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From the combination of quantitative electron-diffraction data with X-ray- and neutron-diffraction
data (so-called three-beam experiment) the partial structure factors and pair correlation functions
of amorphous sputter deposited W28O72 were determined. On the basis of the experimental atomic
distances and coordination numbers, and by comparison with crystalline WO3, a structural model was
developed, which consists of twisted WO6 octahedra. Reverse Monte Carlo simulation in accordance
with the experimental data was performed to verify the results.
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1. Introduction

The so-called three-beam experiment, that is the
combination of electron-diffraction with X-ray- and
neutron-diffraction, has been considered frequently in
the past as a method for contrast variation. However,
in practice the combination of electrons with other ra-
diations has been rarely applied, in contrast to that of
X-rays and neutrons. This is mainly due to two rea-
sons: (i) usually, the scattering contrast between elec-
trons and X-rays is very small, and the selection of a
suitable alloy, showing a favourable contrast, is cru-
cial; (ii) for electron-diffraction the effects of inelastic
scattering and multiple scattering are strong and thus
require careful energy filtering and correction proce-
dures.

Recently we published a method to obtain quan-
titative electron-diffraction data (that is the coherent
elastic scattering in absolute units) for amorphous sub-
stances [1]. In the present paper we show that amor-
phous (a) W28O72, exhibiting sufficient contrast be-
tween electron- and X-ray-diffraction, is a suitable sys-
tem for a three-beam experiment.

2. The Three-Beam Experiment

The structure of binary specimens is described by
three partial structure factors Si j(Q)[Si j(Q) = S ji(Q)].
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These determine the total structure factors Sk(Q) via
the so-called weighting factors Wk,i j (in matrix nota-
tion):

Sk(Q) = Wk,i j(Q)Si j(Q), (1)

where i, j denote the atomic species 1 and 2 and k
the kind of used radiation, namely electrons (E),
X-rays (X), and neutrons (N), respectively. The
weighting factors according to the Faber-Ziman defi-
nition [2] are given by the atomic fractions c i and the
scattering lengths fi(Q) of the constituents:

Wk,i j = cic j f (Q)k,i f (Q)k, j/〈 f (Q)〉k
2, (2)

where 〈 f (Q)〉k is the composition-averaged scatter-
ing length. For electrons and X-rays the terms in (1)
depend on the modulus of the momentum transfer,
Q = (4π sinθ )/λ , where 2θ is the scattering angle
and λ the wavelength of the radiation. From three ex-
perimentally determined total Sk(Q) the partial Si j(Q)
can be calculated by inversion of the system of equa-
tions (1), provided that there is a contrast between the
three experiments, i. e., the weighting factors in the
three equations are different. The normalized deter-
minant of the Wk,i j , taking values between 0 and 1,
presents a measure of the contrast. While the contrast
between X-rays and neutrons can be quite large, it is
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generally rather small between X-rays and electrons.
This is due to the fact that the ratio of the scattering
lengths of two elements is not very different for X-rays
(scattering from the electron shell) and electrons (scat-
tering from the electron shell and from the nucleus).
As a criterion for a successful contrast variation, using
electrons and X-rays, the vector productCCC of the corre-
sponding two rows of the determinant of the Wk,i j can
be taken:

CCC =
1√

W 2
E,ii +W 2

E,i j +W2
E, j j


WE,ii

WE,i j
WE, j j




× 1√
W 2

X,ii +WX2
X,i j +W2

X, j j


WX ,ii

WX ,i j

WX , j j


.

(3)

The value of CCC lies between 0 and 1. Consideration of
the dependence of the scattering lengths on the atomic
number and on the momentum transfer reveals that
the combination of a light element from the upper
right hand side of the periodic table with a heavy el-
ement in a binary system with higher atomic fraction
of the light element favours a good contrast. Based on
these criterions, a-W28O72 was chosen for the present
three-beam experiment with a binary amorphous al-
loy. The scattering lengths for the calculation of C (and
for the evaluation of the experimental scattering data)
were taken from [3] for neutrons, and from [4] (elastic
and Compton scattering) and [5] (anomalous disper-
sion) for X-rays. For electrons (120 keV) the scattering
lengths were calculated on the basis of values from [6],
using a computer program from [7] (the values for neu-
tral atoms were taken; see [8] for details). The values
of C for the tungsten oxide W28O72, plotted in Fig. 1
versus the momentum transfer Q, are in the range 0.1 –
0.25 and thus indeed indicate a rather good contrast in
this case.

