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The instability of a stratified, viscoelastic (Walters B’ or Rivlin-Ericksen) magnetoplasma, includ-
ing the effects of finite resistivity and suspended particles, is investigated using linear analysis. The
horizontal applied magnetic field and the viscosity, as well as the viscoelasticity of the medium are
assumed to be variable. The dispersion relation, which is obtained for the general case on employing
boundary conditions appropriate to the case of two free boundaries, is then specialized for the two
models. The hydromagnetic instability conditions are obtained and discussed analytically, and the
results are numerically confirmed. The variation of the growth rate of the unstable modes with the
different parameters has been evaluated analytically. All the physical parameters are found to have
stabilizing as well as destabilizing effects on the considered system. For the Walters B’ viscoelas-
tic model it was found that the kinematic viscoelasticity, fluid resistivity, and stratification parameter
have a stabilizing effect, while the mass concentration (or relaxation frequency) of the suspended par-
ticles, kinematic viscosity, and Alfvén velocity have a destabilizing effect on the considered system.
Also, for the case of the Rivlin-Ericksen viscoelastic model we found that the mass concentration of
the suspended particles, Alfvén velocity, and kinematic viscosity have a stabilizing effect, while both
the finite resistivity and stratification parameter have a destabilizing effect; the relaxation frequency
of the suspended particles has no effect on the stability of the system. The case of a dusty plasma
with infinite conductivity and presence (or absence) of a magnetic field is also considered. Its stabil-
ity conditions are obtained, from which it is concluded that the presence of dust always reduces the
growth rate of the unstable Rayleigh-Taylor perturbations. The limiting case of a viscid (and inviscid)
finitely conducting dusty plasma is considered, and the stability conditions are discussed, from which
we found that the magnetic field has a stabilizing effect in the absence of both viscosity and finite
resistivity, the stability of the system ocurrs for values of the Alfvén velocity greater than a critical
value. — PACS: 47.20.-k; 47.50+d; 47.65.+a.
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1. Introduction

The Rayleigh-Taylor instability occurs when a heav-
ier fluid rests on a lighter one. Then the havier fluid
forms spikes moving into the lighter one, and the
lighter fluid forms bubbles penetrating the heavier
fluid. Therefore a mixing zone developes, which grows
with time. A comprehensive account of the Rayleigh-
Taylor instability under various assumptions on the
viscosity and magnetic field has been given by Chan-
drasekhar [1].

The study of viscoelastic fluids has become impor-
tant in recent years because of their many applica-
tions in petroleum drilling, manufacturing of foods and
paper, etc. [2 – 4]. Walters [5], and Beard and Wal-
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ters [6] have deduced the equations for the boundary
flow of a viscoelastic fluid which they have called liq-
uid B’ when it has a very short memory. Raptis et al.
[7 – 9] have studied the free convection and mass trans-
fer of a viscous and viscoelastic fluid passing a verti-
cal wall. Chakraborty and Sengupta [10] have studied
the flow of an unsteady viscoelastic liquid B’ through
two porous concentric non-conducting infinite circular
cylinders rotating with different angular velocities in
the presence of a uniform axial magnetic field. Sharma
and Kumar [11] have studied the steady flow and heat
transfer of a liquid B’ through a porous pipe of uni-
form circular cross-section. They have also studied the
unsteady flow of a liquid B’ down an open inclined
channel under gravity. For recent works about the sub-
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ject see the papers of Othman [12], El-Sayed [13 –
15], Sharma and his colaborators [16 – 18], and Ku-
mar [19]. There are also many viscoelastic fluids that
can not be characterized by Oldroyd’s constitutive rela-
tion. One such class are the Rivlin-Ericksen viscoelas-
tic fluids [14]. Many workers have studied the Rivlin-
Ericksen viscoelastic fluids, see for example the recent
investigations of Sharma and Kumar [16], Özer and
Suhubi [20], Sharma et al. [17], and El-Sayed [14],
among others.

Dusty plasmas occur often in nature. They are also
present in many laboratory devices [21]. The impor-
tance of dusty plasmas in star formation and other as-
trophysical problems has recently attracted the scien-
tists. Interstellar and circumstellar clouds are full of
dust particles. Dust grains exist also in comets, plan-
etary rings, asteroids, and the magnetosphere, as well
as in the lower ionosphere [22]. The effect of dust
on the hydromagnetic stability of various fluids might
be of chemical engineering importance. The problem
of dusty gas in magnetohydrodynamics has been dis-
cussed by various authors. Sharma et al. [23] have
studied the effect of suspended particles on the on-
set of Bènard convection. Suspended particles were
found to stabilize the Bènard convection. Sharma and
Sharma [24] have also analyzed the Rayleigh-Taylor
instability of a medium consisting of two superposed
fluids with suspended particles. They showed that the
system remains uninfluenced by the presence of sus-
pended particles. Chhajlani et al. [25] have incorpo-
rated the effect of suspended particles on the Rayleigh-
Taylor instability problem of a viscous plasma hav-
ing an exponentially varying density distribution in the
presence of a variable horizontal magnetic field, con-
sidering the medium to be infinitely conducting. The
growth rate of the unstable Rayleigh-Taylor modes has
been evaluated analytically in order to examine the in-
fluence of both the suspended particles and the viscos-
ity. For recent works concerning dusty plasmas see the
papers of Shukla and Rahman [26], Birk et al. [27],
Birk [28], and Maury and Glowinski [29]. For an ex-
cellent review see Verheest [30].

The equilibrium states of electrically conducting flu-
ids or plasmas have been a subject of intense study
for a long time, motivated in particular by the inter-
est in controlled thermonuclear fusion, as well as that
in space and astrophysical phenomena such as plasma
loops in the solar corona [31 – 33]. The approxima-
tion of an ideally conducting plasma is valid for an
astrophysical plasma, but it is often a poor approx-

imation for laboratory plasmas, and hence the finite
resistivity needs to be incoporated in a more realistic
approach [34]. It has been demonstrated by Furth et
al. [35], Jukes [36], and many others that the inclu-
sion of finite resistivity modifies the Rayleigh-Taylor
problem and makes possible new unstable modes. Zad-
off and Begun [37] have treated the case of two in-
compressible fluids separated by a horizontal bound-
ary in the presence of a uniform horizontal magnetic
field. They have discussed the effects of finite resis-
tivity and viscosity of the medium on the growth rate
of Rayleigh-Taylor modes, and have shown that a fi-
nite resistivity does not affect the growth rate of un-
stable modes when the wave vector is perpendicular to
the magnetic field, but that it does increase the growth
rate when the wave vector is parallel to the magnetic
field. Sundram [38] has considered gravitational insta-
bility of a fluid finite resistivity and concluded that the
density stratification is unstable for all wavenumbers.
Sanghvi and Chhajlani [39] have incorporated the fi-
nite resistivity effect on the Rayleigh-Taylor configura-
tion of a stratified plasma in the presence of suspended
particles, and found that the particles have stabilizing
as well as destabilizing influences on the system under
certain conditions.

In this regard and in view of the practical importance
of including the effect of a magnetic field [40] and fluid
density stratification [41] to the hydrodynamic stability
problems, it is of interest to investigate the simultane-
ous inclusion of finite resistivity and suspended par-
ticles in the analysis of the Rayleigh-Taylor instabil-
ity of a stratified magnetized viscoelastic Walters B’ or
Rivlin-Ericksen fluid acted upon by a horizontal mag-
netic field, and discussed various implifications of the
finite resistivity corrections, kinematic viscosity, kine-
matic viscoelasticity, and suspended particles. To the
best of my knowledge this problem has not been inves-
tigated yet. The main topic of this paper is to investi-
gate the effects of the various above mentioned physi-
cal parameters on the hydromagnetic instability of two
viscoelastic models through dusty plasmas.

2. Basic and Perturbation Equations

Consider a homogeneous magnetized (Walters B’
or Rivlin-Erichsen) viscoelastic medium of a gas with
suspended particles, which is infinite along the x- and
y-directions, and bounded by two free surfaces at z = 0
and z = d. Let uuu, vvv, N, and ρ denote the gas veloc-
ity, the velocity of the particles, the number density
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of the particles, and the gas density, respectively. The
particles are assumed to be nonconducting and the gas
is considered finitely conducting and viscoelastic. If
we assume uniform particle size, spherical shape and
small relative velocities between the two phases, then
the net effect of the particles on the gas is equivalent
to an external force term per unit volume KN(vvv−uuu),
where K = 6πρνr (Stokes’drag formula), and r and ν
denote the particle radius, and the kinematic viscosity
of the gas, respectively. Hence, the relevant equation of
motion for the hydromagnetic gas-particle viscoelastic
medium is

ρ
∂uuu
∂t

= − p+gggρ + ρ
(

ν ∓ν ′ ∂
∂t

)
2uuu

+ KN(vvv−uuu)+
µe

4π
( ×HHH)×HHH

+
(

∂w
∂xxx

+
∂uuu
∂z

)(
dµ
dz

∓ ∂
∂t

dµ ′

dz

)
,

(1)

where µ , µ ′, ν(= µ/ρ), and ν ′(= µ ′/ρ) stand for
the viscosity, viscoelasticity, kinematic viscosity, and
kinematic viscoelasticity, respectively, while p, µe,
ggg(0,0,−g), and HHH0(H(z),0,0) denote the pressure,
the magnetic permeability of the gas, the gravitational
force, and the magnetic field, respectively; uuu = (u,v,w)
and xxx = (x,y,z). Note that the signs ∓ correspond to the
Walters B’ and Rivlin-Ericksen models, respectively.
The continuity equation of the medium is

∂ρ
∂t

+(uuu· )ρ = 0. (2)

For an incompressible medium we have

·uuu = 0. (3)

The distance between the particles is assumed to
be so large that interparticle contacts can be ignored.
Buoyance and electrical forces on the particles are ne-
glected. The density changes are small except in the
gravity term. This is the Boussinesq approximation.
Under these approximations, the equations of the mo-
tion and continuity for the particles are [42]

mN
dvvv
dt

= KN(vvv−uuu), (4)

∂N
∂t

+ ·(Nvvv) = 0, (5)

where m is the mass of the particle.

