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The temperature effects on the modulational instability of broad optical beams in a photovoltaic
photorefractive crystal circuit has been investigated. The analytic gain formula for the modulational
instability has been obtained by applying a linear stability analysis. Non-zero gain of the modula-
tional instability is shown to exist both for positive and negative photovoltaic fields for a wide range
of modulational instability frequency. The evolutions of the initial broad beam under the modula-
tional instability are numerically investigated for the BaTiO3 crystal as a photovoltaic photorefrac-
tive medium with a positive photovoltaic field by varying the crystal temperatures. Some symmetric
and asymmetric solitary-waves and periodic waves have been shown to exist as results of mutual
interactions between the localized beams induced by the modulational instability. Their dynamical
behaviour and mutual interaction are sensitive to the variation of crystal temperature.
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1. Introduction

Optical solitons are self-trapped and self-guided
solitary waves that propagate forward while maintain-
ing their shape as a real particle [1 – 5]. The discov-
ery of photorefractive spatial solitons [6 – 8] has given
an enormous boost to investigations of optical soliton
physics. Earlier, solitons were investigated mostly in
materials possessing a Kerr nonlinearity. In these me-
dia, the existence of fundamental spatial solitons was
predicted and observed, and these solitons were stable
in one dimension only. They were found to collapse in
two and three spatial dimensions. Photorefractive (PR)
media show saturation in their nonlinearity, which sup-
presses the collapse of solitons in two and three dimen-
sions. In addition to their stability in more than one di-
mension and, thus, their ability to induce waveguides,
they possess various other desirable properties. PR spa-
tial solitons need very low optical power (microwatt)
for their formation. The response of PR media is wave-
length sensitive, so PR spatial solitons can be gener-
ated with microwatts power and the waveguide induced
by them can be employed to guide high power beams
for which the PR medium is less sensitive. The wave-
guides induced by PR solitons can be permanently im-
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pressed and can be erased and overwritten. Soliton in-
duced waveguides can be used for steering and con-
trolling other beams, which can find applications in
direction couplers, beam splitters, nonlinear frequency
conversion, etc. So far, three different types of steady-
state photorefractive solitons have been predicted. The
one, which was identified first, is the screening soli-
ton. Both bright and dark screening solitons (SS) in the
steady state are possible when an external bias voltage
is applied to a non-photovoltaic photorefractive crys-
tal [6, 7]. The second kind is the photovoltaic soliton
[9 – 11], the formation of which, however, requires an
unbiased PR crystal that exhibits the photovoltaic ef-
fect, i.e., the generation of a dc current in a medium
illuminated by a light beam. Recently, a third kind of
photorefractive soliton has been introduced [12 – 15],
which arises when an electric field is applied to a pho-
tovoltaic photorefractive crystal. These solitons owe
their existence to both the photovoltaic effect and spa-
tially non-uniform screening of the applied field and
are known as screening photovoltaic solitons (SP).

An important phenomenon, in connection with the
formation of spatial solitons in photovoltaic photore-
fractive media, is the modulational instability (MI),
which is inherent in most nonlinear systems and occurs
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as a result of interplay between the nonlinearity and
the dispersion in temporal domain and between the
nonlinearity and the diffraction in the spatial domain
[16 – 19]. As a result continuous wave (CW) or quasi-
CW radiation propagating in a nonlinear dissipative
medium may suffer an instability with respect to weak
periodic transverse modulation of the steady state, re-
sulting in a break up of CW into a train of short pulses.
In the spatial domain, for a narrow beam, self phase
modulation exactly balances the diffraction, and ro-
bust spatial solitons are obtained while a broad optical
beam disintegrates into many filaments during prop-
agation in the same self-focusing nonlinear medium.
For a broad beam, complete balance of diffraction is
not achieved due to some internal, or maybe exter-
nal noise, and the same focusing nonlinearity leads to
transverse instability and the formation of multiple fil-
aments of the beam. It occurs in the same parameter
space where bright solitons form and it is considered
to be as a precursor of soliton formation. Consequently,
it would be of interest to know if a dynamical spatial
soliton can exhibit modulational instability.

