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We investigate numerically the dynamics of paired bright solitons induced by the modulational
instability of two-component Bose-Einstein condensates. We derive the analytic gain spectrum by the
modulational instability in terms of the interspecies and intraspecies scattering constants and classify
the region where the instability occurs. The constraints on the interspecies and intraspecies scattering
constants for the existence of the paired bright solitons are found. Using numerical simulations, it
is shown that the paired bright solitons induced by the modulational instability exhibit complicated
dynamical behaviors depending on the sign and strength of the interspecies and intraspecies scattering
constants. – PACS numbers: 03.75.Fi, 05.30.Jp, 32.80Pj, 67.90.+z
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1. Introduction

The experimental realization of Bose-Einstein
condensation (BEC) in trapped dilute alkali atom
gases [1 – 3] has paved a new way to investigate vari-
ous fundamental properties of quantum fluids both the-
oretically and experimentally. One of the most inter-
esting achievements in the field of BEC was the ex-
perimental observation of binary mixtures of trapped
condensates [4 – 8]. The species in the mixture can
be atoms with different hyperfine states of the same
atom [4, 5], different F-spin orientations [7, 8], or
atomic-molecular BEC [9]. Several authors [10 – 16]
have investigated the structure and dynamics of the in-
teracting BECs from different perspectives.

It is expected that under interacting multicomponent
BECs solitons can be formed as a result of the modula-
tional instability (MI) which is an ubiquitous pattern-
forming mechanism occuring during wave propaga-
tion in nonlinear dispersive or dissipative media, such
as in fluid dynamics, in nonlinear optics, and plasma
physics [17]. The recent experimental observation of
matterwave bright solitons in BEC [18] has brought
considerable interests for explaining the origin in con-
nection with the MI [12, 19, 20]. The fact that two in-
teracting BECs may generate a purely growing MI has
been investigated by Timmermans [12], and was recal-
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culated by Shukla et al. [19] to modify the MI gain
spectrum. Recently, Carr and Brand [20] have shown
that bright solitons can be formed from the MI in an at-
tractive one-component BEC due to the s-wave scatter-
ing. More recently, Kasamatsu and Tsubota [21] have
shown the multiple domain formation caused by the
MI of two-component BECs in an axial symmetric trap
and explained the origin of the bright soliton train ob-
served by Miesner et al. [22].

Shukla et al. [19] have speculated that the MI-
induced solitons may saturate via the formation of dis-
persive shock waves or nonperiodic nonlinear BEC
waves by adopting the prediction by Inoue [23] in the
context of two nonlinearly coupled polarized trans-
verse waves in plasmas. However, no detailed numer-
ical simulations have been performed to understand
the behavior of MI-induced solitons yet. In particular,
the dynamics of paired bright solitons of spatially ho-
mogeneous two-component BECs in the limit of van-
ishing trapping potential have not been investigated,
which will be pursed in this work.

The paper is organized as follows: In Section 2 we
derive the analytic gain spectrum of the MI in de-
tail and investigate its dependence on the interspecies
and intraspecies coupling constants. In Section 3 we
find the constraints on the interspecies and intraspecies
scattering constants for the existence of paired bright
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solitons. We then numerically solve the coupled two-
component Gross-Pitaevski equations in the limit of
zero confining potential and investigate the dynamics
of paired bright solitons for attractive or/and repulsive
intraspecies and intraspecies scattering constants. The
conclusions follow in Section 4.

