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Analytic expressions for the equation of state and internal energy of poly-exponential solids are
derived based on the analytic mean field potential (AMFP) method. The formalism is applied to
fcc C61D2. Two sets of potential parameters are determined by fitting the experimental compression
data of C61D2 up to 1 GPa at 343 and 307 K, respectively. The difference between the two sets of
parameters is small. Whereas the difference between the potential of the C61D2 molecules and that
of the C60 molecules is fairly prominent, the conclusion is different from that in the literature, and
the reason is unclear at present. The thermo-physical properties including the isothermals, thermal
expansion, isochoric heat capacity, Helmholtz free energy and internal energy are calculated and
analyzed. The theoretical results agree well with the experimental data available for solid C61D2.
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1. Introduction

Over the past years, C60 and its derivatives have
continued to attract considerable attention, due to both
their elegant molecular structures and the intriguing
structural, dynamic, and electronic properties of the
solid phases of fullerenes. Pristine, C60, has the form of
a spherical shell, with 60 symmetrically equivalent car-
bon atoms [1]. At high temperature, the C60 molecules
form a face-centered cubic (fcc) structure with free
molecular rotation. Below 260 K the lattice transforms
into a simple cubic (sc) structure with a temperature-
(T ) [2 – 4] and pressure- (P) [5, 6] dependent degree
of molecular orientational order, which freezes into
an orientational glass below 90 K [7]. The transitions,
and structures of the high- and low-temperature phases
have been the objects of numerous experimental and
theoretical studies.

In order to study the thermodynamic properties of
C60 better, several studies have recently been carried
out on fullerenes modified by adding small side groups
to decrease the symmetry of the molecule. The first
step was to add only an oxygen atom to form the
fullerene epoxide C60O, the next to add instead the
slightly larger CH2 group to form C61H2 [7]. The ef-
fect of perturbing the icosahedral symmetry of C60 by
the addition of the O or CH2 side group upon orienta-
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tional order-disorder and glass transitions in solid C60
has been studied by a combination of high-resolution
capacitance dilatometry and single-crystal X-ray and
powder inelastic neutron scattering. Both fullerene
derivatives C60O (expoxide) and C61H2 (6.5-annulene)
are shown to undergo a sequence of transitions similar
to that found in pure C60.

Although the structure and phase behaviour of
C61H2 have been studied at zero-pressure [7, 8], little
is known about its properties under high pressure, es-
pecially its thermodynamic properties at high temper-
ature and pressure. Lundin et al. [7] have therefore in-
vestigated the equation of state of C61D2 (which should
have physical properties practically identical to those
of C61H2) using the same equipment [9] and method
as applied previously to C60 [10, 11] and C70 [12].
Lundin et al. [7] have fitted the Murnaghan equation
to their experimental data, and have found a linear de-
pendence of the bulk modulus on the pressure within
the whole experimental pressure range. Although the
scatter in the data of the bulk modulus is prominent,
they concluded that the addition of a CH2 side group
to C60 does not give a large effect on the bulk mod-
ulus, and the side group dwells in the intermolecular
interactions remained those between C60 “bellies” [7].
The present paper is concerned with the calculation
of the thermodynamic properties of fcc C61D2. The
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research on the thermo-physical properties of solid
C61D2 would be helpful for understanding the struc-
ture and phase properties of C60 and its derivatives. It is
shown in the following sections that some conclusions
deduced in the present paper are different from those of
Lundin et al.

Several years ago, Wang et al. proposed the analytic
mean field potential (AMFP) method [13 – 16], and
they applied it to many materials. Bhatt et al. [17, 18]
further applied the AMFP method to lead and alkali
metals, and concluded that in comparison with other
theoretical models the AMFP method is computation-
ally simple, physically transparent and reliable in the
study of thermodynamic properties at high pressures
and high temperatures. Recently, Sun et al. proved
that the AMFP method is an analytic approximation
of the free volume theory (FVT) [19]. The FVT is a
mean field approximation to the thermal contribution
of atoms to the Helmholtz free energy of crystalline
phases. Many authors have shown that the FVT can
soundly include anharmonic terms which are important
at high temperatures [20 – 22]. It is convenient to de-
velop simple analytic equation of state (EOS) through
the AMFP method in some cases, whereas the com-
plete FVT fails. Sun have applied the AMFP method to
solid C60 by the aid of the Girifalco potential [23]. The
numerical results agree well with the MD simulations
and are superior to the CUST of Zubov et al. [24, 25].
This verifies that the AMFP method is a convenient ap-
proach to consider the anharmonic effect at high tem-
peratures.