Recently, Zhang et al. [20] have investigated the
temperature effects on the evolution and stability of a
separate photovoltaic bright/dark soliton pair formed
in a serial photovoltaic photorefractive crystal circuit.
It has been known that the photorefractive effects are
dependent on the dark irradiance of the crystal, which
is also dependent on the temperature [21]. They have
shown by numerical simulations that adjusting each
crystal temperature can affect the dynamical evolution
of the soliton formed in the other crystal. The crys-
tal temperature regime for the bright soliton and dark
solitons have been identified by the authors [20]. More
recently, Guangyonga et al. [22] have studied the tem-
perature effects on the bending of the dynamical evo-
lutions of the analytic solitary waves. In this paper, we
investigate how the temperature of one crystal affects
the formation and propagation of coherent structures
induced by the perturbed CW states under the MI for
both crystals in a photovoltaic photorefractive crystal
circuit.

The paper is organized as follow. In Section 2, we
obtain the analytic expression for the gain spectrum
and find the MI gain dependence on the photovoltaic
field and the temperature of the crystals. In Section
3, we numerically investigate the effects of tempera-
ture on the evolutions of the spatial solitons induced by
the initial steady beam under weak modulational field.
In particular, we show that symmetric and asymmet-

ric solitary-waves and periodic waves exist as results
of mutual interactions between the localized beams in-
duced by the MI and their dynamical behaviour and
mutual interaction are sensitive to the variation of crys-
tal temperature. The results of this work are briefly
summarized in Section 4.

2. Gain by the Modulations Instability

To study the modulational instability in a photo-
voltaic photorefractive circuit system, we consider two
BaTiO3 crystals, denoted by P and P̂, as the com-
ponents for such a system, where an optical beam
propagates along the crystal z-axis and is permitted to
diffract only along the x-direction with different op-
tical c-axis (see [20] for details). By defining the di-
mensionless envelopes of the optical beams propagat-
ing the crystals as U =

√
(I/Id) and Û =

√
(Î/Îd), re-

spectively, where Id and Îd are the irradiance and I and
Î are the intensities of the beams. Zhang et al. [20, 22]
have obtained the following beam envelope evolution
equations:

iUξ +
1
2

Uss −α
(ρ −|U |2)
1 + |U |2 −β (ρ + 1)

U
1 + |U |2 = 0,

iÛξ +
1
2

Ûss − α̂
(ρ̂ −|Û|2)
1 + |Û|2 − β̂(ρ̂ + 1)

Û
1 + |Û|2 = 0,

(1)

where Uξ = ∂U/∂ξ , ξ = z/(kx2
0), Uss = ∂2U/∂s2,

s = z/x0, x0 is an arbitrary spatial width of the crys-
tal, k = nek0 = (2π/λ0)ne, λ0 is the free-space wave-
length of the lightwave to be used, ne is the unperturbed
extraordinary index of refraction, α = σEp and α =
σ̂ Êp, Ep and Êp are the photovoltaic field constants,
β =−σΓ Ep, β̂ =−σ̂Γ Êp, Γ = Î∞/(Id + Îd + I∞), ρ =
I∞/Id, I∞ = I(x −→ ±∞,z), σ = σ̂ = (k0x0)2/(ner33)
and r33 is the electro-optic coefficient [20, 22].

The evolution equations in (1) are coupled to each
other by the constants between β and β̂ , which are
strongly related to the temperatures of crystals through
the dark irradiance dependence on Γ [20, 21]

Id = Id0

(
T

300

)3/2

exp
[(

Et

kB

)(
1

300

)
−

(
1
T

)]
,

Îd = Îd0

(
T̂

300

)3/2

exp
[(

Êt

kB

)(
1

300

)
−

(
1
T̂

)]
,

(2)

where Id0 and Îd0 are the values of the dark irradiance
at 300 K, respectively, Et and Êt are the level locations
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in the gap of crystal, kB is Boltzmann’s constant, and
T and T̂ are the absolute temperature. In the follow-
ing analysis, we take Et = Êt = 10−19J for the BaTiO3
crystal [20].