2. The Gain by Modulational Instability

We consider the coupled Gross-Pitaevski (GP)
equations for macroscopic wave functions ψ1 and ψ2
of interacting BECs at zero-temperature in the mean-
field approximation [24, 25],

i
∂ψ j

∂t
=

(
−1

2
m1

m j

2 +Vj +
2

∑
l=1

λ jl|ψ1|2
)

ψ j,

j = 1,2,

(1)

where Vj represents the trapping potential. These equa-
tions have been normalized to a dimensionless form
by setting h̄ = 1 and by using h̄ω1/2 as the energy
unit and ξ =

√
h̄/(m1ω1) as the length unit, where

m j and ω j denote the mass and trapping frequencies
of each species, respectively. The wave functions are
normalized as

∫ |ψ j|2dr = Nj, where Nj is the num-
ber of particles of species j. The characteristic trap
frequency ω1 is assumed to be the same for both
species [10]. The dimensionless coupling constants
λ jl = 4π(a jl/ξ )/(m1/m̃ jl), where m̃ jl = m jml/(m j +
ml), are related to the three scattering lengths a jl
(a12 = a21), representing the interactions between like
and unlike species. In the rest of paper we denote λ j j =
λ j for the intraspecies constant and λ jl = λ ( j �= l)
for the interspecies coupling constant. For simplicity,
we consider spatially homogeneous two-component
BECs with no trapping potentials for both species, i. e.,
V1 = V2 = 0. This means that the size of the boundary
of two condensates is much smaller than that of the
Thomas-Fermi radius, so that the effect of the poten-
tial on the boundary can be ignored [16, 24]. Finally,
we consider the quasi-1D BEC wave function limit, so
that ψ j(r, t) = ψ j(x,t) and 2ψ j(x,t) = ∂xxψ j(x, t), as
previously treated in [24, 25]. Thus, (1) can be writ-
ten as

i
∂ψ1

∂t
+

1
2

∂xxψ1 −λ1|ψ1|2ψ1 −λ |ψ2|2ψ1 = 0,

i
∂ψ2

∂t
+

η
2

∂xxψ2 −λ2|ψ2|2ψ2 −λ |ψ1|2ψ2 = 0,

(2)

where the mass ratio is defined as η1k = m1/mk so that
η11 = 1 and η ≡ η12. These equations are similar to
the coupled nonlinear Schrödinger equations with the
cross-phase modulation (XPM) term, which refers to
the nonlinear phase change of an optical field induced
by other copropagating fields in the context of fiber op-
tics [17].

We now consider the gain by MI which can be in-
duced by a small spatial fluctuation either by the in-
teracting two-component boundary or by the external
modulation in the form of photoassociating light ap-
plied to the atom-molecule condensate [11]. To ob-
tain the MI gain spectrum in terms of dimensionless
parameters, we introduce a slowly varying weak spa-
tially fluctuating field ε j(x, t) to the static homoge-
neous condensates in equilibrium with the amplitude
|ψ0

j |(>> |ε j(x, t)|),

ψ j(x, t) = [|ψ(0)
j |+ ε j(x, t)] exp [iφ j(t)] . (3)

Here, the phase φ j(t) is related to the static density of

each component (|ψ (0)
j |2 ≡ n j)

φ j(t) = −(λ jn j + λ n3− j)t. (4)

By substituting (3) with (4) into (2) and linearizing in
ε j(x, t), we obtain

iε̇ j +
η1 j

2
ε j,xx −λ jn j(ε j + ε∗j )

−λ n1/2
3− jn

1/2
j (ε3− j + ε∗3− j) = 0, j = 1,2.

(5)

We assume a general solution of the form

ε j = u j cos(Kx−Ωkt)+ iv j sin(Kx−Ωkt), (6)

where K and Ωk are the normalized dimensionless
wavenumber and the frequency of modulation, respec-
tively. After substituting this general solution into (5),
we require the determinant of the subsequent four ho-
mogeneous equations for u1, u2, v1, and v2 to be zero,
which yields a nonlinear dispersion relation as

(Ωk
2 −E1)(Ωk

2 −E2) = X2, (7)

where

E1 =
1
4

K2(K2 +4λ1n1), E2 =
1
4

ηK2(η K2 +4λ2n2),

X2 = λ 2n1n2ηK4. (8)
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Fig. 1. The MI gain spectra as functions of the interspecies coupling constant λ and the wavenumber K for several values of the
intraspecies coupling constants λ1 and λ2, the mass ratio η , and the ratio of the static number densities n2/n1. (a, b) The gain
plots for the attractive intraspecies coupling constants. The gain in (a) vanishes for λ in the region −

√
λ1λ2 < λ <

√
λ1λ2.