As was pointed out by Girifalco [26, 27], the atoms
in C60 molecules are held together by strong chemical
bonds, while the interactions among these molecules
in the fcc solid arise from van der Waals-type forces
and are much weaker. To a good approximation, there-
fore, the thermal properties of fcc C60 can be treated
as the sum of those resulting from intermolecular
vibrations and those arising from intramolecular vi-
brations [26, 27]. Here we also mention the inter-
moleculear contributions for the solid fcc C61D2, as
has been done by Girifalco [27] for C60. Consider-
ing that the Girifalco potential [28 – 30] is too hard
and gives compression curves prominently deviating
from experiments at high pressure, whereas the Morse
potential [31] can well describe the thermo-physical
properties of most materials within wide pressure
ranges, we utilize the double-exponential potential (an
extended Morse potential) instead of the Girifalco po-
tential.

The present paper is organized as follows. In Sec-
tion 2 we derive an analytic equation of state based on
the AMFP approach. In Section 3 the parameters of the
double-exponential potential are determined by fitting
experimental data of solid C61D2, and the numerical
results are compared with experiments. In Section 4
the conclusion is presented.

2. Analytic Equation of State

In the poly-exponential potential

ε(s) = ε0

m

∑
j=14

Cj exp[λ j(1− r/r0)] (1)

r0 is the equilibrium distance and ε0 the well depth. For
the double-exponential potential we have m = 2, and

C1 = λ2/(λ1 −λ2), C2 = −λ1/(λ1 −λ2). (2)

The two parameters λ1 and λ2 describe the decay of
the potential versus the radial coordinate r.

In terms of the FVT, the free energy can be ex-
pressed as [19, 23, 29, 30]

F
NkT

= −3
2

ln(2πµkT/h2)+
u(0)
2kT

− lnvf, (3)

where µ is the mass of the C61D2 molecule. u(0) is the
potential energy of a molecule, as the lattice is static,
and vf is the free volume:

u(0) = ∑
i�=0

ziε
(

Ri

r0

)
= ∑

i�=0
ziε

(
δ

a
r0

)

= ∑
i�=0

ziε(δiy),
(4)

vf = 4π
rm∫
0

exp[−g(r,V )/kT ]r2dr, (5)

where Ri = δia is the distance of molecules in the i-
th shell with the centre molecule at i = 0, a is the
nearest-neighbour distance. zi and δi are structural con-
stants (the values for the fcc structure have been given
in [32]), g(r,V ) is the potential energy of a molecule as
it roams from the centre to a distance r. In terms of the
AMFP approach [13 – 19], g(r,V ) can be expressed by
the static energy Ec(a) of a molecule:

g(r,V ) =
1
2

[(
1 +

r
a

)
Ec(a + r)

+
(

1− r
a

)
Ec(a− r)−2Ec(a)

]
,

(6)
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Ec(a) =
1
2

u(0) =
1
2 ∑

i�=0
ziε(δ ,y). (7)

rm = (3a3/4πγ)1/3 ≈ a/2 is the Wigner-Seitz radius,
which can be approximated by the largest displacement
of the centre molecule. γ is the structure constant; for
the fcc structure it is

√
2.

The volume of a fcc solid is V = Na3/γ . For simplic-
ity, we introduce the dimensionless reduced free vol-
ume ṽf, the reduced volume y, and the reduced radial
coordinate x as follows:

vf = 4πa3ṽf = 4πγVṽf, (8)

y = a/r0 = (V/V0)1/3, (9)

V0 = N(r0)3/γ, (10)

x = r/a, xm =
rm

a
≈ 1

2
. (11)

The reduced free volume ṽf and its derivatives with re-
spect to temperature and reduced volume can be ex-
pressed as

ṽf =
xm∫
0

exp[−g(x,y)/kT ]x2dx, (12)

ṽfa = T
∂

∂T
ṽf

=
1

kT

xm∫
0

exp[−g(x,y)/kT ]g(x,y)x2dx,
(13)