3. Experimental Procedures

3.1. Preparation of the Specimens

A reliable three-beam experiment can only be
done if the specimens used for electron-, X-ray-, and
neutron-diffraction are prepared in an identical way. In
the present case this was the rf sputtering technique,
using a Leybold-Heraeus sputtering machine of type
Z 400 and a WO3 target (Target Materials, Inc., pu-
rity 99.99%). For the electron-diffraction experiment a
film with thickness of about 100 Å was sputtered on a

Fig. 1. Contrast C according to (3) between electron- and
X-ray diffraction.

freshly cleaved rock salt substrate. The substrate was
removed with de-ionized water, and the amorphous
film was collected on a copper grid with 10 µm mesh
width, which then was used as sample holder in the
electron microscope. For the X-ray-diffraction speci-
mens with thickness of about 30 Å the substrate was
a 30 µm thick Mylar R© foil, which after fixing on
a brass frame was used as sample holder. For the
neutron-diffraction experiments the material was sput-
tered on a 50 µm thick Al foil, which afterwards was
removed with a NaOH/water solution. About 8 g of the
remaining amorphous tungsten oxide were filled into a
vanadium cylinder as sample holder.

Chemical analysis of the sputtered tungsten oxide,
using X-ray fluorescence for tungsten and carrier-gas
hot extraction for oxygen, yielded the composition
W28O72 with an uncertainty of about 0.5 at% and
traces of a contamination with hydrogen.

The density was determined using the Archimedean
method as well as X-ray reflectometry for the sputtered
films and mercury porosimetry for the granular neutron
sample. An average value of 8 g/cm3 was used for the
data evaluation.

3.2. Diffraction Experiments and Evaluation of Total
Structure Factors

The diffraction experiments and the data correction
procedures were performed in the same way as de-
scribed in [1] and in detail in [8]. In particular, for
the electron-diffraction experiment it was essential to
suppress the inelastic scattering contribution by us-
ing the 120 keV electron microscope Zeiss EM 912
Omega, which is equipped with a so-called Omega-
filter and a CCD-camera [9], and to apply a correction
procedure for multiple scattering. X-ray-diffraction
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Fig. 2. Total structure factors S(Q); — experimentally ob-
tained with three different radiations; --- from RMC simula-
tion.

was done using a laboratory-built X-ray diffractome-
ter. The Ag Kα radiation from an Ag tube was selected
by using a lithium drifted silicon-detector and a multi
channel analyser. Neutron-diffraction was done with
the diffractometer D4 at the Institute-Laue-Langevin
(ILL), Grenoble, using λ = 0.4997 Å. The neutron-
diffraction experiment revealed that it was necessary to
correct for an additional Q-dependent inelastic scatter-
ing contribution, caused by a small amount of hydro-
gen contained within the sample. This correction was
done by Fourier-filtering (for details see [8]).

With all radiations, data up to Q = 20 Å−1 could be
collected.

4. Results and Discussion

4.1. Total Structure Factors

The total structure factors Sk(Q) as obtained from
the three diffraction experiments using electrons,
X-rays and neutrons, respectively, are shown in Fig. 2
(solid lines). The X-ray curve and the neutron curve ex-
hibit a distinct contrast due to the different weighting
factors of the partial Si j(Q) in (1) for the two radia-
tions (for X-rays, scattering from W is much stronger
than from O, while for neutrons, scattering from O
is stronger than from W ). But also for electrons and
X-rays a contrast occurs, mainly in the range of the
first maximum. These features indicate that a-W28O72
is a suitable system for a three-beam experiment.

4.2. Partial Structure Factors and Pair Correlation
Functions

From the three total structure factors the partial

Fig. 3. Partial structure factors Si j(Q), experimental.

