/2v(n)
1,2,

φ =
∞

∑
r=1

ε(r+1)/2φr,

(12)

in which the index numbers 1,2 refer to positive and
negative ions, respectively. Substituting the stretched
coordinates (11) and the perturbation relations (12) to
the basic set of equations (1) – (5) and following the
usual reductive perturbation theory [2], the first-order
equations give

n(1)
1 =

Z1

δZ1λ 2 −σ1
φ1, n(1)

2 =
−Z2

δZ2λ 2 −σ2
φ1,

v(1)
1 =

Z1λg

δZ1λ 2 −σ2
φ1, v(1)

2 =
−Z2λg

δZ1λ 2 −σ1
φ1.

(13)

The Poisson’s equation gives the following dispersion
relation:

λ 2 =
(

1
2

+
σ2 + ησ1

2δηZ1

)
±

[(
1
2

+
σ2 + ησ1

2δηZ1

)2

− 1
ηδ 2Z1

(
σ1σ2

Z1
+

σ2 + σ1αε2
z

1−αεz

)] 1
2
,

(14)

where positive sign is for the fast ion-acoustic mode
and negative sign for the slow ion-acoustic mode.

Apparently, the phase velocities are the function
of several parameters including density parameter α ,
mass ratio η , and ion temperatures σ1, σ2. Thus,
the system supports two types of ion-acoustic modes
which propagate with different phase velocities given
by (14). The mode with smaller phase velocity is the
slow ion-acoustic mode whereas the mode with larger
phase velocity is known as the fast ion-acoustic mode.
Consequently, the system supports two types of ion-
acoustic solitons, viz. slow ion-acoustic solitons and
fast ion-acoustic solitons. Earlier investigations [3, 4]
reported two cases in which the system does not sup-
port the slow ion-acoustic mode, viz.:

(a) When both species are cold i. e., σ1 = σ2 = 0,
then from (14), the phase velocity of the slow ion-
acoustic mode becomes zero indicating that the slow
ion-acoustic mode does not exist, only the fast acous-
tic mode exists.

(b) However, when σ1 = σ2 and η = 1, the slow
ion-acoustic mode exists.

It may be mentioned here that the expressions for
the phase velocities in case of slow and fast mode are
in complete agreement with the results obtained by
Mishra and Chhabra [3]. It is also clear from (14) that
λ is independent of β .

If we consider the next order in ε , we obtain a sys-
tem of equations in the second-order perturbed quanti-
ties. Solving this system using (13) and (14), we obtain
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the Schamel-type mKdV equation

∂φ1

∂τ
+ 2bA

√
φ1

∂φ1

∂ξ
+ A

∂ 3φ1

∂ξ 3 = 0. (15)

Here

A =
1−αεz

2δλ

[
Z2

1
(δZ1λ 2 −σ1)2 +

αηZ2
2

(ηδZ1λ 2 −σ2)2

]−1

.

(16)

4. Deviation from Isothermality

Traditionally, with Boltzmann distributed electrons,
solitary ion-acoustic waves have both positive and neg-
ative potential. There exists a critical ratio of negative
to positive ion concentration below which compressive
and above which rarefactive solitons are admissible.
This aspect is discussed in detail, where literature on
this issue is cited both from theoretical and experimen-
tal point of view. To consider this aspect how situation
changes, we have derived a generalized KdV equation
to investigate the effect of small deviation from isother-
mality of electrons on ion-acoustic solitary waves. In
this case, the previous analysis based on the modified
KdV equation (15) is no longer valid and we go back to
the original governing equations (1) – (5) and (10). Us-
ing stretching coordinates as ξ = ε1/2(x−λ t) and τ =
ε3/2t and adopting the standard procedure of Tagare
and Chakrabarti [82], we arrive at the following gener-
alized KdV equation:

∂φ1

∂τ
+(y1φ1 + y2

√
φ1)

∂φ1

∂ξ
+ y3

∂ 3φ1

∂ξ 3 = 0, (17)

where y1 = AQ, y2 = 2b1A, y3 = A, and b1 = ε1/2b [82].
A is given by (16) and Q is given by

Q =
Z2

1
(1−αεz)

[
(3δZ1λ 2)

(δZ1λ 2 −σ1)3

−αε3
z

(3ηδZ1λ 2)
(ηδZ1λ 2 −σ1)3

]
−1.