In order to investigate how weak perturbations
evolve along the beam evolution distance, we consider
the following linear instability analysis. The steady-
state solution of (1) is given by

U = Reiψ(ξ ), Û = Qeiφ(ξ ), (3)

where R and Q are the dimensionless powers of the optical waves and the phase shift ψ(ξ ) and φ(ξ ) are related
to R and Q, respectively, and the evolution distance ξ through

ψ(ξ ) =
[(−α −β )ρ + α R2 −β ]ξ

1 + R2 , φ(ξ ) =

[(
−α̂ − β̂

)
ρ̂ + α̂Q2 − β̂

]
ξ

1 + Q2 . (4)

The instability of the steady state can be examined by employing a perturbation in the steady-state solutions of
the form

U(ξ ,s) = [R + κ(ξ ,s)]exp
[
((−α −β )ρ + α R2 −β )ξ

1 + R2

]
,

Û(ξ ,s) = [Q+ η(ξ ,s)]exp

[
((−α̂ − β̂)ρ̂ + α̂ Q2 − β̂)ξ

1 + Q2

]
,

(5)

where the complex field satisfy |κ(ξ ,s)| � R and |η(ξ ,s)| � Q. Thus, if the perturbed field grows exponentially,
the steady states become unstable. By substituting (5) into (1) and collecting the terms linear in κ and η , we obtain
the linearized equations as

2i(1 + R2)2κξ +(1 + R2)2κss + 2R2(ρ + 1)(β + α)(κ + κ∗) = 0,

2i(1 + Q2)2ηξ +(1 + Q2)2ηss + 2Q2(ρ̂ + 1)(β̂ + α̂)(η + η∗) = 0,
(6)

where ∗ denotes complex conjugates. We assume general solutions of the form

η(ξ ,s) = a1ei(Kξ−Ωs) + a2e−i(Kξ−Ωs), κ(ξ ,s) = a3ei(Kξ−Ωs) + a4e−i(Kξ−Ωs), (7)

where K and Ω represent the wave number and the shifted frequency, respectively, and ai is the amplitude of the
perturbation field. To find the dispersion relation between K and Ω , we require




−Λ1K2 + 4Λ2R2 2Ω Λ1 0 0

−2iΛ1Ω iΛ1K2 0 0

0 0 −Λ3K2 + 4Λ4Q2 2Ω Λ3

0 0 −2iΛ3Ω iΛ3K2


 = 0, (8)

where

Λ1 = (1 + R2)2, Λ2 = (ρ + 1)(α + β ),

Λ3 = (1 + Q2)2, Λ4 = (ρ̂ + 1)(α̂ + β̂).
(9)

From (6) and (8), it seems that the dispersion relations
for both crystals are completely independent to each
other, from which we obtain only two solutions with a

purely complex value, i. e.,

K =

√
2Λ1(Λ2R2 −

√
Λ22R4 +Λ12Ω 2)

Λ1
,

K̂ =

√
2Λ3(Λ4Q2 −

√
Λ42Q4 + Ω 2Λ32)

Λ3
.

(10)
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(a)

(b)

Fig. 1. Plots of the maximum
gains ĝm and gm for crystal P̂
and R, respectively, as function
of the power for two Êp values
with increasing T̂ . (a) The max-
imum gain for the case of Êp =
−1 ·105 V/m is larger than that of
Êp = 1·105 V/m, regardless of the
values of T̂ . The maximum gain
peak occurs at the power R ≈ 1,
regardless of the sign of Êp, and it
gradually decreases with increas-
ing the power R. (b) The gain
for the case of Êp = 1 · 105 V/m
is larger than that of Êp = −1 ·
105 V/m, regardless of T̂ . The
minimum of gm occurs at R ≈ 1
and its values gradually increas-
ing with increasing the power R.

Thus, we find that the square bracket of the wave num-
ber K and K̂ are always negative for Ω 	= 0 regard-
less of the values of the crystal parameters. In such a
medium, a perturbation grows exponentially with ξ for
any frequencies other than Ω = 0, leading to an insta-
bility in the steady-state beam. This instability is re-
ferred to as the MI which leads to spontaneous break
up of the steady-state beam into several filaments or
coherent structures.