As the mass ratio and the density ratio increase, the gain does not vanish in the absence of the interspecies coupling constant,
as shown in (b). (c, d) The gain spectra for the repulsive intraspecies coupling constants. The magnitude and width of the gain
spectrum grow with increasing mass and density ratio in comparison of (c) with (d).

These equations agree with the expressions obtained
in [19] expected for the ratio of the two atoms η .
We observe from (7) that in the absence of the in-
terspecies interaction, i.e., X = 0, the modulation fre-
quencies Ωk = ±√E j( j = 1,2) are always real for
87Rb or 23Na atoms due to repulsive intraspecies s-
wave scattering: the system is modulationally stable.
However, for a BEC consisting of 7Li or 85Rb atoms
with attractive s-wave scattering, the system can be

modulationally unstable since the frequency can be
purely imaginary, i. e., Ωk = i|√E j|, depending on
the magnitude of the static BEC density and the in-
traspecies coupling constant, which has not been men-
tioned in the previous work [19]. A more compli-
cated MI gain spectrum for the two-component BECs
system in the presence of both interspecies and in-
traspecies scatterings, i.e., X �= 0, is expected. We
define the purely growing MI gain (viz. Ω k = iγ
where γ > 0) as

γ =
[
−1

2
(E2 + E1)+

1
2

√
(E2 + E1)2 + 4(X2 −E1E2)

]1/2

, (9)

which agrees with the result in [19] for η = 1. Obviously, the gain is real if the condition X 2 > E1E2 is satisfied
for some specific values of K, i. e.,

K2 <
−2λ2n2 −2ηλ1n1 + 2

√
(λ2n2 −ηλ1n1)2 + 4λ 2n2n1η

η
. (10)
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We plot in Fig. 1 the MI gain spectrum γ as func-
tions of λ and K, respectively, for some repulsive and
attractive intraspecies coupling constants. They show
characteristic dependences in the ranges of the param-
eters, such as the coupling constants, the mass ratio,
and the static number density. In particular, it is inter-
esting to note in Fig. 1a that even in the presence of
nonzero interspecies scattering, as long as the coupling
constant is in the region −√

λ1λ2 < λ <
√

λ1λ2, the
gain vanishes. On the other hand, as shown in Fig. 1b,
the gain is not only nonzero for the case of λ = 0 but
also it increases with higher η and n2/n1, in compari-
son with Figure 1a. We observe in Fig. 1c that for at-
tractive intraspecies coupling constants the gain does
not vanish at λ = 0 in contrast with Fig. 1a. Further-
more, it is also shown in Fig. 1d that the magnitude
and width of the gain spectrum grow with increasing
mass and density ratio. From these, we conclude that
two-component BECs can be modulationally unstable
regardless of the presence or the absence of the in-
terspecies coupling constant due to the MI gain’s de-
pendence on the strength of the intraspecies coupling
constants, the mass ratio, and the static number density
ratio.

In an experimentally accessible two-component
BECs system, such as the mixture of 87Rb|1,−1 >
and 85Rb|2,2 >, it has been demonstrated that one can
control the ratio of the intraspecies and interspecies
coupling constants in the range of 0 < λ1λ2/λ 2 < 1
by applying a bias magnetic field and taking advan-
tage of Feshbach resonances [26, 27]. Thus it maybe
interesting to investigate the dynamics of bright soli-
tons induced by the MI from the initial static densities
for the range of interspecies and intraspecies coupling
constants experimentally accessible now or in the fu-
ture.