(18)

We seek the stationary soliton-like solutions of the
generalized KdV equation (17) subject to appropriate
boundary conditions, namely φ1(χ)→ 0, dφ1/dχ → 0,
and d2φ1/d2χ2 → 0 as χ = |ξ − ν0τ| → ±∞. Solitary
wave like solution of this generalized KdV equation
as [82] is given as follows:

φg1 =
[

4y2

15v0
+

(
16y2

225ν2
0

+
y1

3v0

) 1
2
cosh(χ/∆)

]
, (19)

where ∆ =
√

4y3/v0.

5. Higher-Order Nonlinearity and Stationary
Solutions

To the next order in ε , we get the equation

∂φ2

∂τ
+ 2bA

∂φ2
√

φ1

∂ξ
+ A

∂ 3φ2

∂ξ 3 = S(φ1), (20)

where the source term S(φ1) is given by

S(φ1) = (4b2D−2AC)φ1
∂φ1

∂ξ
+ D

∂ 5φ1

∂ξ 5

+
3bD√

φ1

∂φ1

∂ξ
∂ 2φ1

∂ξ 2 − b
2

D

φ3/2
1

(
∂φ1

∂ξ

)3

+ 4bD
√

φ1
∂ 3φ1

∂ξ 3 ,

(21)

with D = A2B and the coefficients B and C occurring
in (22) are given by

B =

δZ2
1A

(1−αεz)

[
1

(δZ1λ 2 −σ1)2 −αε2
z

η
(ηδZ1λ 2 −σ2)2

]

−4λ 2δ 2Z3
1 A

(1−αεz)

[
1

(δZ1λ 2 −σ1)3 −αε2
z

η2

(δZ1λ 2 −σ1)3

]
,

(22)

C =
Z2

1
2(1−αεz)

[
(3δZ1λ 2 −σ1)
(δZ1λ 2 −σ1)3

−αε3
z
(3ηδZ1λ 2 −σ2)
(ηδZ1λ 2 −σ2)3

]
− 1

2
.

(23)

The basic set of equations (1) – (5) is reduced to a non-
linear mKdV equation (15) in terms of φ1 and a linear
homogeneous differential equation (20) in terms of φ2,
for which the source term of (20) is described by a
known function φ1. In the following, we shall see how
the two evolution equations may be solved analytically.

We employ the renormalization method developed
by Kodma and Taniuti [62] in order to solve (15)
and (20). Using this method, (15) and (20) get modi-
fied as

∂ φ̃1

∂τ
+2bA

√
φ̃1

∂ φ̃1

∂ξ
+A

∂ 3φ̃1

∂ξ 3 +δν
∂ φ̃1

∂ξ
= 0 (24)
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and

∂ φ̃2

∂τ
+ 2bA

∂ φ̃2
√

φ̃1

∂ξ
+ A

∂ 3φ̃2

∂ξ 3 δν
∂ φ̃2

∂ξ
= S(φ̃1)δν

∂ φ̃1

∂ξ
,

(25)

where φ̃1 and φ̃2 refers to the renormalization variables.
Let us have the stationary solution by defining a new

variable ψ as

ψ = ξ − (ν + δν)τ, (26)

where the parameter ν is related to the Mach num-
ber M = V/Cs [66, 79, 80] by ν + δν = M − 1 = ∆M,
where V is the soliton velocity. Under this transforma-
tion, (24) and (25) become

A
∂ 3φ̃1

∂ψ3 + 2bA
√

φ̃1
∂ φ̃1

∂ψ
−ν

∂ φ̃1

∂ψ
= 0 (27)

and

A
∂ 3φ̃2

∂ψ3 +2bA
∂ φ̃2

√
φ̃1

∂ψ
−ν

∂ φ̃2

∂ψ
= S(φ̃1)+δν

∂ φ̃1

∂ψ
.