Fig. 4. Partial reduced pair distribution functions Gi j(R); —
experimental; --- from RMC simulation; –•– −4πρoR line,
shown for the curve on top.

structure factors SWW(Q), SWO(Q) and SOO(Q) were
obtained by inversion of equations (1) and are pre-
sented in Figure 3. The partial reduced pair distribution
functions Gi j(R) were calculated by Fourier transfor-
mation of the partial Si j(Q) according to:

Gi j(R) = 4πR(ρi j/c j −ρ0)

=
2
π

∞∫

0

(Si j(Q)−1) Qsin(QR) dQ,
(4)

where ρi j(R) is the local atomic number density of j-
atoms at a distance R from an i-atom at R = 0, and ρ0
is the average atomic number density. The three partial
Gi j(R) in Fig. 4 (solid lines) show pronounced maxima
up to about R = 6 Å. For larger R-values the curves
are only weakly oscillating, indicating a rather limited
extension of the short-range order.

The atomic distances Ri j were taken from the po-
sitions of the peaks of Gi j(R). For the determina-
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Table 1. Atomic distances Ri j and partial coordination num-
bers Zi j ( j around i).

i- j Peak Ri j [Å] Zi j

O-W 1 1.85 1.7
2 2.69 0.4
3 3.87 13

W-O 1 1.85 4.4
2 2.69 1.1
3 3.87 33

O-O 1 2.79 14
2 5.1 41

W-W 1 2.57 1.2
2 3.67 4.9
3 5.2 19

tion of the coordination numbers Zi j [from the ra-
dial distribution functions RDFi j(R) = 4πR2ρi j(R) =
(Gi j(R)/4πR + ρ0)c j] two methods were used: Inte-
gration over the maxima between the adjacent min-
ima and fitting (one or several) Gaussian curves to
the maxima, respectively. Both methods yielded essen-
tially the same values. (For the second peak of GWO(R)
at R = 2.69 Å, which lies below the −4πRρ0 line, the
area was limited by a straight line, connecting the ad-
jacent minima.) The atomic distances and coordination
numbers (obtained by integration) are compiled in Ta-
ble 1.

4.3. Phenomenological Structure Model for a-W28O72

In the following presentation of a structural model
for a-W28O72, reference is also made to the structure of
crystalline (c) WO3 [10]. In c-WO3 each tungsten atom
is at the centre of an oxygen octahedron. The WO 6 oc-
tahedra are linked via a common oxygen atom. Ac-
cording to the structure proposed in [11] the ranges
of distances occurring in c-WO3 are for W-O: 1.51 –
2.27 Å, for O-O: 2.46 – 2.84 Å and for W-W: 3.65 –
3.82 Å.

From Fig. 4 and Table 1 the following conclusions
on the atomic arrangement in a-W28O72 can be ob-
tained:

(i) GWO(R) shows a sharp peak at 1.85 Å with a
half width of 0.34 Å.

(ii) The distance corresponding to the main max-
imum in GWW(R) at 3.67 Å is slightly smaller than
the doubled W-O distance of 2 ·1.85 Å = 3.70 Å. This
indicates that two W-atoms are linked together via
an oxygen atom with an average W-O-W bond angle
of 165◦.

(iii) The coordination numbers ZWO = 4.4 and
ZOW = 1.7 are smaller than the corresponding values 6

and 2 in c-WO3. This suggests that in a-W28O72, hav-
ing a lower oxygen content than c-WO3, part of the
W-atoms have no direct O-neighbours.

(iv) In c-WO3 the coordination numbers ZOO in the
first (R ≈ 2.65 Å) and second (R ≈ 3.75 Å) coordina-
tion spheres are 8 and 6, respectively. In a-W28O72 this
separation is smeared out, and we observe one main
maximum at R = 2.79 Å, which is broadened by a
satellite at 2.04 Å and a shoulder at 3.2 Å, with co-
ordination number ZOO = 14.

(v) Twice the first W-O distance yields 3.7 Å. At
this position GOO(R) shows a minimum. Thus, struc-
tures with a W-atom lying just in the middle between
two O-atoms can be excluded.