Finally, Maxwell’s equations for a conducting
medium with finite resistivity η are [43]

·HHH = 0, (6)

∂HHH
∂t

= ×(uuu×HHH)+ η 2HHH, (7)

where η = c2/4πσ . σ is the conductivity and c the
velocity of light. Now let the initial state of the system
be denoted by the subscript “0”, and be a quiescent
layer with uniform particle distribution. Thus, we have

uuu0 = 0, vvv0 = 0, N0 = 0, and HHH0 = (H(z),0,0). (8)

The physical origin of the field has to be created by
currents outside the considered layer of thickness d. In
this case, the magnetic field can be expressed by an ex-
ponential function of z, as well as a linear or parabolic
function.

The stability of the initial state is studied by writing
solutions to the full equations as the initial state plus a
perturbation term (denoted by primes):

uuu = uuu0 +uuu′, vvv = vvv0 +vvv′, N = N0 + N′,

HHH = HHH0 +hhh′, p = p0 + δ p, and ρ = ρ0 + δρ ,
(9)

where δ p and δρ denote perturbations in pressure and
density, respectively. Next, we put the perturbations as-
sumed in (9) in the equations (1) – (7) and linearize
them by neglecting products of the perturbations. We
also drop the subscript “0” from the equilibrium quan-
tities and the primes from the perturbed quantities, and
obtain

ρ
∂uuu
∂t

=− δ p+gggδρ +ρ
(

ν∓ν ′ ∂
∂t

)
2uuu+KN(vvv−uuu)

+
µe

4π
[( ×hhh)×HHH0 +( ×HHH0)×h] (10)

+
(dµ

dz
∓ ∂

∂t
dµ ′

dz

)(∂w
∂xxx

+
∂uuu
∂z

)
,(

τ
∂
∂t

+ 1

)
vvv = uuu, (11)

∂hhh
∂t

= (HHH0· )uuu− (uuu· )HHH0 + η 2hhh, (12)

·uuu = 0, (13)

·hhh = 0, (14)

∂δρ
∂t

+(uuu· )ρ = 0, (15)
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where τ = m/K denotes the relaxation time for the
suspended particles. We assume that the perturbations
vary as

f (z)exp(ikxx+ ikyy+ σ t), (16)

where kx and ky are the wavenumbers along x and y

directions, respectively, k =
√

k2
x + k2

y , σ is the growth

rate of the perturbation, and f (z) is some function of z.
Substituting vvv from equation (11) into (10), and then

employing (15) and (16), we obtain the components
of (10) as follows:

[ρ(1+ στ)+ mN]σu = −(1+ στ)(ikxδ p)+ ρ(ν ∓ν ′σ)(1+ στ)(D2 − k2)u

+(1+ στ)(ikxw+ Du)(Dµ ∓σDµ ′)+
µe

4π
(1+ στ)(DH)hz,

(17)

[ρ(1+ στ)+ mN]σv = −(1+ στ)(ikyδ p)+ ρ(ν ∓ν ′σ)(1+ στ)(D2 − k2)v

+(1+ στ)(ikyw+ Dv)(Dµ ∓σDµ ′)+
µeH
4π

(1+ στ)(ikxhy − ikyhx),
(18)

[ρ(1+ στ)+ mN]σy = −(1+ στ)(Dδ p)+ ρ(ν∓ν ′σ)(1+ στ)(D2 − k2)w+ 2(1+ στ)(Dw)(Dµ ∓σDµ ′)

+
g
σ

(1+ στ)(Dρ)w+
µeH
4π

(1+ στ)(ikxhz −Dhx)− µe

4π
(1+ στ)(DH)hx,

(19)

where D = d/dz. Similarly, using (16), one obtains
from equations (12) – (15)

(σ −η 2)hx = ikxHu−wDH, (20)

(n−η 2)hy = ikxHv, (21)

(σ −η 2)hz = ikxHw, (22)

σδρ = −wDρ , (23)

ikxu+ ikyv+ Dw = 0, (24)

ikxhx + ikyhy + Dhz = 0, (25)

where 2 = (D2 − k2).

3. The Dispersion Relations

It is easy to eliminate δ p from (19) with the help of
(17) and (18). Substitution of hz from (22) in the result-
ing equation yields the following differential equation
in the perturbed velocity component w:

σ [(1+ στ)+ α0][D(ρDw)− k2ρw]

− (1+ στ)(µ ∓ µ ′σ)(D2 − k2)2w

− (1+ στ)(D2 − k2)(Dµ ∓σDµ ′)Dw

− (1+ στ)(D2µ ∓σD2µ ′)(D2 + k2)w

+
µek2

x(1+ στ)
4π(σ −η 2)

[H2(D2 − k2)w+(DH2)(Dw)]

+
gk2

σ
(1+ στ)(Dρ)w = 0,

(26)

where α0 = mN/ρ denotes the mass concentration of
the suspended particles. Now we shall solve (26) for a
gas-particle medium which is a continuous stratifica-
tion of the density ρ(z) given in [44]

ρ(z) =

{
ρ0 exp(β z) 0 ≤ z ≤ d,

0 otherwise,
(27)

where ρ0 is the density of the lower boundary, β is a
constant, and d is the depth of the medium. The as-
sumed Boussinesq approximation is always compati-
ble with (27), giving an exponential dependence for the
density. We must note here that a similar stratification
is assumed for to the suspended particles. For the sake
of simplicity, we consider a similar stratification for the
viscosity, viscoelasticity, and magnetic field, i. e.[

µ(z),µ ′(z),H2(z)
]
=

[
µ0,µ ′

0,H̃
2
]

exp(β z). (28)

This assumption is mathematically appealing, as
one gets constant kinematic viscosities. It follows
from (28) that the kinematic viscosity ν , the kine-
matic viscoelasticity ν ′, and the Alfvén velocity VA =
(µeH̃2/4πρ0)1/2 are constants throughout the medium.
Following Chandrasekhar [1], and Bhatia [45], the req-
uisite boundary conditions, appropriate for a medium
with both boundary surfaces free, are

w = 0, D2w = 0, D4w = 0 at z = 0, and z = d. (29)

In fact w and its even derivatives should vanish at the
boundaries in this case.
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In the following analysis we have treated the prob-
lem under consideration of two free surfaces. It has
pointed out by Spiegel [46] that free boundaries
bear relevance for certain stellar atmospheres. Many
authors, including Chandrasekhar [1], have adopted
stress-free boundaries because they allow for exact so-
lutions of the problem. We shall now obtain the disper-
sion relation from (26), which represents the combined
influence of finite conductivity, viscosity, viscoelastic-
ity, suspended particles, and the magnetic field. For
this, we first employ (27) and (28) in (26), and then
solve the resulting equation, neglecting the effect of
heterogeneity on the inertia term. We thus obtain

(σ 4 −η 6)w

− σ [(1+ στ)+ α0]
(ν0 ∓ν ′

0σ)(1+ στ)
(σ 2 −η 4)w

− k2
xV 2

A

(ν0 ∓ν ′
0σ)

2w− gk2β
(ν0 ∓ν ′

0σ)
(σ −η 2)w= 0,

(30)

where ν0 = µ0/ρ0 and ν ′
0 = µ ′

0/ρ0.
The differential equation (30), which contains only

even derivatives of w, has to be solved consistent with
the boundary condition stated in (29), i. e.

w = 0, D2w = 0 at z = 0, and z = d. (31)

We find that w and all its even derivatives vanish at
z = 0 and z = d. The proper solution of (30) in view of
the above boundary condition is

w = Asin(m̃πz/d). (32)

From (30), inserting the values of w and its deriva-
tives in accordance to (32), we obtain the dispersion
relation

σ(1+ στ)(ν0 ∓ν ′
0σ)(σL2 + ηL3)

+σ2(1+ στ + α0)(σL+ ηL2)

−gk2β (1+ στ)(σ + ηL)+ k2
xV 2

AσL(1+ στ) = 0,

(33)

where L = (m̃π/d)2 + k2, and m̃ is a constant.
It can be easily verified that in the absence of kine-

matic viscoelasticity, (33) reduces to the dispersion re-
lation obtained by Sanghvi and Chhajlani [39], and that
for an ideal plasma (η = 0) in which ν ′

0 = 0, it re-
duces to the dispersion relation obtained by Chhajlani
et al. [25]. Equation (33) can be further simplified and

cast in the form

τσ4[1∓ν ′
0L]

+σ3[τL(ν0 + η)+ (1+ α0)∓ν ′
0L(1+ ητL)]

+σ2[L{ν0 + η(1+ α0)}+ ηL2(ν0τ ∓ν ′
0)+ τλ ]

+σ [η(ν0L2 −gk2β τ)+ λ ]−gk2β η = 0,

(34)

where λ = k2
xV 2

A − (gk2β/L). Here we introduce the
relaxation frequency parameter f = 1/τ of the sus-
pended particles. Then (34) assumes the form

σ4[1∓ν ′
0L]

+σ3[L(ν0 + η)+ f (1+ α0)∓ν ′
0L( f + ηL)]

+σ2[ f L{ν0 + η(1+ α0)}+ ηL2(ν0 ∓ν ′
0 f )+ λ ]

+σ [η(ν0 f L2 −gk2β )+ λ f ]−gk2β η f = 0,

(35)

which is the general dispersion relations (where the
signs ∓ correspond to the dispersion relations for the
Walters B’ and Rivlin-Ericksen models, respectively)
representing the combined influence of viscosity, vis-
coelasticity, suspended particles, finite resistivity, and
stratification parameter on the Rayleigh-Taylor insta-
bility of a composite gas-particle magnetized medium
for the two cases.