ṽfb = − ∂
∂y

ṽf

=
1

kT

xm∫
0

exp[−g(x,y)/kT ]
∂
∂y

g(x,y)x2dx.
(14)

Here g(x,y)≡ g(r,V ). Combining (5), (8) and (11), we
have

g(x,y) ≡ g(r,V )

≈ 1
4 ∑

i�=0
zi

[
(1 + x)ε(δiy + δiyx)

+ (1− x)ε(δiy− δiyx)−2ε(δiy)
]
,

(15)

∂
∂y

g(x,y) ≈ 1
4 ∑

i�=0
ziδi

[
(1 + x)2ε ′(δiy + δiyx)

+ (1− x)2ε ′(δiy− δiyx)−2ε ′(δiy)
]
,

(16)

ε ′(s) = −ε0 ·
m

∑
j=1

λ jCjeλ j(1−s). (17)

The compressibility factor and internal energy can be
derived as

Z =
PV

NkT
= − y

3
∂
∂y

f
NkT

=
PcV
NkT

+
PfV
NkT

, (18)

PcV
NkT

= − y
6kT

∂
∂y

u(0), (19)

∂
∂y

u(0) = ∑
i�=0

ziδiε ′(δiy), (20)

PfV
NkT

= 1 +
y

3ṽf

∂
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ṽf = 1− yṽfb

3ṽf
, (21)

U
NkT

= −T
∂
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F

NkT
=

3
2

+
u(0)
2kT

+
T
ṽf

∂ṽf
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=
3
2

+
u(0)
2kT

+
ṽfa

ṽf
,

(22)

where Pc is the cold pressure and Pf the thermal pres-
sure deduced from the free volume.

By using the above equations, all other thermo-
dynamic quantities can be analytically derived. The
derivations are straightforward. However, the expres-
sions for the thermal expansion coefficient, compress-
ibility coefficient and isochoric heat capacity are re-
dundant; we would calculate these quantities by us-
ing numerical differentiation instead of the analytic ex-
pressions. The compressibility factor can be seen as a
function of the variables y and T , Z = Z(y,T ). In terms
of the function, the formulas for the thermal expansion
coefficient, compressibility coefficient and isochoric
heat capacity can be reduced to the following form:

α =
1
V

(
∂V
∂T

)
P

=
3
y

(
∂y
∂T

)
P

=

[
Z
T

+
(

∂Z
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)
y

][
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( y
3

)(
∂Z
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)
T

]−1

,

(23)

β = − 1
V

(
∂V
∂P

)
T

= −3
y

(
∂y
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)
T

=
(

Vdy3
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( y
3

)(
∂Z
∂y

)
T
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,

(24)

CV

Nk
=
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Nk
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)
V

=
u

NkT
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∂
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(
U

NkT

)
y
. (25)
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In our calculations it is found that following the steps
of the numerical differentiations in (23) – (25) can
reach stable numerical results, ∆T = 0.00001 · T and
∆y = 0.00001y.

3. Numerical Results and Discussion

In this section we apply the above formalism to fcc
C61D2. We notice that one nonphysical phenomenon
exists in the original experimental data of Lundin et
al. [7]. In terms of the thermodynamic laws, the pres-
sure should be an increasing function of the temper-
ature. However, the experimental data of Lundin et
al. [7] showed the contrary tendency, i. e. the pressure
decreases as the temperature increases, as shown in
Figure 1. They [7] have not explained the abnormal
phenomena. Lundin et al. [7] gave three sets of exper-
imental data at 175, 307 and 343 K. Their analysis ex-
hibited that the solid C61D2 can exist in an sc and fcc
phase at low- and high-temperature regions, and the
sc-to-fcc transformation temperature is about 290 K.
In terms of these results, we propose a possible expla-
nation for the abnormal phenomena. At 175 K solid
C61D2 exists in the sc phase; it has a low density.
At 343 K solid C61D2 exists in the fcc phase; it has
a high density. As the two phases have compressed to
the same high density, the sc phase must have a higher
compression ratio V/V0 than the fcc phase; thus the sc
phase (at low temperature) has a higher pressure than
the fcc phase (at high temperature). At 307 K solid
C61D2 may exist as a mixture of sc and fcc phases.
The corresponding compression curve locates between
the two curves at 175 and 343 K. Because our work
mainly aimed to fit the experimental data by using the
AMFP method approach and predict other thermody-
namic properties of C61D2, we feel it is difficult to
give a sound explanation for the abnormal phenom-
ena within the AMFP method theoretical framework
of this paper. However, we think the present work may
provide some issues for solving the problem.