(vi) In c-WO3, W-W distances occur be-
tween 3.65 Å and 3.82 Å with coordination number
ZWW = 6. In a-W28O72 the coordination number for
the main W-W peak at R = 3.67 Å amounts to the
slightly smaller value of ZWW = 4.8.

(vii) GWW(R) shows a maximum at R = 2.57 Å
in front of the main peak with coordination num-
ber ZWW = 1.2. This distance is smaller than the short-
est W-W distance of 2.74 Å in cubic body centred W ,
but it agrees well with the distance of 2.6 Å occurring
in molecules with covalent W-W bonds (see e.g. [12]).
Thus it may be suggested that in a-W28O72, also be-
cause of the higher W-content, direct W-W pairs exist,
which is not the case for c-WO3.

(viii) In GWW(R) the following relationships be-
tween distances exist:

1st maximum:
√

2×2.57 Å = 3.63 Å
→ 2nd maximum,

1st maximum:
√

3×2.57 Å = 4.45 Å
→ shoulder on 3rd maximum,

1st maximum: 2×2.57 Å = 5.14 Å
→ 3rd maximum,

2nd maximum:
√

2×3.67 Å = 5.12 Å
→ 3rd maximum.

These relations indicate that in the structure a frac-
tion of the W-atoms is embedded in a cubic-type ar-
rangement. In particular, the first relation shows that
two W-atoms at the distance of 3.63 Å can be linked
by a third W-atom, thus forming a rectangular W-W-W
triangle.

Using the properties of GOO(R) and GWO(R), a
structural unit for a-W28O72 can be derived, starting
from a WO6 octahedron (Fig. 5a), which is the struc-
tural unit in c-WO3. By rotating the upper O-triangle
by 45◦ (not by 60◦!) the basic unit for a-W28O72 is
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Fig. 5. Structural units: (a) octahedron of six O-atoms around
a W-atom occurring in c-WO3; (b) basic unit in a-WO3: the
upper three O-atoms are rotated by 45◦; (c) connection type
B: two basic units are linked via a common W-atom.

obtained (Fig. 5b), which presents an intermediate ar-
rangement between an octahedron and a trigonal prism
(in fact, a distribution of rotation angles around 45 ◦
has to be assumed). This unit describes well the exper-
imental distances and has the following properties:

(i) There are no O-atoms in direct opposition (along
z-direction).

(ii) The W-O-distance amounts to 1.85 Å.
(iii) The main peak in GOO(R) lies at 2.79 Å. This

distance is larger than the O-O distance
√

2 ·1.85 Å =
2.62 Å in a regular octahedron with a W-O-distance
of 1.85 Å. Thus the structural unit of a-W28O72 must
be slightly compressed in z-direction, leading to an ex-
pansion of the two O-triangles in the x,y plane (if the
W-O distance is fixed), with an O-O distance of 2.79 Å,
and to a shortening of the distance in z-direction be-
tween the planes of the two O-triangles.

(iv) The shortest O-O-distance in this unit is
about 2 Å and corresponds to the satellite in GOO(R).

For the connection of the basic structural units, con-
stituting the amorphous body, we propose two types:

Type A: Connection via a common O-atom. Here, a
W-O-W connection occurs with an angle of 165◦ and
a W-W distance of 3.67 Å, as described above. The
broad third peak of GWO(R) at 3.87 Å can be assigned
to the distances between a W-atom and the O-atoms

of the neighbouring basic unit. This type of connec-
tion corresponds to models of corner-sharing WO 6
octahedra as proposed in previous papers on the ba-
sis of X-ray diffraction experiments only (no partial
functions) with amorphous tungsten oxides prepared
by different methods: By evaporation and by reac-
tive sputtering in [13], by electron beam evaporation
at different substrate temperatures, including a post-
deposition annealed sample in [14], and by thermal
evaporation and by anodic oxidation in [15]. Compar-
ison of the results, including the present ones for a
sample sputtered from a tungsten oxide target, shows
that the short range order, e.g., density and coordina-
tion numbers, depends on the method of production.