(28)

It may be mentioned that (27) and (28) are ordinary dif-
ferential equations (ODEs) which are easily integrated
under the boundary conditions

φ̃1 = φ̃2 =
∂ φ̃1

∂ξ
=

∂ φ̃2

∂ψ
=

∂ 2φ̃1

∂ψ2 =
∂ 2φ̃2

∂ψ2 = 0,

as |ψ | → ∞.

(29)

Using above boundary conditions for φ̃1 and φ̃2,
(27) and (28) can be integrated with respect to the vari-
able ψ and their derivatives up to the second-order:

d2φ̃1

dψ2 +
(

4b
3

φ̃1
1/2 − ν

A

)
φ̃1 = 0, (30)

d2φ̃2

dψ2 +
(

2bφ̃1
1
2 − ν

A

)
φ̃2 =

∫ ψ

−∞

(
S(φ̃1)+δν

dφ̃1

dψ

)
dψ .

(31)

The one-soliton solution of (30) is given by

φ̃1 = φ0 sech4(ψW−1), (32)

where the amplitude (φ0) and width (W ) of the solitary
wave are given by

φ0 =
(

15ν
16bA

)2

and W =

√
16A

ν
. (33)

It may be mentioned that A is assumed to be positive
to ensure the reality of the solutions. (32) shows the
existence of the compressive solitons only.

The source term of (25) becomes
∫ ψ

−∞

(
S(φ̃1)+ δν

dφ̃1

dψ

)
dψ

=
φ0

A

[
(δν −Bν2)sech4(ψW−1)

+(A/2−CA)φ0 sech8(ψW−1)
]
.

(34)

In order to cancel the secular terms in S(φ̃1), we have
to put

δν = Bν2. (35)

To solve (34), we define a new independent variable

µ = tanh(ψW−1). (36)

Using this transformation, (31) thereby becomes

d
dt

[
(1− µ2)

dφ̃2

dµ

]
+

[
30− 16

1− µ2

]
φ̃2

= F(1− µ2)3 = T (µ),
(37)

where

F =
(15)4

b4
ν3

(16A)3 (1/2−C). (38)

The two independent solutions of (39) are given by
associated Legendre functions of the first and second
kind. These are given by

P4
5 = 945µ(1− µ2)2,

Q4
5 =

945
2

µ(1− µ2) ln
1 + µ
1− µ

−334(1− µ2)2

+ 975µ2(1− µ2)+ 630µ4 + 264
µ6

1− µ2

+ 48
µ3

(1− µ2)2 .

(39)

By using the method of variation of parameters, the
particular solution of (37) can be written as

φ̃2p(µ) = q1(µ)P4
5 + q2(µ)Q4

5, (40)
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Fig. 1(a). For slow mode, plot of |φ̃2|/|φ̃1|
as a function of ν for three different val-
ues of β with α = 0.3, η = 1, σ1 = 0.1,
σ2 = 0.01.

Fig. 1(b). For slow mode, plot show-
ing the comparison of KdV soliton so-
lution φ̃1 [given by (32) and shown by
solid curve] and higher-order soliton so-
lution φ̃ [given by (43) and shown by dot-
ted curve] as a function of ψ with ν =
5×10−8 and β = 1.7(> 1). The other pa-
rameters are same as in Figure 1(a).

where

q1(µ) = − F
945×384

∫
Q4

5(µ)(1− µ2)3dµ ,

q2(µ) =
F

945×384

∫
P4

5 (µ)(1− µ2)3dµ .