4. Walters B’ Viscoelastic Model

For the case of a stratified Walters B′ viscoelastic
dusty plasma with finite resistivity, (35) can be written
in the form

σ4[1−ν ′
0L]

+σ3[L(ν0 + η)+ f (1+ α0)−ν ′
0L( f + ηL)]

+σ2[ f L{ν0 + η(1+ α0)}+ ηL2(ν0 −ν ′
0 f )+ λ ]

+σ [η(ν0 f L2 −gk2β )+ λ f ]−gk2β η f = 0.

(36)

In the following we shall discuss analytically and nu-
merically the stability analysis for the Walters B’ vis-
coelastic model, and obtain the stability conditions for
such a model. We shall also discuss the corresponding
case of an infinitely conducting dusty plasma.

4.1. Stability Conditions

It is elucidating to discuss (36) for the following two
special cases:
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(i) Longitudinal mode (kx = k, ky = 0). This case
concerns perturbations parallel to the magnetic field.
The dispersion relation (36) in this case becomes

σ4[1−ν ′
0L]

+σ3[L(ν0 + η)+ f (1+ α0)−ν ′
0L( f + ηL)]

+σ2[ f L{ν0 + η(1+ α0)}+ ηL2(ν0 −ν ′
0 f )+ λ̃ ]

+σ [η(ν0 f L2 −gk2β )+ λ̃ f ]−gk2β η f = 0,

(37)

where λ̃ = k2V 2
A − (gk2β/L).

Now, when β < 0 (stable stratification), all coeffi-
cients of (37) are real and positive if the following con-
ditions are satisfied simultaneously:

ν ′
0L < 1, (38)

ν ′
0L( f + ηL) < [L(ν0 + η)+ f (1+ α0)], (39)[
ν ′

0 f ηL2 +
gk2β

L

]
< [ f L{ν0 + η(1+ α0)}

+ ηL2ν0 + k2V 2
A],

(40)

gk2β
L

( f + ηL) < f [k2V 2
A + ν0ηL2], (41)

and hence (36) will not admit any real positive root,
or complex root with a positive real part, implying
thereby stability of the considered system. Otherwise,
the system will be unstable. When β > 0, which is the
criterion for unstable density stratification, the constant
term in (37) is negative. Hence (37) has at least one
positive real root leading to instability of the system.

(ii) Transverse mode (kx = 0, ky = k). Here we con-
sider perturbations which are perpendicular to the di-
rection of the magnetic field. The dispersion relation
(36) for this particular mode can be written in the form

σ4[1−ν ′
0L]

+σ3[L(ν0 + η)+ f (1+ α0)−ν ′
0L( f + ηL)]

+σ2[ f L{ν0 + η(1+ α0)}+ ηL2(ν0 −ν ′
0 f )

− (gk2β/L)]

+σ [η(ν0 f L2 −gk2β )− (gk2β f/L)]

−gk2β η f = 0.

(42)

When β < 0 (stable stratification), all the coefficients
of (42) are real and positive, and hence the system is
stable, if the following conditions are simultaneously
satisfied:

ν ′
0L < 1 (43)

ν ′
0L( f + ηL) < [L(ν0 + η)+ f (1+ α0)], (44)[
ν ′

0 f ηL2 +
gk2β

L

]
< [ f L{ν0 + η(1+ α0)}

+ ηL2ν0],
(45)

gk2β
L

( f + ηL) < f ν0ηL2. (46)

When β > 0 (unstable stratification), the constant term
in (42) is negative. Hence (42) has at least one positive
real root, leading thereby to instability of the system.

Henceafter we will deal with the general dispersion
relation (36), since the case of transverse perturba-
tions is relatively unimportant, which is evident from
the foregoing discussion, because the magnetic field
does not affect the stability of the system in this case.
Now we shall estimate the growth rate of the unsta-
ble Rayleigh-Taylor modes. It is clear from (37) that in
this case (β > 0) the general dispersion relation (37)
will possess at least one positive real root which leads
to instability. Let us denote this root by σ0, then σ0 will
satisfy the equation

σ4
0 [1−ν ′

0L]

+σ3
0 [L(ν0 + η)+ f (1+ α0)−ν ′

0L( f + ηL)]

+σ2
0 [ f L{ν0 + η(1+ α0)}+ ηL2(ν0 −ν ′

0 f )+ λ̃ ]

+σ0[η(ν0 f L2 −gk2β )+ λ̃ f ]−gk2β η f = 0.

(47)

Now, to comprehend the implifications of finite re-
sistivity, suspended particles, viscosity, viscoelasticity
of the medium and the stratification parameter on the
growth rate of the unstable Rayleigh-Taylor modes,
we evaluate dσ0/d f , dσ0/dν0, dσ0/dν ′

0, dσ0/dV 2
A, and

dσ0/dβ from (47), and discuss their nature. Assuming
that both k and α0 are constants, we get

dσ0

d f
= − 1

F
[σ3

0 {(1+ α0)−ν ′
0L}

+ σ2
0 L{ν0 + η(1+ α0)−ν ′

0ηL}

+ σ0(ν0ηL2 + λ̃)−gk2β η ],

(48)

dσ0

dν0
= −σ0L

F
(σ0 + f )(σ0 + ηL), (49)

dσ0

dν ′
0

=
σ2

0 L

F
(σ0 + f )(σ0 + ηL), (50)
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dσ0

dη
= − L

F
[σ3

0 (1−ν ′
0L)

+ σ2
0{ f (1+ α0)+ L(ν0 −ν ′

0 f )}

+ σ0{ν0 f L− (gk2β/L)}− f (gk2β/L)],

(51)

dσ0

dV 2
A

= −σ0k2

F
(σ0 + f ), (52)

dσ0

dβ
=

gk2

FL
[σ2

0 + f σ0 + f ηL], (53)

where

F = 4σ 3
0 [1−ν ′

0L]

+ 3σ 2
0 [L(ν0 + η)+ f (1+ α0)−ν ′

0L( f + ηL)]

+ 2σ0[ f L{ν0 + η(1+ α0)}+ ηL2(ν0 −ν ′
0 f )+ λ̃ ]

+[η(ν0 f L2−gk2β )+ λ̃ f ]. (54)

Now, consider the inequalities

(σ0 + ηL)[σ2
0 ν ′

0L+(gk2β/L)]

≶ [σ3
0 {(1+ α0)+ σ2

0 L{ν0 + η(1+ α0)}
+ σ0{ν0ηL2 + k2V 2

A],

(55)

[4σ 3
0 ν ′

0L+ 3σ 2
0 ν ′

0L( f + ηL)

+2σ0{ηL2ν ′
0 f +(gk2β/L)}]

≶ [4σ 3
0 + 3σ 2

0{L(ν0 + η)+ f (1+ α0)}
+ 2σ0{ f L(ν0 + η(1+ α0))+ ηL2ν0 + k2V 2

A}
+{ην0 f L2 + f k2V 2

A}],

(56)

[σ3
0 ν ′

0L+ σ2
0 ν ′

0 f L+(gk2β/L)(σ0 + f )]

≶ σ0[σ2
0 + σ0{ f (1+ α0)+ ν0L}+ ν0 f L].

(57)

If either both the upper or both the lower signs of
the inequalities (55) and (56) simultaneously hold,
then dσ0/d f , given by (48) is negative. Thus we infer
that the growth rate of the unstable Rayleigh-Taylor
modes decreases with increasing the relaxation fre-
quency parameter of the suspended particles, when the
mentioned restrictions hold. Thus the conditions (55)
and (56) define the region where the suspended
particles have a stabilizing influence. But if the up-
per sign of the inequality (55), and the lower sign of the

inequality (56), or vice-versa, hold simultaneously,
then the growth rate turns out to be positive. This
means, under certain limitations, that the suspended
particles can increase the growth rate of the unsta-
ble Rayleigh-Taylor modes. We observe from (55)
and (56) that the stabilizing or destabilizing influence
of the suspended particles is dependent on the finite
resistivity of the medium, the kinematic viscosity, the
kinematic viscoelasticity, and the magnetic field. Also,
if either both the upper or both the lower signs of the
inequalities (56) and (57) simultaneously hold, then
dσ0/dη , given by (51) is negative. Thus we infer
that the growth rate of the unstable Rayleigh-Taylor
modes decreases with increasing the finite resistivity,
when the mentioned restrictions hold. Thus the condi-
tions (56) and (57) define the region where the finite
resistivity has a stabilizing influence. But if the upper
sign of the inequality (56), and the lower sign of the in-
equality (57), or vice-versa, hold simultaneously, then
the growth rate turns out to be positive. This means, un-
der certain limitations, that the finite resistivity can in-
crease the growth rate of the unstable Rayleigh-Taylor
modes. We observe from (56) and (57) that the stabi-
lizing or destabilizing influence of the finite resistivity
depends on the relaxation frequency parameter of the
suspended particles, the kinematic viscosity, and the
kinematic viscoelasticity as well as the applied mag-
netic field.