3. Dynamics of Paired Bright BEC Solitons

In order to understand the dynamics of the bright
solitons induced by the MI, we numerically solve (2),
utilizing the split-step Fourier method taking the
Crank-Nicholson implicit scheme for time propagation
under periodic boundary conditions [28]. In the fol-
lowing analysis we investigate the effects of the inter-
species and intraspecies coupling constants on the dy-
namics of the bright solitons in the nonlinear regime.
In our numerical simulations we take the initial static
number densities as

ψ j(x,0) =
√

n j0 [1+ ε0 cos(Kx)], (11)

where ε0 is the small amplitude of spatial excitation to
start the MI, which may originate from an artificially
applied external noise [11] or the self-interference of
the BEC [20]. In the following we fix ε0 = 0.01 and
the wavenumber K = 1, and the initial static densities
for both atoms as n j0 = 1 for the sake of numerical
computations.

Before going further, we would like to know the
types of solitons allowed in (2). It is well-known in
the context of nonlinear optics that the coupled non-
linear Schrödinger equations with the XPM terms pos-
sess bright-dark, bright-bright, and bright-gray paired
solitons, preserving their shapes through the mutual in-
teraction [28]. Thus we expect to find similar paired
soliton solutions depending on the interspecies and
intraspecies coupling constants. The conditions for
the existence of bright soliton pairs can be sought
by solving (2) with the ansatz ψ j(x, t) = Q j (t −
x/v)exp[i(k jx−ω jt)], where Q j denotes a real soliton
shape function, k j and ω j represent the dimensionless
propagation constant and the frequency of the soliton
pairs, respectively. After some algebraic steps, we find
the solutions in the form

Q1 = B1 sech(W τ), Q2 = B2 sech(Wτ), (12)

where τ = t−x/v and W is the pulse width. The soliton
amplitudes can be found as

B2
1 =

W 2

v2

λ2 −ηλ
λ 2 −λ1λ2

, B2
2 =

W 2

v2

ηλ1 −λ
λ 2 −λ1λ2

. (13)

The requirement for real amplitudes, i.e., B2
1 > 0 and

B2
2 > 0, can yield some constraints for the paired bright

solitons. For simplicity we set the mass ratio η = 1.
Firstly, by considering the case of both the numerator
and denominator B2

1 and B2
2 being positive, we find

λ < λ1 and λ < λ2 and λ < −
√

λ1λ2, (14)

which are the constraints for the paired bright solitons.
Secondly, for the case of both the numerator and de-
nominator of B2

1 and B2
2 being negative, we find

λ > λ1 and λ > λ2 and −
√

λ1λ2 < λ <
√

λ1λ2, (15)

which yield 0 ≤ λ < 1 while λ1 ≤ −1 and λ2 ≤ −1.
Possible sets of the interspecies and intraspecies cou-
pling constants for the paired bright solitons can be di-
verse according to (13). For the above cases in (14) –
(15), we have run extensive simulations to find the fol-
lowing results.
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Fig. 2. Evolutions of paired bright solitons for an attractive interspecies coupling constant satisfying λ < −
√

λ1λ2. The
wavenumber K = 1 is so chosen that the MI initially produces seven density peaks. (a) and (b) are plots of |ψ1(x,t)|2 and its
contour, respectively. Attractive and repulsive interactions (scatterings) between the solitons are shown. (c) and (d) are plots
of |ψ2(x,t)|2 and its contour, respectively. The evolution of the second atom shows an identical dynamical pattern as (a).