Type B: A second type of connection via a common
W-atom is proposed on the basis of the partial corre-
lation functions derived in the present work: Two ba-
sic structural units are linked via a third tungsten atom
as shown in Figure 5c. The three W-atoms form an
isosceles rectangular triangle, where the length of the
cathetes corresponds to the first maximum of GWW(R)
at 2.79 Å and the length of the hypotenuse to the sec-
ond maximum at 3.67 Å. In this way, further basic
units can be linked to the cluster, forming chains of
W-atoms. For the connection type B the experimen-
tal coordination number ZWO = 4.4 (Table 1), smaller
than 6, can be explained: The two W-atoms in the cen-
tres of the basic units have 5 O-neighbours, and the
connecting W-atom for spatial reasons even less neigh-
bours (which are not shown in Fig. 5c).

The coordination number ZWW = 1.2 (Table 1) can
be interpreted as average of both types of connection,
where for type A no direct W-neighbours and for type B
one and two or more W-neighbours can occur.

The structural data as obtained so far by the present
three-beam experiment can be explained by two types
of connection of a basic structural unit (Fig. 5b). This
model shall now be checked by a Monte Carlo simula-
tion.

4.4. Reverse Monte Carlo Simulation

An amorphous W28O72 cluster was generated em-
ploying the Reverse Monte Carlo (RMC) method [16].
First, a crystalline ensemble of 11 · 11 · 11 simplified
octahedral WO3 unit cells was constructed. Then ran-
domly chosen O-atoms were removed from the ensem-
ble until the composition W28O72 of the starting con-
figuration was reached. During the RMC runs the clos-
est atomic distances were set at 1.5 Å for W-W and
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Fig. 6. Bond angle dis-
tributions from RMC
simulation for W-W-W
triplets (a,b), and for
O-O-O triplets in coor-
dination shell around a
central O-atom (c), and in
coordination shell around
a central W-atom (d).
The bars show the dis-
tributions for c-WO3.
The distance ranges used
for the calculation are
indicated.

W-O and 1.9 Å for O-O, and no constraint for coor-
dination numbers was applied. The RMC refinement
was carried out by minimization of the mean squared
difference between the experimental total structure fac-
tors and those calculated from the RMC cluster.

The results are displayed in Fig. 2 (dashed lines).
The overall agreement between the experimental and
model curves shows that an atomic configuration is
possible, which is consistent with the diffraction data
obtained with the three different radiations. Only in the
range of the first maximum in each case slightly dif-
ferent amplitudes occur (which did not improve with
longer RMC runs).

Figure 4 shows the partial pair distribution func-
tions as obtained experimentally (solid lines) and by
RMC simulation (dashed lines). The RMC curves ex-
hibit smaller amplitudes than the experimental ones
with exception of the main peak of GWW(R).

From an analysis of the RMC cluster the histograms
of coordination numbers were obtained. A comparison
of the average values of the histograms with the experi-
mental coordination numbers in Table 2 shows that the
agreement between the coordination numbers obtained
experimentally and by RMC simulation of a-W28O72
is very good and deviates only in the case of the O-O
coordination.

In Fig. 6 the bond angle distributions for triples
of the same type of atoms, W-W-W and O-O-O, are
shown as obtained from analysis of the RMC cluster
of a-W28O72 together with the corresponding angles
in c-WO3. The following points are of interest:

Table 2. Partial coordination numbers Zi j ( j around i) for the
RMC cluster, from experiment and for crystalline c-WO3.
The distance-ranges used for the analysis of the RMC cluster
are indicated.

R-range Coordination number Zi j

i- j [Å] RMC exp. c-WO3

O-W < 2.5 1.8 1.7 2
W-O < 2.5 4.6 4.4 6
O-O < 3.8 12 14 8
W-W 3.0 – 4.0 5.4 4.9 6

(i) In the W-W-W angular distribution for RWW <
3 Å [i.e., for W-W pairs corresponding to the first max-
imum in GWW(R)] only angles larger than 80◦ with a
maximum at 90◦ occur (Fig. 6b). The corresponding
distribution of coordination numbers for R WW < 3 Å
yields that single (41%), double (22%) and triple (5%)
W-W coordination occurs (32% W-atoms have no
W-neighbours). The ratio 2 : 1 of single and double
coordination agrees with the connection type B as
shown in Fig. 5c, where the two W-atoms in the cen-
tre of the basic units have one W-neighbour (the con-
necting W-atom), and the connecting W-atom has two
W-neighbours.