From (49), (52), and (56) it is clear that both
dσ0/dν0 and dσ0/dV 2

A are negative or positive if F ≷ 0,
respectively, i.e. if the upper or lower sign of the in-
equality (56) holds, respectively. This means that the
growth rate of the unstable mode is negative if F > 0,
and it is positive if F < 0. Both the kinematic viscos-
ity and the magnetic field have stabilizing effects in the
former case, while they have destabilizing influences in
the later case. Also, from (50), (53), and (56) it is clear
that both dσ0/dν ′

0 and dσ0/dβ are negative or posi-
tive according to F ≶ 0, respectively, i.e. if the lower
or upper sign of the inequality (56) holds. This means
that the growth rate of the unstable mode is positive if
F > 0, and it is negative if F < 0. Both the kinematic
viscoelasticity and the stratification parameter destabi-
lize in the former case, while they stabilizing in the
latter case. Thus we conclude that all the physical pa-
rameters included in this work have stabilizing as well
as destabilizing effects, depending on the other quanti-
ties under certain conditions, as shown in the previous
limitations (55) – (57).
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4.2. Numerical Discussion

Equation (36) ia a quadruple equation in the growth
rate σ , with real coefficients. We solved this equation
numerically (using Mathematica 4) for m̃ = 1, d = 2 m,
and g = 980 m s−2, for various values of the physical
parameters α0, η , VA, ν0, f , ν ′

0, and β , in the case of
potentially unstable stratification (β > 0). These cal-
culations are presented in Figs. 1 – 7, where we have
shown the growth rate (positive real part of σ ) against
the wavenumber k (from k = 0 to k ≤ 10) for α 0 (the
mass concentration of the suspended particles) = 0.7,
3, and 10 kg m−2; ν0 (the kinematic viscosity) = 0.5,
3, and 10 m2 s−1; η (the finite resistivity) = 0.4, 2,
and 5 kg m3 A−2 s−3; f (the relaxation frequency of
the suspended particles) = 5, 10, and 15 kg−1 m−1; VA
(the Alfvén velocity) = 10, 40, and 100 m s−1; β (the
stratification parameter) = 0.1, 0.8, and 1.5; and ν ′

0 (the
kinematic viscoelasticity) = 0.7, 1.2, and 2 m2 s−1, re-
spectively.

It can be seen from Figs. 1 and 2 that, as both the
mass concentration of the suspended particles α0, and
the kinematic viscosity ν0 are increasing, the growth
rate σ is increased, showing thereby the destabilizing
character of the effects of both α0 and ν0, respectively.
Figs. 1 and 2 show also, for small fixed values of α0
and ν0, respectively, that the growth rate increases for
small wavenumbers up to a critical wavenumber, af-
ter which the growth rate decreases for all the next
wavenumbers. There are also critical values of both α0
and ν0, after which the growth rate σ decreases for all
wavenumbers. Therefore, for fixed small values of α 0

Fig. 1. The positive real part of the growth rate σ , given
by (36), of the unstable mode plotted against the wavenumber
k for the mass concentration of the suspended particles α0 =
0.7, 3, and 10 kg m−2, with m̃ = 1, d = 2 m, ν0 = 0.7 m2 s−1,
ν ′

0 = 0.7 m2 s−1, η = 6 kg m3 A−2 s−3, f = 10 kg−1 m−1,
β = 0.2, VA = 30 m s−1, and g = 980 m s−2.

Fig. 2. The positive real part of the growth rate σ , given
by (36), of the unstable mode plotted against the wavenum-
ber k for the kinematic viscosity ν0 = 0.5, 3, and 10 m2 s−1,
with m̃ = 1, d = 2 m, α0 = 3 kg m−2, ν ′

0 = 0.5 m2 s−1,
η = 0.4 kg m3 A−2 s−3, f = 5 kg−1 m−1, β = 0.2, VA =
20 m s−1, and g = 980 m s−2.

Fig. 3. The positive real part of the growth rate σ , given
by (36), of the unstable mode plotted against the wavenumber
k for the finite resistivity η = 0.4, 2, and 5 kg m3 A−2 s−3,
with m̃ = 1, d = 2 m, ν0 = 0.8 m2 s−1, ν ′

0 = 0.8 m2 s−1,
α0 = 3 kg m−2, f = 15 kg−1 m−1, β = 0.3, VA = 30 m s−1,
and g = 980 m s−2.

or ν0, the system is found to have stabilizing as well
as a destabilizing, effects depending on the range of
the wavenubers, in the presence of a finite resistivity
and stratification parameter. Note that for wavenum-
bers k ≥ 10 in Fig. 1, all the curves coincide for all
values of α0, and this indicates that the mass concen-
tration of the suspended particles has no effect on the
stability of the system in this case, and the system is
stable irrespective of the α0 values.

Figs. 3 and 4 show that, as both the finite resistiv-
ity η and the relaxation frequency of the suspended
particles f are increasing, the growth rate σ decreases
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Fig. 4. The positive real part of the growth rate σ , given
by (36), of the unstable mode plotted against the wavenum-
ber k for the relaxation frequency of the suspended parti-
cles f = 5, 10, and 15 kg−1 m−1, with m̃ = 1, d = 2 m,
ν0 = 0.5 m2 s−1, ν ′

0 = 0.8 m2 s−1, η = 0.4 kg m3 A−2 s−3,
α0 = 3 kg m−2, β = 0.2, VA = 30 m s−1, and g = 980 m s−2.

Fig. 5. The positive real part of the growth rate σ , given
by (36), of the unstable mode plotted against the wavenumber
k for the Alfvén velocity VA = 10, 40, and 100 m s−1, with
m̃ = 1, d = 2 m, ν0 = 0.5, ν ′

0 = 0.6, η = 0.4 kg m3 A−2 s−3,
f = 5 kg−1 m−1, β = 0.2, α0 = 3 kg m−2, and g =
980 m s−2.

and increases, respectively, showing thereby the sta-
bilizing effect of η , and the destabilizing effect of
f . We note from Fig. 3, that the growth rate is con-
stant (σ ≈ 34) for zero wavenumber, since all the
curves in the figure start from the same point; and
for a constant value of finite resistivity η , the con-
sidered system is found to have a stabilizing effect in
this case in the presence of the other physical quan-
tities. We note also from Fig. 4, that for a constant
relaxation frequency of the suspended particles, the
considered system has a stabilizing influence. It fol-
lows also that the relaxation frequency of the sus-

Fig. 6. The positive real part of the growth rate σ , given
by (36), of the unstable mode plotted against the wavenum-
ber k for the stratification parametrt β = 0.1, 0.8, and 1.5,
with m̃ = 1, d = 2 m, ν0 = 0.7 m2 s−1, ν ′

0 = 0.7 m2 s−1,
η = 4 kg m3 A−2 s−3, f = 10 kg−1 m−1, α0 = 2 kg m−2,
VA = 30 m s−1, and g = 980 m s−2.

pended particles has no effect on the stability of the
system for the wavenymbers k ≥ 5, since all curves
coincide at starting point of this minimum wavenum-
ber, and the system in this case is stable irrespective of
the f values.

It can be seen from Figs. 5 and 6 that as both the
Alfvén velocity VA, and the stratification parameter β
are increasing, the growth rate σ increases and de-
creases, respectively, showing thereby the destabiliz-
ing character of the effect of the Alfvén velocity VA
and the stabilizing character of the effect of the strat-
ification parameter β in the presence of fluid resistiv-
ity and kinematic viscoelasticity. It should be noted,
from Fig. 5, that the system is stabilized for small
constant Alfvén velocities, where the growth rate de-
creases for all wavenumbers; while for large constant
Alfvén velocities it is found that the system is unstable
(for small wavenumbers) as well as stable (for large
wavenumbers), where the growth rate increases with
increasing the wavenumbers till a critical wavenumber,
after which the growth rate decreases with increasing
wavenumber k. We note also, from Fig. 6, that for small
values of the stratification parameter β , the system is
unstable (for small wavenumbers) and stable (for large
wavenumbers), where the growth rate increases with
increasing wavenumbers till a critical wavenumber, af-
ter which the growth rate decreases for all wavenum-
bers greater than the critical one. For larger stratifica-
tion parameters β , i.e. for β ≥ 1.5, it is found that the
system is always stable in the presence of all consid-
ered physical parameters.
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Fig. 7. The positive real part of the growth rate σ , given
by (36), of the unstable mode plotted against the wavenum-
ber k for the kinematic viscoelasticity ν′

0 = 0.7, 1.2, and
2 m2 s−1, with m̃ = 1, d = 2 m, ν0 = 0.5 m2 s−1, η =
0.4 kg m3 A−2 s−3, α0 = 3 kg m−2, f = 8 kg−1 m−1, β =
0.2, VA = 30 m s−1, and g = 980 m s−2.

Finally, Fig. 7 shows that as the kinematic viscoelas-
ticity ν ′

0 increases, the growth rate decreases, showing
thereby the stabilizing the effect of the kinematic vis-
coelasticity ν ′

0, while for a fixed kinematic viscoelas-
ticity it is found that the system is destabilizing (for
small wavenumbers) as well as stabilizing (for large
wavenumbers) in the presence of suspended particles,
magnetic field, and density stratification parameters.