3.1. Attractive Interspecies Scattering: λ < −√
λ1λ2

We consider the effects of the attractive interspecies
scattering on the evolution of initial static condensates.
Figures 2a and b show the evolution of the density
|ψ1(x, t)|2 and its corresponding contour plot, respec-
tively, for the attractive interspecies and repulsive in-
traspecies coupling constants. We set the range of x
such that the initial MI produces seven initial density
peaks for the wavenumber value K = 1. Evidently the
initial static density grows due to the MI to form the
soliton trains by showing complicated interaction pat-
terns: Firstly, the solitons show the breathing behavior
before and after their mutual interactions as demon-
strated in Figure 2a. Secondly, the solitons scatter each
other for example at t ≈ 70 and at t ≈ 100, after which
similar patterns are repeated. Lastly, the peak densi-
ties of the solitons increase with time. An intuitive

explanation for the increasing density peak is that a
small amplitude initial soliton, once formed by the MI,
can only become more and more localized due to the
strong interspecies coupling constant terms in (2). Sub-
sequently, the MI with strong nonlinearity produces a
more localized density peak with large amplitude. This
result is similar to the behavior of the bright soliton
train induced by the MI for the single BEC with only
attractive s-wave scattering between the atoms [20]. As
shown in Figs. 2c and 2d for the evolution of the den-
sity |ψ2(x, t)|2 and its corresponding contour plot, re-
spectively, we find a similar interaction pattern as the
first atoms. This can be understood, since once the soli-
tons form their dynamics are governed by (2) in which
the interspecies coupling terms dominate over those of
the intraspecies. It should be mentioned that although
all the simulations are shown up to t = 150 in Fig. 2,
the similar dynamics has been checked to continue up



724 W.-P. Hong · Dynamics of Paired Bright Solitons

Fig. 3. Evolutions of bright solitons for different attractive interspecies coupling constants. (a) and (b) are plots of |ψ1(x,t)|2
for strong interspecies coupling constants. Too strong interspecies coupling constants result in suppression of soliton forma-
tion, reduction of mutual interaction, and increase of the peak soliton density. (c) and (d) are plots of |ψ1(x,t)|2 for weak
interspecies coupling constants. The recurrences of solitons induced by MI are shown in (c). The trains of solitons propagate
without mutual scattering. (d) For both weak interspecies and intraspecies coupling constants, a similar interaction pattern as
shown in (a) appears.

to t = 300. The dynamical patterns shown here resem-
ble the evolution of the atomic and molecular conden-
sates in equilibrium in the presence of photoassociat-
ing light [11].

In order to further elaborate the effects of the in-
terspecies scattering, we present the simulation results
for stronger coupling constants in Figs. 3a and b and
for weaker coupling constants in Fig. 3c and d, respec-
tively. Figure 3a, for slightly stronger λ in comparison
with Fig. 2, shows more scatterings between the soli-
tons at t ≈ 120, after which they breathe during the
propagation. The reason is that the strength of the in-
terspecies terms in (1) dominate over the intraspecies
terms. However, when the interspecies coupling gets
too strong, as shown in Fig. 3b, we find suppression
of soliton formation by the MI, reduction of mutual
interaction between the solitons, and increase of peak
density. On the other hand, for the weaker interspecies
coupling constant in Fig. 3c, we observe the recur-

rences of the MI induced solitons up to t ≈ 75, after
which they show stable propagation in the form of soli-
ton trains without having mutual interactions. Finally,
for further the reduced interspecies and intraspecies
coupling constants in Fig. 3d, we observe overall the
similar dynamical pattern as in Figure 3a. Lastly, it
is worth mentioning that according to the constraint
in (14) λ1 < 0 and λ2 < 0 are allowed for the paired
bright solitons. However, for several different sets of
the attractive intraspecies coupling constants, we have
run simulations to find that the bright solitons initially
induced by the MI quickly enter to chaotic states or
decay to dispersive waves.