(ii) The W-W-W angular distribution for RWW = 3 –
4 Å shows pronounced maxima at 28◦, 42◦ and 60◦
as well as a broad peak at 90◦, which also occurs as
W-W-W angle in c-WO3 (Fig. 6a).

60◦: Three W-atoms form an equilateral triangle
with side length 3.67 Å.

42◦: This angle occurs in an isosceles triangle with
leg length 3.67 Å and base length 2.57 Å.
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Fig. 7. Bond angle dis-
tributions from RMC
simulation for O-W-O
triplets (a,b), and for
W-O-W triplets (c,d).
The bars show the dis-
tributions for c-WO3.
The distance ranges used
for the calculation are
indicated.

(iii) The O-O-O angular distributions for ROO <
3.8 Å (Figs. 6c and d) exhibit a maximum at 60◦ which
belongs to the equilateral O-O-O triangles of the ba-
sic structural unit (Fig. 5b). The O-O-O angular dis-
tribution of triplets belonging to a coordination shell
around a central W-atom (Fig. 6d) shows a second
maximum at 90◦. The rotation of the upper O-O-O tri-
angle (Fig. 5b) by rotation angles around 45 ◦ leads to
a broad distribution of O-O-O angles around 90 ◦. The
O-O-O angular distribution around a central O-atom
(Fig. 6c) shows a similar run as the O-O-O angular dis-
tribution around a W-atom (Fig. 6d) but with the sec-
ond peak located at 115◦. This difference can be ex-
plained by assuming that the involved O-atoms belong
to neighbouring structural units or that they might have
no direct W-neighbours.

In Fig. 7 the bond angle distributions in the triples
O-W-O and W-O-W are shown. The following obser-
vations can be stated:

(i) The O-W-O and the W-O-W angular distribu-
tions for RWO = 3 – 5 Å [corresponding to the third
maximum in GWO(R)] extend over a large range of
bond angles and show certain similarities with those
for c-WO3 (Figs. 7a, c).

(ii) In the O-W-O distribution a pronounced peak
occurs at about 40◦ (Fig. 7a), which can be associ-
ated with a W-O distance of 3.87 Å [third maximum
in GWO(R)] and an O-O distance of 2.79 Å [first max-
imum in GOO(R)].

(iii) The O-W-O distribution for RWO < 2.5 Å [cor-
responding to the first maximum in GWO(R)] shows a

peak at 90◦ and two smaller components, around 65◦
and around 160◦ (Fig. 7b). This is in fair agreement
with the basic structural unit (Fig. 5b), because for this
many O-W-O angles amount to about 90◦, additional
angles occur around 65◦ and around 130◦ and (in con-
trast to a regular octahedron) no O-W-O angles occur
at 180◦.

(iv) The W-O-W distribution for RWO < 2.5 Å is
rather broad (Fig. 7d). The peak at about 140 ◦ probably
reflects the connection type A between the basic units.
This angle is somewhat smaller than the angle of 165◦
as calculated from the W-O and W-W distances (Sec-
tion 4.3).

In conclusion of this section, it can be stated that the
angular distributions derived from the RMC simulation
support the model cluster (Fig. 5b) proposed for the
structure of amorphous W28O72.

5. Summary

As expected from the consideration of scattering
contrasts, the combination of electron-, X-ray- and
neutron-diffraction, the so-called three-beam experi-
ment, can be successfully applied for the evaluation
of the partial structure factors and partial pair distribu-
tion functions of amorphous W28O72. In particular, the
existence of direct W-W correlations could be shown.
The structure can be described with a structural model
on the basis of a twisted WO6 octahedron as a basic
structural unit. The units are linked together either via
a common oxygen or by a common tungsten atom. Us-
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ing reverse Monte Carlo simulation, it was possible to
generate an atomic configuration agreeing with the ex-

perimental structural data and the proposed structural
unit.
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