4.3. Dusty Plasma with Infinite Conductivity

The present section concerns the absence of a mag-
netic field and may be particularly useful for astro-
physical plasmas where the approximation of infinite
conductivity is considered valid, On substituting η = 0
and VA = 0, we find that the dispersion relation (36)
reduces to

σ3[1−ν ′
0L]+ σ2[ν0L+ f (1+ α0)−ν ′

0 f L]

+ σ [ν0 f L− (gk2β/L)]− f (gk2β/L) = 0
(58)

when β < 0, and (58) will not admit any real positive
root, or complex root with positive real part, if the con-
dition ν ′

0 < (1/L), is satisfied, and so the system re-
mains stable in this case. Otherwise if ν ′

0 < (1/L), the
system is unstable. For β > 0, (58) will possess at least
one real positive root, which will destabilize the sys-
tem for all wavenumbers. Let σ0 denote the unstable
real positive root of (58), then

σ3
0 [1−ν ′

0L]+ σ2
0 [ν0L+ f (1+ α0)−ν ′

0 f L]

+ σ0[ν0 f L− (gk2β/L)]− f (gk2β/L) = 0.
(59)

We also note from (59) that the unstable density
stratification (β > 0) can not be stabilized. Now (59)
yields

dσ0

d f
= − 1

G
[σ2

0 {(1+ α0)−ν ′
0L}

+ σ0(ν0L)− (gk2β/L)],
(60)

dσ0

dν0
= −σ0L

G
(σ0 + f ), (61)

dσ0

dν ′
0

=
σ2

0 L

G
(σ0 + f ), (62)

dσ0

dβ
=

gk2

GL
(σ0 + f ), (63)

where

G = 3σ 2
0 [1−ν ′

0L]+2σ0[ν0L+ f (1+ α0)−ν ′
0 f L]

+ [ν0 f L− (gk2β/L)].
(64)

Note that dσ0/dν ′
0 and dσ0/dβ , given by (62)

and (63), are positive or negative according to G ≷ 0,
i.e. if the upper or lower sign of the inequality

[σ0ν ′
0L(3σ0 + 2 f )+ (gk2β/L)] ≶

[3σ 2
0 + 2σ0{ν0L+ f (1+ α0)}+ ν0 f L]

(65)

holds, respectively. In this case, according to (65),
dσ0/dν ′

0, given by (61) is negative or positive, respec-
tively.

We thus infer that the kinematic viscosity ν0, kine-
matic viscoelasticity ν ′

0, and the stratification param-
eter β can reduce as well as increase the growth rate
of the unstable Rayleigh-Taylor perturbations as deter-
mined by (65). Note also that dσ0/d f , given by (60),
is always negative if the upper and lower signs of the
inequalities (65) and

[σ2
0 ν0L+(gk2β/L)] ≶ [σ2

0 (1+α0)+σ0ν0L] (66)

hold simultaneously. Thus the relaxation frequency of
the suspended particles has a stabilizing effect in this
case. Otherwise, it has a destabilizing influence on the
considered system.

In the derivation of the above conditions (65)
and (66) we have made use of the fact that α0 =
(mN/ρ), which is the mass concentration of the dust,
can not exceed one. Thus we are led to conclude that
the presence of dust always reduces the growth rate of



M. F. El-Sayed · MHD Resistive Instability of Stratified Viscoelastic Dusty Plasmas 903

the unstable Rayleigh-Taylor perturbations when the
finite resistivity vanishes. A similar consequence of the
presence of dust has been reported by Michael [47] in
the context of Kelvin-Helmholtz instability.

5. Rivlin-Ericksen Viscoelastic Model

For the case of a stratified Rivlin-Ericksen vis-
coelastic dusty plasma with finite resistivity, (35) can
be written in the form (considering the case of a longi-
tudinal mode, i. e. when kx = k)

σ4[1+ ν0L]

+σ3[L(ν0 + η)+ f (1+ α0)+ ν ′
0L( f + ηL)]

+σ2[ f L{ν0 + η(1+ α0)}+ ηL2(ν0 + ν ′
0 f )+ λ ]

+σ [η(ν0 f L2 −gk2β )+ λ f ]−gk2β η f = 0.

(67)

As we know, the Rivlin-Ericksen fluid as viscoelas-
tic fluids is modeled by the following constitutive
equation [48]

τi j = −pδi j + νA(1)
i j + ν ′A(2)

i j + ν ′′A(1)
ik A(1)

k j ,

where

A(1)
i j = ui, j + u j,i,

A(2)
i j = A(1)

i j,t + umA(1)
i j,m + A(1)

im um, j + A(1)
m j um,i.

Here τi j is the stress tensor, p the pressure, δi j the Kro-
necker delta, ui the fluid velocity, and ν , ν ′, ν ′′ are
three measurable material constants (viscosity, elastic-
ity, and cross-viscosity).

Now, when β < 0 (stable stratification), all the co-
efficients of (67) are real and positive, and hence (67)
will not admit any positive real root, or complex root
with a real positive part, implying thereby stability of
the considered system. We conclude that a stable den-
sity stratification will remain stable even for a finite re-
sistivity together with suspended particles, and a non-
zero kinematic viscosity and kinematic viscoelasticity.
But when β > 0 which is the criterion for unstable
density stratification, (67) will possess at least one real
positive root, which will destabilize the considered sys-
tem for all wavenumbers. Let σ0 denote the unstable
real positive root of (67), then it will satisfy the equa-
tion

σ4
0 [1+ ν ′

0L]
+σ3

0 [L(ν0 + η)+ f (1+ α0)+ ν ′
0L( f + ηL)]

+σ2
0 [ f L{ν0 + η(1+ α0)}+ ηL2(ν0 + ν ′

0 f )+ λ̃ ]

+σ0[η(ν0 f L2 −gk2β )+ λ̃ f ]−gk2β η f = 0.

(68)

From (68), it follows that the unstable density stratifi-
cation (β > 0) can not be stabilized, since the constant
term of (68) is always negative in this case. Now to un-
derstand the influence of suspended particles with their
relaxation frequency parameter f , of the kinematic vis-
cosity ν0, kinematic viscoelasticity of the medium ν ′

0,
finite resistivity η , stratification parameter β , and the
Alfvén velocity VA, on the growth rate of the unsta-
ble Rayleigh-Taylor modes, we evaluate the following
derivatives, using (68), and discuss their nature.

dσ0

d f
= − 1

F1
[σ3

0 {(1+ α0)+ ν ′
0L}

+ σ2
0 L{ν0 + η(1+ α0)+ ν ′

0ηL}

+ σ0{ν0ηL2 + λ̃}−gk2β η ],

(69)

dσ0

dν0
= −σ0L

F1
[σ2

0 + σ0( f + ηL)+ f ηL], (70)

dσ0

dν ′
0

=
σ2

0 L

F1
[σ2

0 + σ0( f + ηL)+ f ηL], (71)

dσ0

dη
= − L

F1
[σ3

0 (1+ ν ′
0L)

+ σ2
0{ f (1+ α0)+ L(ν0 + ν ′

0 f )}

+ σ0{ν0 f L− (gk2β/L)}− f (gk2β/L)],

(72)

dσ0

dβ
=

gk2

F1L
[σ2

0 + σ0( f + ηL)+ f ηL], (73)

dσ0

dVA
= −2σ0k2

xVA

F1
(σ0 + f ), (74)

where

F1 = 4σ 3
0 [1+ ν ′

0L]

+ 3σ 2
0 [L(ν0 + η)+ f (1+ α0)+ ν ′

0L( f + ηL)]

+ 2σ0[ f L{ν0 + η(1+ α0)}
+ ηL2(ν0 + ν ′

0 f )+ λ̃ ]

+ [η(ν0 f L2 −gk2β )+ λ̃ f ].

(75)

Now, consider the inequalities

gk2β
L

(2σ0 + f + ηL) ≶

[4σ 3
0 (1+ ν ′

0L)

+ 3σ 2
0{L(ν0 + η)+ f (1+ α0)+ ν ′

0L( f + ηL)}
+ 2σ0{ f L(ν0 + η(1+ α0))+ ηL2(ν0 + ν ′

0 f )}
+ ν0 f ηL2 + k2V 2

A],

(76)
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gk2β
L

(σ0 + ηL) ≶

[σ3
0 {(1+ α0)+ ν ′

0L}
+ σ2

0 L{ν0 + η(1+ α0)+ ν ′
0ηL}

+ σ0{ν0ηL2 + k2V 2
A}],

(77)

and

gk2β
L

(σ0 + ηL) ≶

[σ3
0 (1+ ν ′

0L)

+ σ2
0{ f (1+ α0)+ L(ν0 + ν ′

0 f )}+ σ0ν0 f L],

(78)

resulting from the conditions

F1 ≷ 0, (79)

[σ3
0 {(1+ α0)+ ν ′

0L}
+σ2

0 L{ν0 + η(1+ α0)+ ν ′
0ηL}

+σ0{ν0ηL2 + λ̃}−gk2β η ] ≷ 0,

(80)

and

[σ3
0 (1+ ν ′

0L)

+σ2
0{ f (1+ α0)+ L(ν0 + ν ′

0 f )}
+σ0{ν0 f L− (gk2β/L)}− f (gk2β/L) >

< 0

(81)

given by (69), (72), and (75), respectively.