We plotted in Figures 1a and b the maximum MI
gains of both crystals, defined as gm(Ω) = 2|Im(K)|
and ĝm = 2|Im(K̂)|, respectively, as functions of the
power by assuming R = Q and the temperature T̂ of
the crystal P̂ for the modulation frequency in the range
of |Ω | ≤ 2π for the cases of Êp = 1 · 105 V/m and
Êp = −1 ·105 V/m, respectively, with a set of the crys-
tal parameters: T = 300 K, Ep = 1 ·105 V/m, λ0 = λ̂0 =
0.5 µ m, ne = n̂e = 2.365, r33 = r̂33 = 80 ·10−12 mV−1,
and x0 = x̂0 = 40 µm. It is shown in Figure 1a that
ĝm for the case of Êp = −1 · 105 V/m is larger than
that of Êp = 1 · 105 V/m, regardless of the values of
T̂ , but decreases as both T̂ and R increase. However,
for the case of Êp = −1 · 105 V/m, ĝm increases with
both increasing T̂ and the power R. The gain for the

case of Êp = 1 · 105 V/m in Figure 1b is larger than
that of Êp = −1 · 105 V/m, regardless of T̂ . The mini-
mum of gm also occurs at R ≈ 1 and its values gradu-
ally increasing with increasing R. Even though we do
not show here, for the case of R 	= Q, the maximum
gain curves show the similar characteristics as those in
Figures 1a and b.

In the above gain calculations, we used Id =
Id0 = Îd0 (since the temperature of crystal P is
fixed at T = 300 K) and the initial beam parame-
ters I0 = Id, I∞ = 0, Î∞ = Îd (or ρ̂ = 1). The rea-
son for the MI gains having different characteris-
tic dependence on the power R, Êp, and T̂ , in spite
of seeming completely independent dispersion rela-
tions in (10), is due to the functional relation be-
tween the parameters β and T̂ as β = −ρ/(1 + ρ̂ +
φ)σ Êp, where φ = (T̂/300)−3/2 exp[−Êt/kB(1/300−
1/T̂ )]. Needless to say, there is also similar func-
tional relation between β̂ and T . Thus, as demon-
strated in Figures 1a and b, the maximum MI gain
for each crystal is different for the same temper-
atures. Since the system is always unstable for a
wide range of the system parameters, we may ex-
pect that the MI applied to weakly perturbed initial
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(a) |U | T̂ = 280 K |Û |

(b) |U | T̂ = 300 K |Û |

(c) |U | T̂ = 340 K |Û |

Fig. 2. Numerical evolutions of the localized initial beam in the form of U(0,s) = εm sech(s), where εm = 0.5 with increas-
ing T̂ . Left pane (a) – (c): The contour plots of |U | show the transformation of the initial localized beam to a breather with
breathing periodicity decreasing as T̂ increases. Right pane (a) – (c): The contour plots of |Û | show more diverse evolution
characteristics. (a) The initial beam splitting into two beams propagating to the left and right directions. (b) Attractive interac-
tion between the splitted beams occurs at ξ ≈ 3. (c) Stable bright soliton propagation appears ξ ≥ 3 after showing pulsating
transient propagation.

CWs bring out interesting dynamics during their evo-
lutions.

3. Temperature Effects on the Solitons Induced by
Modulational Instability

In order to understand the evolution of broad op-
tical beam propagation under the MI for the coupled
BaTiO3 crystals with varying temperatures, we solve
(1) by utilizing the split-step Fourier method under pe-
riodic boundary condition [23]. Before considering
the MI process in the crystal, we first investigate the
evolution of a localized initial beam in the form of
U(0,s) = εm sech(s), where εm = 0.5, by varying the
temperature of the crystal P̂ from T̂ = 280 K up to
T̂ = 340 K. The localized initial beam may be consid-

ered as a perturbation to the exact bright solitary wave
found in [20]. This may help us to understand the evo-
lutions of the transient localized beams to appear as a
result of the perturbed CW states by the MI.

The crystal parameters used for the simulation are
the same as those in Figure 1a with Ep = Êp = 1 ·
105 V/m and fixed temperature at T = 300 K for the
crystal P. Figures 2a – c show the evolutions of |U | and
|Û | in contour plots, respectively, with increasing T̂ .
The evolutions of |U | in the left pane of Figures 2a – c
show periodically breathing solitons (breathers) along
the propagation distance and the breathing periodicity
increases with increasing T̂ , while the propagation of
the exact stationary solution (bright soliton) as initial
input beam has been shown to maintain a good stabil-
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|U | T̂ = 300 K |Û |