(41)

The complementary solution of (37) is given by

φ̃2c(µ) = c1(µ)P4
5 + c2(µ)Q4

5. (42)

Here, the first term is the secular one which can be
eliminated by renormalizing the amplitude. Also, c2 =
0, as a result of vanishing boundary conditions for
φ̃2(ψ) as |ψ | → ∞. In terms of the variable ψ , the sta-
tionary solution for the potential of the ion-acoustic

wave is given by

φ̃ (ψ) = φ̃1(ψ)+ φ̃2(ψ)

= φ0 sech4(ψW−1)+
F
6

sech4(ψW−1)

− F
12

sech6(ψW−1).

(43)

6. Discussion of Numerical Results

We have considered a plasma model consisting of
positive and negative ions with hot electrons obey-
ing a trapped/vortex-like distribution. Using the re-
ductive perturbation theory, we have studied nonlin-
ear ion-acoustic solitons in this plasma system taking
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Fig. 1(c). For slow mode, the same plot
as in Figure 1(b) with β = 0.2(< 1).

Fig. 1(d). For slow mode, variation of
higher-order soliton solution φ̃ as a func-
tion of ψ for two different values of η
with ν = 2×10−8 and β = 1.7. The other
parameters are same as in Figure 1(a).

into account the contribution of higher-order nonlinear
and dispersive terms. The basic set of fluid equations
governing the dynamics, leads to the derivation of the
Schamel-type equation (20) in the lowest-order of per-
turbation theory. It may be mentioned that (20) per-
mits only compressive type of solitons. These results
are consistent with those of Mamun and Shukla [81].
The solitary type solution of (15) having sech4 pro-
file, contains a peak amplitude which is a function
of several parameters as relative density of negative
ions α , relative ion-temperatures σ1, σ2, soliton veloc-
ity ν , and temperature ratio of free to trapped electrons
β (= Tef/Tet), i. e. the trapped electron parameter. As
already mentioned (14) is quadratic in λ 2 and corre-
spondingly we have two modes, viz. slow and fast ion-

acoustic modes, propagating with different phase ve-
locities.

We have nonlinear ion-acoustic waves associated
with these modes and here, we consider the effect
of higher-order nonlinearity and dispersive effects on
these slow and fast ion-acoustic modes. In the follow-
ing, we shall discuss these modes and associated ion-
acoustic solitons. To examine further the effect of these
parameters on the nature of solitary waves associated
with these modes, we numerically analyse the solution
for an appropriate set of parameters relevant to iono-
sphere [3, 5] and laboratory plasma [28].

It is worth noting here that underlying the principle
rule of reductive perturbation theory [2], for inclusion
of higher effects, the following condition has to be sat-
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Fig. 1(e). For slow mode, variation of
higher-order soliton solution φ̃ as a func-
tion of ψ for two sets of σ1, σ2 with η =
1 and ν = 2×10−8. Here the solid curve
is for σ1 = 0.1, σ2 = 0.01 (σ1 > σ2) and
the dotted curve for σ1 = 0.01, σ2 = 0.1
(σ1 < σ2).

Fig. 2(a). For fast mode, plot of |φ̃2|/|φ̃1|
as a function of ν for three different val-
ues of β with the other parameters same
as in Figure 1(a).

isfied:

|φ̃2|
|φ̃1|

≤ 1. (44)

This requirement stems from the proper ordering in ε .
This means we have to choose an appropriate soli-
tary excitation velocity. It is important to discuss
the two modes separately and compare the results
accordingly.

For the slow mode, the variation of |φ̃2|/|φ̃1| at
ψ = 0 vs. ν is shown in Figure 1(a) for three different
values of β (β > 1 and β < 1). The other parameters

are chosen as follows:

α = 0.3, η = 1, εz = Z1 = 1, σ1 = 0.1,

and σ2 = 0.01.