5.1. Stability Analysis

If either both upper or both lower signs of the in-
equalities (76) and (77) hold, then dσ0/d f is nega-
tive. Thus we infer that the growth rate of the un-
stable Rayleigh-Taylor modes decreases with increas-
ing relaxation frequency parameter of the suspended
particles when the above mentioned restrictions (76)
and (77) hold. Thus the conditions (76) and (77) de-
fine the region where the suspended particles have a
stabilizing influence. But if the upper sign of the in-
equality (76) and the lower sign of (77), or vice versa,
hold simultaneously, then the growth rate turns out to
be positive. This means, under these limitations, that
the suspended particles can increase the growth rate
of the unstable Rayleigh-Taylor modes. We observe
from (76) and (77) that the stabilizing or destabilizing
influence of the suspended particles depends on the fi-
nite resistivity of the medium, as well as the kinematic
viscosity and viscoelasticity. Also, if either both upper
or both lower signs of the inequalities (76) and (78)

simultaneously hold, then dσ0/dη is negative. Thus
we infer that the growth rate of the unstable Rayleigh-
Taylor modes decreases with increasing finite resis-
tivity of the medium, when the above mentioned re-
strictions (76) and (78) hold. Thus the conditions (76)
and (78) define the region where the finite resistivity
has a stabilizing influence. But if the upper sign of (76)
and the lower sign of (78), or vice versa, hold simulta-
neously, then the growth rate turns out to be positive.
This means, under these limitations, that the finite re-
sistivity can increase the growth rate of the unstable
Rayleigh-Taylor modes. Also, from (74) we find that
the applied magnetic field has a stabilizing as well as
a destabilizing effect on the considered system accord-
ing as the upper and lower signs of (76), respectively.

From (70) and (75) we find that the growth rate
of the unstable mode is negative or positive if F ≷
0, which correspond to the upper and lower signs
of the inequality (76), respectively. It is also read-
ily seen from (68) that for an infinitely conducting
plasma (η = 0), the growth rate is always negative if
the condition V 2

A > (gβ/L) is satisfied, whereas for a
finitely conducting medium we find from (70) that the
growth rate is negative under the upper sign of (76).
In the light of the above discussion it should, how-
ever, be observed that the kinematic viscosity always
suppresses the growth rate of the unstable Rayleigh-
Taylor mode for an ideal plasma, but for a finitely
conducting plasma it enhances the growth rate under
the upper sign of the condition (76). Note that the fi-
nite conductivity further destabilizes the system by in-
creasing the growth rate of the unstable modes. Also,
from (71), (73), and (75) we find that the growth rate
of the unstable mode is positive or negative if F ≷ 0,
which corresponds to the upper and lower signs of the
inequality (76), i.e. in the regions where the kinematic
viscosity has a stabilizing effect, we find that both the
kinematic viscoelasticity and stratification parameter
have destabilizing influences on the considered system,
and vice-versa.

Equation (67) ia a quadruple equation in the growth
rate σ , with real coefficients. We solved this equation
numerically (using Mathematica 4) for m̃ = 1, d = 2 m,
and g = 980 m s−2, for various values of the physical
parameters α0, η , VA, ν0, f , ν ′

0, and β , in the case of
potentially unstable stratification (β > 0). These cal-
culations are presented in Figs. 8 – 14, where we have
given the growth rate (positive real part of σ ) against
the wavenumber k (from k = 0 to k = 10) for α 0 (the
mass concentration of the suspended particles) = 0.7,
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Fig. 8. The positive real part of the growth rate σ , given
by (67), of the unstable mode plotted against the wavenum-
ber k for the mass concentration of the suspended particles
α0 = 0.7, 3, and 10 kg m−2, with the same values of the other
parameters as given in Fig. 1.

Fig. 9. The positive real part of the growth rate σ , given
by (67), of the unstable mode plotted against the wavenumber
k for the the Alfvén velocity VA = 10, 40, and 100 m s−1, with
the same values of the other parameters as given in Fig. 5.

3, and 10 kg m−2; VA (the Alfvén velocity) = 10, 40,
and 100 m s−1; ν0 (the kinematic viscosity) = 0.5, 3,
and 10 m2 s−1; ν ′

0 (the kinematic viscoelasticity) = 0.7,
1.2, and 2 m2 s−1; β (the stratification parameter) =
0.1, 0.8, and 1.5; η (the finite resistivity) = 0.4, 2, and
5 kg m3 A−2 s−3; and f (the relaxation frequency of the
suspended particles) = 5, 10, and 15 kg−1 m−1; respec-
tively. Figures 8 – 11 show that the considered Rivlin-
Ericksen viscoelastic medium including the effects of
magnetic field, finite resistivity, kinematic viscosity
and viscoelasticity, and density stratification has desta-
bilizing effects (for very small wavenumbers) as well
as stabilizing effects (for large wavenumbers greater
than critical wavenumbers) for fixed values of the pa-
rameters α0, VA, ν0, ν ′

0, β , η , and f , as indicated in
the previous section. It follows from, Figs. 8 – 11, that

Fig. 10. The positive real part of the growth rate σ , given
by (67), of the unstable mode plotted against the wavenumber
k for the kinematic viscosity ν0 = 0.5, 3, and 10 m2 s−1, with
the same values of the other parameters as given in Fig. 2.

Fig. 11. The positive real part of the growth rate σ , given
by (67), of the unstable mode plotted against the wavenum-
ber k for the kinematic viscoelasticity ν′

0 = 0.7, 1.2, and
2 m2 s−1, with the same values of the other parameters as
given in Fig. 7.

the mass concentration of the suspended particles α0,
the Alfvén velocity VA, the kinematic viscosity ν0, and
the kinematic viscoelasticity ν ′

0, respectively, have sta-
bilizing effects on the considered system, since the
growth rate is decreased with increasing α0, VA, ν0,
or ν ′

0. Note, from Fig. 8, that the mass concentration of
the suspended particles α0 has no effect on the stability
of the system for wavenumbers k ≥ 10, and that α0 has
a slightly stabilizing effect for wavenumbers k < 10.
Figure 11 indicates that the kinematic viscoelasticity
ν ′

0 has no effect on the stability of the considered sys-
tem for wavenumbers k ≤ 5, while ν ′

0 has a slightly sta-
bilizing effect for wavenumbers k > 5. It follows also,
from Figs. 12 and 13, that both the stratification pa-
rameter β and the finite resistivity η have destabilizing
effects on the considered system, since the growth rate
increases with the increasing β and η . In this case, for
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Fig. 12. The positive real part of the growth rate σ , given
by (67), of the unstable mode plotted against the wavenumber
k for the stratification parametrt β = 0.1, 0.8, and 1.5, with
the same values of the other parameters as given in Fig. 6.

fixed values of β and η the considered system is found
to have stabilizing as well as destabilizing effects. Fi-
nally, it follows from Fig. 14 that the relaxation fre-
quency of the suspended particles f has no effect on the
stability of the considered Rivlin-Ericksen viscoelas-
tic system for the wavenumbers range 0 ≤ k ≤ 10,
since the growth rate is constant for variabe values of
f (= 5,10, and 15) at the same wavenumber; and as
mentioned above, we notice that the considered sys-
tem has stabilizing as well as destabilizing effects for
all given constant values of f in the presence of other
physical parameters.

5.2. The Case of Infinite Conductivity

In the case of infinite conductivity, i.e. when η = 0,
the dispersion relation (67) takes the form

σ3[1+ ν ′
0L]+ σ2[ν0L+ f (1+ α0)+ ν ′

0 f L]

+ σ [ν0 f L+ λ̃ ]+ λ̃ f = 0.
(82)

It is readily seen from (82) that for β < 0, which is
the criterion for stable density stratification, the above
equation does not admit any positive real root, or com-
plex root with a positive real part, implying thereby
that the system is stable. For unstable density strati-
fication (β > 0), the gas-particle medium is stable or
unstable according to

V 2
A ≷ (gβ/L). (83)

Hence it is evident from (82) and (83) that the stability
criterion is independent of the presence of suspended

Fig. 13. The positive real part of the growth rate σ , given
by (67), of the unstable mode plotted against the wavenumber
k for the finite resistivity η = 0.4, 2, and 5 kg m3 A−2 s−3,
with the same values of the other parameters as given in
Fig. 3.

Fig. 14. The positive real part of the growth rate σ , given
by (67), of the unstable mode plotted against the wavenumber
k for the relaxation frequency of the suspended particles f =
5, 10, and 15 kg−1 m−1, with the same values of the other
parameters as given in Fig. 4.

particles, kinematic viscosity, and kinematic viscoelas-
ticity.

From (82), we find that for β > 0 the system is un-
stable in the absence of a magnetic field. However, the
system can be stabilized by a magnetic field which sat-
isfies the inequality

V 2
A > (gβ/L). (84)

We find that for β > 0 and V 2
A < (gβ/L), (82) has at

least one positive real root which will destabilize the
medium for all wavenumbers. Let σ0 denotes the posi-
tive real root of (82), hence

σ3
0 [1+ ν ′

0L]+ σ2
0 [ν0L+ f (1+ α0)+ ν ′

0 f L]

+ σ0[ν0 f L+ λ̃ ]+ λ̃ f = 0.
(85)
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In order to have an insight into the role of suspended
particles, kinematic viscosity, and kinematic viscoelas-
ticity on the growth rate of unstable modes, we calcu-
late dσ0/d f , dσ0/dν0, and dσ0/dν ′

0, and examine their
nature. From (85), we obtain

dσ0

d f
= − 1

G1
[σ2

0 {(1+ α0)+ ν ′
0L}

+ σ0ν0L+ λ̃ ],
(86)

dσ0

dν0
= −σ0L

G1
(σ0 + f ), (87)

dσ0

dν ′
0

= −σ2
0 L

G1
(σ0 + f ), (88)

where

G1 = 3σ 2
0 [1+ ν ′

0L]
+ 2σ0[ν0L+ f (1+ α0)+ ν ′

0 f L]
+ [ν0 f L+ λ ].