Fig. 3. Evolutions of the perturbed CW states by the MI for fixed crystal temperatures. (a) Evolution of |U | shows three
localized beams at ξ ≈ 1.8, which subsequently split into two localized beams or filaments. Interaction between the filaments
at ξ ≈ 3 to form larger localized beams at ξ ≈ 4.5. (b) Evolution of |Û | shows stronger elastic interaction at ξ ≈ 3.2. (c) The
snapshots of |U | and |Û | at ξ = 5.0. Both symmetric and asymmetric localized beams with side wings for U and Û appear.
(d) Both the evolutions of QU and QÛ show less than 1% deviation from the initial values, implying stability of the MI
processes.

ity during its evolution for increasing temperatures in
[20]. On the other hand, the temperature effect on the
evolution of |Û | results in more diverse characteristics
as demonstrated in the right pane of Figures 3a – c; the
initial beam splits into two beams propagating into the
right and left direction, still maintaining breather-like
behaviour, as shown in Figure 2a for T̂ = 280 K; at-
tractive interaction between the splitted beams occurs
at ξ ≈ 3 in Figure 2b for T̂ = 300 K; stable bright soli-
ton propagation appears ξ ≥ 3 after showing pulsat-
ing transient propagation as depicted in Figure 2c for
T̂ = 340 K. These results indicate that the evolution of
optical beam in the crystal is very sensitive both the
shape and the magnitude of the initial beam, and the
temperature of the crystal strongly affects the evolu-
tion characteristics of both beams in the crystal circuit.

Thus, we expect to observe more complicated evolu-
tionary patterns by the MI induced localized beams
since one can introduce a few localized beams from
the perturbed CW states, depending on the strength of
modulation frequency.

To investigate the evolution of perturbed CW state
by the MI with varying crystal temperatures, we con-
sider sinusoidally-modulated CW beam in the form
of

U(0,s) = R0 + εm sin(Ωms),

Û(0,s) = Q0 + εm sin(Ω̂ms),
(11)

where εm is the normalized modulation amplitude and
Ωm and Ω̂m are the angular frequencies which can
be determined from the above gain spectra when the
model parameters are fixed.
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(a) |U | T̂ = 280 K |Û |

(b) |U | T̂ = 285 K |Û |

(c) |U | T̂ = 340 K |Û |

Fig. 4. Evolutions of |U | and |Û | with increasing T̂ . Left pane: (a) and (b) Attractions between the splitted beams are both
shown with similar evolution patterns; (c) Stable breathers collide to form a periodic wave. Right pane: (a) For the case of
T̂ = 280 K, solitary-wave propagation is shown between 2.5 ≤ ξ ≤ 3.5; (b) Complicated interaction pattern between the
breather and solitary wave appears; (c) The evolution of |Û | is similar to that of |U |.

The result of the evolution of the perturbed CW
states by the MI is presented in Figure 3 by choos-
ing R0 = Q0 = 1, εm = 0.05R0 = 0.05Q0, and Ωm =
Ω̂m = 0.1 with the same set of the crystal parame-
ters used in Figure 2 and setting T = T̂ = 300. It is
found in Figure 3a that the modulated initial CW state
of U transforms into three localized beams at ξ ≈ 1.8,
which subsequently split into two localized beams or
filaments. It is interesting to note that the filamented
beams attract each other, for example, at ξ ≈ 3, before
transforming into larger localized beams at ξ ≈ 4.5.
On the other hand, Figure 2b shows the evolution of
Û with qualitatively similar evolution pattern as that
of U . However, it is different in the sense that the
splitted beams undergo more stronger elastic type in-
teraction at ξ ≈ 3.2. The snapshots of |U | and |Û | at

ξ = 5.0 are plotted in Figure 3c, respectively. It is in-
teresting to note that symmetric and asymmetric local-
ized beams with side wings at both U and Û , respec-
tively, appear. We thus name them as the two coherent
structures as symmetric solitary and asymmetric soli-
tary waves, respectively. We now check the stability
of the MI process by calculating the total energy de-
fined as E(ξ ) ≡ ∫ ∞

−∞ |U(ξ ,s)|2ds and plotting Q(ξ ) ≡
E(ξ )/E(0) in Figure 3c. According to the plots, both
the evolutions of QU and QÛ show a minor deviation,
i. e., less than 1% of the initial value, implying a sta-
bility of the MI processes (note the scale of plot in
Figure 3c) and the energy conservation during the MI
process. In particular, QÛ shows no deviation from its
initial value except at ξ = 3.2 where a slight increase in
QÛ occurs due to the ‘almost elastic’ collision between
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(a)

(b)

(c)

Fig. 5. The snapshots of |U | and |Û | at
ξ = 5.0. (a) Highly periodic and symmet-
ric waves with three peaks for |U | show up,
while irregular filamented beam appear for
|U |. (b) and (c) Temperature increase re-
sults in highly symmetric waves structures
for both |Û | and |U |.