Considering the three isothermals measured by
Lundin et al. [7] at three temperatures (175, 307
and 343 K) and that the sc-to-fcc phase transition tem-
perature of C61H2 is about 290 K, we do not use the
experimental data at 175 K, since at this tempera-
ture C61D2 may freeze into an orientational glass. Al-
though we have tried to fit the data at 307 and 343 K
at same time, the fitting precision was not satisfac-
tory. We thus determined two sets of parameters for the
double-exponential potential by fitting the data at 307

Fig. 1. Pressure as a function of density for fcc C61D2
at 343 K and 307 K by using the parameters of (26) and (27),
respectively. Comparison of the results of our calculation
(lines) with the experimental data (circles).

and 343 K, respectively. The experimental data and
smoothed fitting curves are plotted in Figure 1. The fig-
ure shows that the fitting precision is satisfactory. The
determined values of the parameters are as follows:

λ1 = 2.84, λ2 = 46.2,

r0 = 1.0092 nm, ε0 = 1660 K (343 K),
(26)

λ1 = 2.70, λ2 = 54.0,

r0 = 1.0094 nm, ε0 = 1710 K (307 K).
(27)

Equations (26) and (27) show that the difference be-
tween the two sets of parameters is small except for λ2
the difference of which is about 20%.

Lundin et al. [7] have used the Murnaghan EOS
to analyze their experimental data, and found that the
bulk modulus at zero-pressure and 307 K is 6.4 GPa,
which was in agreement with the value 6.8 GPa of solid
C60 measured by themselves. Combining the lattice
constant 1.419 nm of C61H2 at ambient temperature
is in accordance with that of solid C60, they concluded
that the side groups dwell in intermolecular voids in
the lattice and the main intermolecular interactions re-
main those between C60 “bellies”. However, in Fig. 2
we plot the potentials for C61D2 molecules and C60
molecules. The figure shows that the well depth of
C60 molecules is about 3200 K, deduced from both
the Girifalco potential and the double-Yukawa poten-
tial [26, 30], far larger than 1660 and 1710 K given
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Table 1. Thermo-physical properties of the fcc phase of
C61D2 at zero-pressure calculated by using the parameters
determined from the experimental data at 343 K: the lattice
constant a in nm, the linear thermal expansion coefficient α
in 10−5 K−1, the bulk modulus BT in kbar, the heat capac-
ity CV in kJ ·mol−1 ·K−1.

T a α BT CV
100 1.4054 2.7581 54.081 24.187
200 1.4094 2.9840 46.882 23.497
400 1.4186 3.5519 34.505 22.191
600 1.4298 4.3234 24.563 20.947
800 1.4436 5.3795 16.824 19.742

1000 1.4612 6.8409 11.031 18.577
1200 1.4843 8.9485 6.8410 17.465
1400 1.5158 12.440 3.8450 16.416
1600 1.5647 20.964 1.6585 15.399
1700 1.6074 36.382 0.7549 14.846
1760 1.6638 118.90 0.1763 14.387
1768 1.6922 808.96 0.0229 14.235

Fig. 2. Comparison of the double-Yukawa potential of the
C60 molecules [30] with that of the C61D2 molecules by us-
ing the parameters of (26) and (27), respectively.

by (26) and (27) of C61D2 molecules. The result is
different from the conclusion of Lundin et al. [7], and
shows that the intermolecular interaction between the
C61D2 molecules deduced from the experimental data
available at present is weaker than that between the C60
molecules.

In Tables 1 and 2, the calculated thermodynamic
properties at zero-pressure and different temperatures
by using the parameters (26) and (27) are listed, re-
spectively. The spinodal point Ts is the temperature sat-

Table 2. The same as for Table 1, but the parameters are de-
termined from the experimental data at 307 K.