(89)

Therefore, in addition to the condition V 2
A < (gβ/L),

which makes the medium unstable, we find that if
either

λ̃ > 3σ 2
0 [1+ ν ′

0L]

+ 2σ0[ν0L+ f (1+ α0)+ ν ′
0 f L]+ ν0 f L

(90)

or

λ̃ < [σ2
0 {(1+ α0)+ ν ′

0L}+ σ0ν0L], (91)

dσ0/d f is always negative. In writing (90) and (91),
we have taken note of the fact that α0(= mN/ρ) can
not exceed 1. Thus, the growth rate decreases with in-
creasing relaxation frequency of the suspended parti-
cles. However, the growth rate increases with increas-
ing relaxation frequency parameter if

[σ2
0 {(1+ α0)+ ν ′

0L}+ σ0ν0L]

< λ < 3σ 2
0 {(1+ α0)+ ν ′

0L}
+ 2σ0[ν0L+ f (1+ α0)+ ν ′

0 f L]+ ν0 f L.

(92)

It is also evident, from (87) and (88) that an increase
in the kinematic viscosity or kinematic viscoelasticity
results in decreasing or increasing the growth rate of
the disturbance if

λ̃ ≶ 3σ 2
0 (1+ ν ′

0L)

+ 2σ0[ν0L+ f (1+ α0)+ ν ′
0 f L]+ ν0 f L,

(93)

respectively, together with the condition V 2
A < (gβ/L)

in the case of stability only.

Finally, for an infinitely conducting medium (η =
0), and in the absence of suspended particles (τ = α0 =
0), (34) for a Rivlin-Ericksen viscoelastic medium
yields

σ2[1+ ν0L]+ σ0ν0L+ λ̃ = 0. (94)

Following the same procedure as above, we can de-
duce the growth rate with kinematic viscosity, kine-
matic viscoelasticity, stratification parameter, and the
Alfvén velocity, respectively, in the form

dσ0

dν0
= − σ0L

[2σ(1+ ν ′
0L)+ ν0L]

, (95)

dσ0

dν ′
0

= − σ2
0 L

[2σ(1+ ν ′
0L)+ ν0L]

, (96)

dσ0

dβ
=

gk2

[2σ(1+ ν ′
0L)+ ν0L]

, (97)

dσ0

dVA
= − 2k2VA

[2σ(1+ ν ′
0L)+ ν0L]

. (98)

From (95) and (96), we conclude that the growth
rate is always negative. Comparison of (70) with (95)
reveals the interesting feature that the simultaneous
presence of suspended particles, viscosity, and vis-
coelasticity can increase as well as decrease the growth
rate. If the suspended particles are not included, then
both the kinematic viscosity and kinematic viscoelas-
ticity always reduce the growth rate of the instabil-
ity, and therefore they have stabilizing effects. A sim-
ilar consequence of the viscosity effect has been re-
ported by Bhatia [31], but in the context of hydromag-
netic Rayleigh-Taylor instability of two superposed
fluids. Also, comparison of (73) and (74) with (97)
and (98), respectively, reveals that the simultaneous
presence of suspended particles and density stratifi-
cation (or magnetic field) can increase as well as de-
crease the growth rate, whereas, if suspended parti-
cles are absent, the stratification parameter always in-
creases the growth rate of the instability, and therefore
it has a destabilizing influence on the system, while the
magnetic field always decreases the growth rate of the
instability.
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6. Viscid Finitely Conducting Dusty Plasma

In the limiting case of absence of kinematic vis-
coelasticity, i.e. when ν ′

0, (36) reduces to

σ4 + σ3[L(ν0 + η)+ f (1+ α0)]

+ σ2[ f L{ν0 + η(1+ α0)}+ ν0ηL2 + λ̃ ]

+ σ [η(ν0 f L2 −gk2β )+ λ̃ f ]−gk2β η f = 0.

(99)

Note that, in this limiting case, (99) differs from the
corresponding dispersion relation obtained by Sanghvi
and Chhajlani [39] in two terms, the constant term and
the coefficient of the σ term, due to an error in the alge-
bra (cf. (31) – (33) in their work), and hence their dis-
persion relation is incorrect. Here, we shall reconsider
their stability discussion in the light of the correct dis-
persion relation given by (99). We find that for β < 0, a
stable stratification remains stable, since then (99) will
not allow any positive real root, or complex root with
positive real part. For β > 0 there is at least one pos-
itive real root, leading to instability of the considered
system. We denote this root by σ0, which should sat-
isfy the equation

σ4
0 + σ3

0 [L(ν0 + η)+ f (1+ α0)]

+ σ2
0 [ f L{ν0 + η(1+ α0)}+ ν0ηL2 + λ̃ ]

+ σ0[η(ν0 f L2 −gk2β )+ λ̃ f ]−gk2β η f = 0.

(100)

In order to determine the roles of the suspended par-
ticles, kinematic viscosity, and the finite resistivity in
an explicit manner, we calculate dσ0/d f , dσ0/dν0, and
dσ0/dη from (100), which yields

dσ0

d f
= − 1

K1
[σ3

0 (1+ α0)+ σ2
0 L{ν0 + η(1+ α0)}

+ σ0(ν0ηL2 + λ̃)−gk2β η ],
(101)

dσ0

dν0
= −σ0L

K1
(σ0 + f )(σ0 + ηL), (102)

dσ0

dη
= − L

K1
[σ3

0 + σ2
0{ f (1+ α0)+ ν0L}

+ σ0{ν0 f L− (gk2β/L)}− f (gk2β/L)]
(103)

where

K1 = 4σ 3
0 + 3σ 2

0 [L(ν0 + η)+ f (1+ α0)]

+ 2σ0[ f L{ν0 + η(1+ α0)}+ ν0ηL2 + λ̃ ]

+ [η(ν0 f L2 −gk2β )+ λ̃ f ].

(104)

Now consider the inequalities

(σ0 + ηL)(gk2β/L)

≶ [σ3
0 {(1+ α0)+ σ2

0 L{ν0 + η(1+ α0)}
+ σ0{ν0ηL2 + k2V 2

A]

(105)

2σ0(gk2β/L)

≶ [4σ 3
0 + 3σ 2

0{L(ν0 + η)+ f (1+ α0)}
+ 2σ0{ f L(ν0 + η(1+ α0))+ ηL2ν0 + k2V 2

A}
+{ην0 f L2 + f k2V 2

A}]

(106)

(gk2β/L)(σ0 + f )

≶ σ0[σ2
0 + σ0{ f (1+ α0)+ ν0L}+ ν0 f L]

(107)

If the upper (or lower) signs of the inequalities (105)
and (106) are satisfied simultaneously, we find that
dσ0/d f is negative, and if the upper and lower signs
of these inequalities, or vice-versa hold, respectively,
then dσ0/d f turns out to be positive. Also, if the upper
(or lower) signs of the inequalities (106) and (107) are
satisfied simultaneously, we find that dσ0/dη is neg-
ative, and if the upper and lower signs of the inequal-
ities (106) and (107), or vice-versa hold, respectively,
then dσ0/dη is positive. Finally, dσ0/dν0 turns out to
be negative or positive if the inequality (106) holds for
the upper and lower signs, respectively. Thus, we con-
clude that the suspended particles, kinematic viscos-
ity, and the finite resistivity have stabilizing as well
as destabilizing effects on the considered system ac-
cording to the above mentioned limitations expressed
in therms of the other physical parameters even in the
absence of kinematic viscoelasticity of the medium. It
is also readily seen from (99) that for an infinite plasma
(η = 0) all the coefficients of (99) will be positive if
λ̃ > 0, i.e. when the conditionV 2

A > (gβ/L) is satisfied,
as mentioned above, leading thereby to the stability of
the considered system.

For a dusty inviscid finitely conducting medium we
must deduce the dispersion relation corresponding to
an inviscid plasma (ν0 = 0), We find that the dispersion
relation (99) reduces to

σ4 + σ3[ηL+ f (1+ α0)]

+ σ2[ f Lη(1+ α0)+ λ̃ ]

+ σ [λ̃ f −gk2β η ]−gk2β η f = 0.

(108)

In the derivation of the above equation, the effect of the
mass (m) and size (r) of the suspended particles has
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been included in the analysis through the quantity f .
For β < 0 the above equation will not admit any real
positive root, or complex root with real positive part,
and so the system remains stable. For β > 0, the above
equation will possess at least one real positive root
which destabilizes the system for all wavenumbers. It
is noteworthy from (108) that for an infinitely conduct-
ing plasma (η = 0), all the coefficients of (108) are
positive when λ̃ > 0, i.e. for the wavenumbers range
given by the inequality k2 < [(gβ/V 2

A) − (m̃π/d)2],
which means that the considered system is stable in the
absence of both the kinematic viscosity and kinematic
viscoelasticity, as indicated recently by Al-Khateeb
and Leham [49], where they have found that the mag-
netic field acts as a stabilizer up to a threshold value
that can be determined from the obtained dispersion
relation. Therefore, the applied magnetic field stabiliz-
ing in this case, and the stability of the system holds
for values of the Alfvén velocity greater than the criti-
cal value V 2

A = gβ/L.