(a)

(b)

Fig. 6. Evolutions of QU (ξ ) and QÛ (ξ )
corresponding to Figures 4a – c. For all
cases the energy of both crystals show less
than 1% deviation from the initial value.
(a) For the case of QU at higher crystal
temperature, the energy fluctuation is rela-
tively less. (b) For the case of Q̂U at lower
crystal temperature, the energy fluctuation
is relatively less.

the breathers, as shown in Figure 3b. The meaning of
‘almost elastic’ collision between the breathers is more
clearly demonstrated by the fact that QÛ returns to 1.0.

Figures 4a – c show the evolutions of the initial per-
turbed beam by the MI for the same crystal parameters
as Figure 3 for three different T̂ . The evolution pat-
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terns of |U | for the cases of T̂ = 280 K and T̂ = 285 K
are very similar to each other, as depicted in the left
pane of Figures 4a and b. However, for the case of
T̂ = 340 K, we find a drastic change in the evolu-
tion of |U | in the sense that stable breathers collide
to form periodic waves, which are more clearly pre-
sented in the snapshots of Figure 5. On the other hand,
the evolution of |Û | for the case of T̂ = 280 K shows
a solitary-wave propagation between 2.5 ≤ ξ ≤ 3.5
in Figure 4a. A slight increase in the crystal temper-
ature results in more complicated interaction pattern
between the breather and solitary-wave, as shown in
Figure 4b for T̂ = 285 K. For the case of T̂ = 340 K in
Figure 4c, we find qualitatively similar evolution pat-
tern of |Û | as |U |.

The snapshots of |U | and |Û | at ξ = 5.0 in Fig-
ures 5a – c, respectively, show the dependence on T̂
on the formation of periodic waves. Highly periodic
and symmetric waves with multi peaks, similar to Fig-
ure 2c, for U and Û appear regardless of the crystal
temperatures, except at T̂ = 280 K where non-periodic
filamented beams are observed for Û as shown in
Figure 5a.

Finally, we calculated the evolutions of the nor-
malized energies, QU(ξ ) and QÛ(ξ ), respectively, in
Figures 6a and b, corresponding to Figures 4a – c. For
all cases, the energy of both crystals show less than 1%
deviation from its initial value, indicating the stability
and energy conservation of the MI process. However,
for the case of QU at higher crystal temperature, the
energy fluctuation is relatively less, while for the case
of QÛ it is reversed. The peak in QU for T̂ = 340 K
at ξ ≈ 3.8, as shown in Figure 6a, for an example,
is due to the interact of breathers, as depicted in
Figure 4c.

4. Conclusions

In this paper, we have derived analytic expressions
for the MI gain in a photovoltaic photorefractive crys-
tal circuit modeled by (1). The dependence of the tem-
perature of crystal P̂, the photovoltaic filed Ep, and the
power R on the gain was demonstrated in Figure 1.
It has been found that any initial perturbation can be
unstable since the MI gain is non-zero for modula-
tion frequency other than Ω = 0 regardless of the pa-
rameters of the crystals. We have investigated the ef-
fects of the crystal temperature on the evolution of the
initial localized beams in Figures 2a – c, which trans-
form into the breather and the stable stationary soli-
tary wave. We found in Figure 3 that the localized
beams induced from the perturbed CW states under the
MI transform into the various transient wave structures
which interact to form the symmetric and asymmetric
solitary-waves, as shown in Figure 3c. In particular, it
has been demonstrated that the energy variation during
the MI process is very small. The effects of the crystal
temperature on the perturbed CW states under the MI
have been demonstrated in Figures 4a – c for different
temperatures. It was shown that the coherent structure
formation by the MI process is quite sensitive to the
crystal temperature. The highly periodic and symmet-
ric waves were shown to exist regardless of the crystal
temperature as demonstrated in Figures 5a – b. It has
been found in Figures 6a – b that the energy of both
crystals shows less than 1% deviation from its initial
value, indicating the stability and energy conservation
of the MI process.
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