T a α BT CV
100 1.4073 2.6030 65.856 24.112
200 1.4111 2.8283 56.511 23.361
400 1.4199 3.3923 40.789 21.955
600 1.4305 4.1429 28.588 20.637
800 1.4438 5.1246 19.467 19.392

1000 1.4604 6.3887 12.910 18.232
1200 1.4816 8.0564 8.2952 17.175
1400 1.5090 10.534 5.0167 16.230
1600 1.5475 15.314 2.6178 15.371
1800 1.6163 34.196 0.7872 14.515
1850 1.6529 63.106 0.3564 14.251
1877 1.7180 744.98 0.0234 14.010

Fig. 3. Isothermal curves at 343 K (a) [or 307 K (b)], 500 K,
800 K, 1200 K calculated by using the parameters of (26)
and (27), respectively. The circles (◦) are experimental data.

isfying the condition BT (Ts) = 0. The system is insta-
ble for temperatures above Ts. From the two tables we
know that Ts is 1768 K and 1877 K for the parame-
ters (26) and (27), respectively. The two tables show
that the thermal expansion coefficient is an increasing
function of the temperature, whereas the bulk modu-
lus and the isochoric heat capacity are decreasing func-
tions of the temperature. The thermal expansion coef-
ficient becomes divergent and the bulk modulus tends
to zero near the spinodal temperatures.

In Figs. 3 – 8, the results of thermodynamic prop-
erties of solid fcc C61D2 calculated by using the
double-exponential potential are plotted. The isother-
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Fig. 4. Variations of the bulk modulus BT versus the pres-
sure P at the same temperatures as in Figure 3. The circles (◦)
are experimental data.

Fig. 5. Variation of the thermal expansion coefficient α ver-
sus the pressure P calculated by using the parameters of (26)
and (27), respectively.

mal curves at 343 K (or 307 K), 500 K, 800 K, 1200 K
calculated by using the parameters (26) and (27), re-
spectively, are plotted in Figure 3. The variations of

Fig. 6. Variation of the isochoric heat capacity CV versus the
pressure P calculated in this work.

Fig. 7. Variation of the free energy F versus the density ρ
at 343 K (a) [or 307 K (b)], 500 K, 800 K, 1200 K calculated
by using the parameters of (26) and (27), respectively.

the bulk modulus versus pressure at the same tempera-
tures are plotted in Figure 4. In the two figures, the ex-
perimental data available are also plotted for compar-
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Fig. 8. The same as for Fig. 7, but for the internal energy U .

ison as well as the isothermal curves at 500 K, 800 K
and 1200 K. The two figures show that the agreement
of theoretical results with experiments is satisfactory.
The difference between the variations of pressure ver-
sus density and bulk modulus versus pressure, calcu-
lated from the two sets of parameters, is small at low
density or pressure, and slightly enlightened at high
density or pressure conditions. But overall speaking,
the difference is not prominent.

Figures 5 and 6 plot the variation of the thermal ex-
pansion coefficient α and isochoric heat capacity Cv
versus pressure P at 343 K and 307 K, respectively.
Figure 5 shows that α is a decreasing function of pres-
sure; at low pressure the variation is fast, but at high

pressure, the variation slows down and shows some
saturation effect. Figure 6 shows that Cv is an increas-
ing function of pressure, and the variation is fast at low
pressure and slow at high pressure. Figures 7 and 8 plot
the variation of the free energy F and internal energy U
versus density ρ at four temperatures. The two figures
show that F and U are increasing functions of density
for all temperatures, and the variation at low tempera-
tures is faster than that at high temperatures. However,
F and U are increasing functions of temperature at
low-density condition. And the situation changes as the
density increases; F and U become decreasing func-
tions of temperature at high density.

4. Conclusion

In summary, expressions on the equation of state and
internal energy for a poly-exponential solid have been
derived, based on the AMFP method. The formalism
was applied to solid fcc C61D2. Two sets of potential
parameters were determined through fitting the exper-
imental compression data of C61D2 up to 1 GPa and
at 343 and 307 K, respectively. The difference between
the two sets of parameters was small, whereas the dif-
ference between the potential for the C61D2 molecules
and that for the C60 molecules was fairly prominent.
The reason is unclear at present. The calculated re-
sults agree well with the experimental data available
for solid C61D2. We think it is very necessary to make
more investigations on solid C61D2.
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