3.2. Repulsive Interspecies Scattering: 0 ≤ λ < 1

The constraints for the paired bright solitons in (15),
i. e., 0 ≤ λ < 1 while λ1 ≤ −1 and λ2 ≤ −1, requier
weaker repulsive interspecies coupling constants than
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Fig. 4. Evolutions of bright solitons for different repulsive interspecies coupling constants. (a) and (b) show plots of |ψ1(x,t)|2
and |ψ1(x,t)|2 for λ = 0.2, respectively. The dynamics of the two condensates are not identical. The interaction between the
solitons is suppressed and the dynamics are similar to Fig. 3c except that the intensities of the solitons increase and exhibit a
breather-like behavior. (c) and (d) are plots of |ψ1(x,t)|2 and |ψ1(x,t)|2, respectively, for λ = 0.9. The trains of the solitons
form and interact weakly at t ≈ 40, after which they show stable propagations.

the intraspecies coupling constants. Figure 4 shows the
evolutions of the two condensates for different inter-
species coupling constants. In contrast to Figs. 2 and 3,
the dynamics of the two condensates are not identical,
as shown in Figs. 4a and b for λ = 0.2 and Figs. 4c
and d for λ = 0.9, respectively. The reason is, that un-
der weakly repulsive interspecies interaction, once the
solitons are induced by the MI, their evolutions are
governed by (2), where the intraspecies terms domi-
nate over the interspecies terms, which still influence
the dynamics. Actually, in the limit of λ → 0 with
λ1 ≤−1 and λ2 ≤−1, we confirmed that the two con-
densates form exactly the same bright soliton trains,
as expected, since the gain is nonzero according to
Figs. 1c and d. In Figs. 4a and b, we observe that
the interaction between the solitons is suppressed, of

which the dynamics are similar to Fig. 3c except that
the intensities of the solitons increase and they exhibit
a breather-like behavior. For stronger interspecies cou-
pling constant in Figs. 4c and d, the trains of solitons
initially form and interact weakly at t ≈ 40, after which
they show stable propagations.

4. Conclusions

In this work we have obtained the gain spectrum
of interacting two-component Bose-Einstein conden-
sates in (9) as functions of the interspecies and the in-
traspecies coupling constants, the static number den-
sity ratio, and the mass ratio of two condensates. We
have found that the two-component BECs can be mod-
ulationally unstable regardless of the presence or the
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absence of the interspecies coupling constant due to
the MI gain’s dependence on the strength of the in-
traspecies coupling constants, the mass ratio, and the
static number density ratio.

We have classified the allowed interspecies and in-
traspecies coupling constants for the existence of the
paired bright BEC solitons in (14) and (15). For an
attractive interspecies scattering, λ < λ1 and λ < λ2
and λ < −√

λ1λ2 should be satisfied. For an repul-
sive interspecies scattering, λ > λ1 and λ > λ2 and
−√

λ1λ2 < λ <
√

λ1λ2 should be satisfied. Motivated
by the fact that one can control the ratio of the in-
traspecies and interspecies coupling constants in the
range of 0 < λ1λ2/λ 2 < 1 by applying a bias mag-
netic field and taking advantage of Feshbach reso-
nances [26, 27], we have investigated the evolutions
of the paired bright solitons induced by the MI us-
ing numerical simulations to find complex dynamical
behavior as demonstrated in Figs. 2 – 4. Contrary to
the previous predictions that the modulationally un-
stable condensates might saturate via the formation

of dispersive shock waves or nonperiodic nonlinear
BEC wave trains, as predicted by Inoue [23] in the
context of two nonlinearly coupled polarized trans-
verse waves in plasmas [19], we have observed that
for the case of the attractive interspecies coupling con-
stant in Fig. 3 the paired solitons form from the initial
static densities by the MI and show stable propagation
while having strong mutual scatterings. As demon-
strated in Fig. 4, for the repulsive interspecies cou-
pling constants, trains of solitons can also form with
breather-like behavior by showing weak attractive scat-
tering between the solitons. From these, we conclude
that for the interspecies and intraspecies coupling con-
stants experimentally accessible now or in the future
one may find some interesting soliton dynamics of the
two-component Bose-Einstein condensates described
by (2).
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