These parameters are relevant to (H+, H−) plasma that
occur in the D-region of the ionosphere. As earlier
mentioned, we have assumed the collision frequency
as small, and so it has been neglected. As evident from
the graphs shown in Figure 1(a), the increase in β al-
lows the inequality (44) be satisfied for lower values
of ν . This is true for the case of β < 1, where the
higher temperature of the trapped electrons is consid-
ered. However, opposite is true for the case with β > 1
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Fig. 2(b). For fast mode, plot show-
ing the comparison of KdV soliton so-
lution φ̃1 [shown by solid curve] and
higher-order soliton solution φ̃ [shown
by dotted curve] as a function of ψ with
α = 0.2, ν = 0.1 and β = 1.7(> 1).

Fig. 2(c). For fast mode, the same plot as
in Figure 1(b) with β = 0.2(< 1).

[not shown]. A similar behaviour is observed in case of
the fast mode as obvious from the variation of |φ̃2|/|φ̃1|
at ψ = 0 vs. ν shown in Figure 2(a).

To highlight the importance of the inclusion of
higher-order effects, it is important to compare φ̃1, the
soliton solution (32) of the slow ion-acoustic mode,
with φ̃ (= φ̃1 + φ̃2), the combined second-order solution
given by (43). We have treated both cases of trapped
electron parameter, viz. β > 1 and β < 1, with the
other parameters taken for numerical computation as
follows:

α = 0.3, η = 1, σ1 = 0.1, σ2 = 0.01,

and ν = 5×10−8.

The results are shown in the graphs plotted in Fig-
ures 1(b) and 1(c). As observed in both cases (β ≶ 1),
the effect of second-order nonlinearity leads to an
increase in the amplitude of the slow ion-acoustic
solitary waves. This is consistent with the finding
of earlier investigations [60, 74], where the wave
amplitude is predicted to increase and consequently
width decreases with the inclusion of higher-order
nonlinearity. When similar results are evaluated for
the fast mode [Figs. 2(b) and 2(c)], we obtain graphs
contrary to those of the slow mode, i. e. the peak
amplitude of the compressive solitons decreases on
the introduction of higher-order nonlinearity for β > 1
as well as for β < 1.
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Fig. 2(d). For fast mode, variation of
higher-order soliton solution φ̃ as a
function of ψ for two different values
of η with ν = 0.1 and the other param-
eters same as in Figure 1(d).

Fig. 2(e). For fast mode, variation of
higher-order soliton solution φ̃ as a
function of ψ for two sets of σ1, σ2
with the other parameters as α = 0.4,
β = 1.7, η = 1, and ν = 0.1. Here, the
solid curve is for σ1 = 0.1, σ2 = 0.01
(σ1 > σ2) and the dotted curve for σ1 =
0.01, σ2 = 0.1 (σ1 < σ2).

Since space environment plasmas are a rich source
of multispecies plasmas, it is useful to highlight the ef-
fect of the mass ratio of negative to positive ions, both
for slow and fast ion-acoustic solitons. To this end, we
have considered the effect of η =(m2/m1), and numer-
ically evaluated φ̃1 as a function of ψ for both cases
(β > 1 or β < 1) with the other parameters taken as
follows:

α = 0.3, β = 1.8, σ1 = 0.1, σ2 = 0.01,

ν = 2×10−8, and η = 0.476,1,32.

It is observed that in the case of slow mode, for given
β (< 1 or > 1), the amplitude first decreases with the

increase in mass of negative ions [Fig. 1(d)]. However,
the amplitude increases for high values of η . This may
be due to the contribution of the mass of positive ions.
The behaviour is different in case of fast mode, where
the peak amplitude of compressive solitons decreases
with increase in the mass of negative ions. This be-
haviour is predicted in Figure 2(d). We can say that
for the formation of large amplitude solitons, heavier
negative ions are favourable for the slow ion-acoustic
mode while heavier positive ions are favourable in case
of fast ion-acoustic mode.