7. Summary and Concluding Remarks

In conclusion, we have examined the implication of
simultaneous inclusion of both finite resistivity and the
suspended particles effect on the Rayleigh-Taylor in-
stability of two models of a magnetized and viscoelas-
tic (Walters B’ or Rivlin-Ericksen) medium having a
vertical density stratification. The horizontal magnetic
field, and the viscosity as well as the viscoelasticity of
the medium are assumed to be variable. The following
concluding remarks have been outlined:

1) Firstly, for the case of the Walters B’ viscoelastic
fluid model, we have found, for both the longitudinal
and transverse modes, that for stable density stratifica-
tion, the system can be stabilized under certain con-
ditions depending on all physical quantities included
in the analysis, whereas the unstable density stratifi-
cation remains unstable for all wavenumbers which
can be stabilized by a suitable choice of the mag-
netic field for vanishing resistivity. Thus, the finite re-
sistivity is found to have a destabilizing influence on
the Rayleigh-Taylor configuration. The variations of
the growth rate of the unstable Rayleigh-Taylor modes
with the relaxation frequency of the suspended parti-
cles, kinematic viscosity, kinematic viscoelasticity, fi-
nite resistivity, magnetic field, and the stratification pa-
rameter have been evaluated analytically. All the phys-
ical parameters are found to have stabilizing as well

as destabilizing effects on the considered system under
certain conditions depending on the other parameters.
The case of a dusty plasma with infinite conductivity
and absence of a magnetic field is also considered, and
the stability conditions are obtained, from which we
conclude that the stable stratification remains stable
only for a wavenumber range depending on the kine-
matic viscoelasticity, while the unstable stratification
remains unstable irrespective whether the medium is
viscoelastic or not. It is found also that the presence
of dust always reduces the growth rate of the unstable
Rayleigh-Taylor perturbations in this case. The numer-
ical results for the Walters B’ viscoelastic fluid model
can be summarized as follows:

(i) Both the mass concentration of the suspended
particles α0, and the kinematic viscosity ν0 have desta-
bilizing effects on the considered system. For fixed
small values of α0 and ν0, the system is found to have
stabilizing as well as destabilizing effects. It is found
also that α0 has no effect on the stability of the system
for wavenumbers k ≥ 10.

(ii) The finite resistivity η has a stabilizing effect,
while the relaxation frequency of the suspended parti-
cles f has a destabilizing influence on the system. For
a constant value of f , the considered system is found to
have a stabilizing influence in this case, and f is found
to have no effect on the stability of the system for the
wavenumbers k ≥ 5.

(iii) The Alfvén velocity VA has a destabilizing ef-
fect, while the stratification parameter β has a stabi-
lizing influence on the system. It is found also that
the system is stabilized for small constant Alfvén ve-
locities, while for constant large Alfvén velocities, the
system is found to be stable as well as unstable. For
small stratification parameters, the system is found to
be unstable, while for larger stratification parameters
β ≥ 1.5, then the system is found to be always stable.

(iv) The kinematic viscoelasticity has a stabilizing
effect on the considered system.

2) Secondly, for the case of Rivlin-Ericksen vis-
coelastic fluid it is found that a stable (or unstable)
density stratifications will remain stable (or unstable),
respectively, even in the presence of the considered pa-
rameters. The behaviour of the growth rate of the un-
stable mode with respect to the relaxation frequency of
the suspended particles, kinematic viscosity, kinematic
viscoelasticity, finite resistivity, and the stratification
parameters, is examined. The above mentioned param-
eters are found to have stabilizing as well as desta-
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bilizing effects on the considered system in the pres-
ence of finite resistivity under certain conditions. For
an infinitely conducting medium it is found that both
the relaxation frequency of the suspended particles and
the kinematic viscosity have a stabilizing effect, while
both the kinematic viscoelasticity and stratification pa-
rameter have a destabilizing influence on the consid-
ered system if the condition V 2

A > (gβ/L) is satisfied.
The variation of the growth rate of the unstable mode
with respect to the relaxation frequency of the sus-
pended particles, kinematic viscosity, and kinematic
viscoelasticity are calculated, and the stability condi-
tions in each case are obtained and discussed in detail.
Finally, the limiting case of vanishing finite resistivity
and suspended particles is examined. It was found that
both the kinematic viscosity and kinematic viscoelas-
ticity have a stabilizing effect, while the stratification
parameter is found to have a destabilizing effect in this
case, even in the presence of the other parameters. The
numerical results for the Rivlin-Ericksen viscoelastic
fluid model can be summarized as follows:

(i) The mass concentration of the suspended par-
ticles α0, and the Alfvén velocity VA, the kinematic
viscosity ν0, and the kinematic viscoelasticity ν ′

0 have
stabilizing effects on the considered system. It is found
also that α0 has no effect on the stability of the sys-
tem for wavenumbers values k ≥ 10, and that α0 has
a slightly stabilizing effect for wavenumber range 0 <
k < 10 . The kinematic viscoelasticity ν ′

0 has no effect
on the stability of the system for wavenumbers k ≤ 5,
while it has a slightly destabilizing influence on the
system for wavenumbers k > 5.

(ii) Both the stratification parameter β and the finite
resistivity η have destabilizing effects on the consid-
ered system.

(iii) The relaxation frequency of the suspended par-
ticles f has no effect on the stability of the considered
system.

3) The case of vanishing kinematic viscoelasticity
is examined, i. e. the limiting case of a viscid (and
inviscid) finitely conducting dusty plasma is consid-
ered, and the corrected dispersion relation is obtained,
from which the stability analysis in this case in dis-
cussed. It is found that the magnetic field has a sta-
bilizing effect in the absence of both viscosity and fi-
nite resistivity, and stability of the system occurs for
values of the Alfvén velocity satisfying the inequal-
ity V 2

A > (gβ/L). Thus the kinematic viscosity always
suppresses the growth rate of the unstable Rayleigh-
Taylor perturbations for an ideal plasma. On the other
hand it enhances the growth rate when the medium is
considered to be finitely conducting. The limiting case
of absence of finite resistivity is also considered, and
it is found that the stable density stratification remains
stable even in the presence of the remaining parame-
ters, while for the unstable density stratification it fol-
lows that the gas-particle medium is stable or unstable
according as V 2

A ≷ (gβ/L), respectively. This condition
is independent of the presence of suspended particles,
kinematic viscosity, and kinematic viscoelasticity.
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[20] S. Özer and E. S. Suhubi, ARI 51, 221 (1999).
[21] S. Benkadda and V. N. Tsytovich, Phys. Plasmas 2,

2970 (1995).
[22] R. K. Chhajlani and A. K. Parihar, Astrophys. J. 422,

746 (1994).
[23] R. C. Sharma, K. Prakash, and S. N. Dube, Acta Phys.

Acad. Sci. Hungaricae 40, 3 (1976).
[24] R. C. Sharma and K. C. Sharma, Acta Phys. Acad. Sci.

Hungaricae 43, 251 (1977).
[25] R. K. Chhajlani, R. K.Sanghvi, and P. Purohit, Z.

Naturforsch. 39a, 939 (1984).
[26] P. K. Shukla and H. U. Rahman, Phys. Plasmas 3, 430

(1996).
[27] G. T. Birk, A. Kopp, and P. K. Shukla, Phys. Plasmas 3,

3564 (1996).
[28] G. T. Birk, Phys. Plasmas 9, L745 (2002).
[29] B. A. Maury and R. Glowinski, C. R. Acad. Sci. Paris

(Ser. I) 324, 1079 (1997).
[30] F. Verheest, Waves in Dusty Space Plasmas, Kluwer,

Dordrecht 2000.
[31] M.-B. Kallenrode, Space Physics: Plasmas and Parti-

cles in the Heliosphere and Magnetosphere, Springer-
Verlag, Berlin 1998.

[32] P. J. Sturrock, Plasma Physica: An Introduction to the
Theory of Astrophysical, Geophysical, and Laboratory
Plasmas, Cambridge University Press 1994.

[33] R. J. Goldston and P. H. Rutherford, Intorduction to
Plasma Physics, Institute of Physics, Bristol 1995.

[34] N. Seehafer and J. Schumacher, Phys. Plasmas 5, 2363
(1998).

[35] H. P. Furth, J. Killen, and M. N. Rosenbluth, Phys. Flu-
ids 6, 453 (1963).

[36] J. D. Jukes, J. Fluid Mech. 16, 187 (1963).
[37] L. N. Zadoff and M. Begun, Phys. Fluids 11, 1238

(1968).
[38] A. K. Sundram, Phys. Fluids 11, 1709 (1968).
[39] R. K. Sanghvi and R. L. Chhajlani, Z. Naturforsch. 40a,

826 (1985).
[40] C. Lamb, Hydromagnetic instability in the earth’s core,

Ph. D. Thesis, University of Glasgow 1994.
[41] D. K. Callebaut, M. F. El-Sayed, and N. L. Tsintsadze,

Ukr. J. Phys. 40, 472 (1995).
[42] M. F. El-Sayed, Phys. Rev. E 60, 7588 (1999); Czech.

J. Phys. 49, 473 (1999)
[43] R. K. Chhajlani and M. K. Vyas, Astrophys. Space Sci.

173, 109 (1990).
[44] M. F. El-Sayed, Nuovo Cim. D 20, 1645 (1998); Czech.

J. Phys. 50, 407; 607 (2000).
[45] P. K. Bhatia, Nuovo Cim. B 19, 161 (1974).
[46] E. A. Spiegel, Astrophys. J. 141, 1068 (1965).
[47] D. H. Michael, Proc. Camb. Phil. Soc. 61, 569 (1965).
[48] L. Xu, Commun. Nonlinear Sci. Num. Simul. 7, 165

(2002).
[49] A. M. Al-Khateeb and N. M. Leham, Contrib. Plasma

Phys. 43, 25 (2003).