Remarkably interesting features are observed on the
introduction of higher-order terms when σ1 > σ2 or
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Fig. 3(a). For slow mode, plot
showing the variation of peak am-
plitude (φg0) of generalized KdV
equation (17) as a function of neg-
ative to positive ion density ratio α
for three different values of b1. The
other parameters are η = 1, Z1 =
Z2 = εz = 1, σ1 = 0.1, σ2 = 0.01,
and ν0 = 1.6 ·10−6.

Fig. 3(b). For fast mode, plot show-
ing the variation of peak amplitude
(φg0) of generalized KdV equa-
tion (17) as a function of negative to
positive ion density ratio α for three
different values of b1. The other pa-
rameters are η = 1, Z1 = Z2 = εz =
1, σ1 = 0.1, σ2 = 0.01, and ν0 =
0.01.

σ1 < σ2 and β > 1. This becomes obvious when we
plot φ̃ as a function of ψ for the parameters

α = 0.3, β = 1.7, η = 1, ν = 3×10−8,

and σ1 > σ2 or σ1 < σ2.

A large peak value of φ̃ is obtained when σ1 > σ2 as
shown in Figure 1(e). However, when σ1 < σ2, we ob-
tain a W -type shape. Such behaviour is unphysical as
the contribution of higher-order terms exceed the φ̃1,
and it leads to a violation of the inequality (44). Sim-
ilar behaviour is observed for the case of β < 1 [not

shown]. On the contrary, we observe W -type shape for
σ1 > σ2 and the peak amplitude increases for σ1 < σ2
for fast ion-acoustic solitons as shown in Figure 2(e).
The role of β > 1 or β < 1 is not significant except for
the increase in peak amplitude.

To highlight the role of the isothermality/noniso-
thermality, we show how the amplitude φg0 = φ1(χ =
0) changes with α = n2

(0)/n1
(0). In Figure 3(a), we

have shown φg0 as a function of α , both for isothermal
(b1 = 0) and finite but small values of the nonisother-
mal parameter. While the rarefactive solitons are ob-
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tained in the isothermally distributed electrons, situ-
ation changes drastically when b1 
= 0 as shown in
Figure 3(a), where compressive solitons are obtained
for slow IASs. It becomes more interesting when we
consider the case of fast ion-acoustic solitary waves.
Figure 3(b) exhibit the total potential profile φg0 as a
function of α as observed for b1 = 0 (isothermal) and
b1 
= 0 (nonisothermal). Obviously, both compressive
and rarefactive solitons are obtained for isothermally
distributed electrons. On the other hand, only com-
pressive solitons are admissible for the nonisothermal
case.

In conclusion, scaling laws for isothermal and non-
isothermal electron distributions are different. A small
contribution resulting from resonant particle interac-
tion with a trapped particle distribution leads to nul-
lify the effect producing rarefactive solitons in isother-
mally distributed electrons. This feature becomes more
lucid from analyzing the contribution to φg0 of the gen-
eralized KdV equation. It may be mentioned that the
present investigation is relatant to study astrophysical
and cosmic plasma environments.

7. Conclusion

In the present investigation, the authors have studied
the effect of higher-order nonlinear effects in a multi-
species plasma consisting of positive and negative ions
with a nonisothermal distribution of the electrons. Two
ion-acoustic-modes, viz. slow and fast ion-acoustic-
modes, are observed corresponding to different phase
velocities. We have further investigated solitons corre-
sponding to these modes. The effect of the nonisother-
mal parameter β , mass ratio η , and ion temperatures
have been thoroughly studied. Associated profiles of
sech4 types are significantly modified by the inclu-
sion of higher-order dispersive and nonlinear effects.
The deviation of the isothermal behaviour is studied
by deriving the generalized mKdV equation by Tagare
and Chakrabarti [82]. It is observed that while com-
pressive as well as rarefactive solitons are admissible
for isothermally distributed electrons, only compres-
sive solitons result for the nonisothermal case. This in-
vestigation is relevant to study astrophysical and cos-
mic plasma environment.
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