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Based on the superposition model, in this paper the EPR parameters g‖ and g⊥ of Dy3+, and the

hyperfine structure constants A‖ and A⊥ of 161Dy3+ and 163Dy3+ in LuPO4 crystal are calculated by
perturbation formulas from the crystal-field theory. In the calculations, the contributions of various
admixtures and interactions such as J-mixing, mixtures among states with the same J-value, two-
order perturbation, covalency as well as local lattice relaxation are considered. The calculated results
agree reasonably with the observed values.
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1. Introduction

As a primary nuclear waste, the potentially impor-
tant application of rare-earth orthophosphate has moti-
vated a series of studies of the physical and chemical
characteristics of mixed orthophosphate-impurity sys-
tems [1 – 4]. EPR is a powerful tool to determine the
local symmetry of impurity centers. So, much exper-
imental and theoretical work has been done to under-
stand the physics of the rare-earth ion in orthophos-
phates [4 – 7]. For example, EPR g factors g‖, g⊥ of
Dy3+ and hyperfine structure constants A‖ of 161Dy3+

and 163Dy3+ in LuPO4 crystal have been measured
by Abraham et al. [4]. But until now there exists no
theoretical explanation to these useful experimental
data. Ordinarily, the EPR parameters of Dy3+ are cal-
culated approximately from the first-order perturba-
tion formulas, where the eigenfunction of the lowest
Kramers doublet of the 4f9 ion is obtained by con-
sidering only the interaction within the ground 6H15/2
multiplets [8, 9]. In order to calculate more exactly
these EPR parameters, in this paper we use the second-
order perturbation formulas of the EPR parameters for
the 4f9 ion in tetragonal symmetry. In these formu-
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las, the contributions to EPR parameters due to 1.) the
J-mixing among the ground 6H15/2, the first excited
6H13/2 and the second excited 6H11/2 states, 2.) the
mixtures among the states or levels with the same J-
value via spin-orbit interaction, 3.) the interactions be-
tween the lowest Kramers doublet Γ γ and other 20
Kramers doublets Γ x via the crystal-field and orbital
angular momentum (or hyperfine structure) as well as
4.) the covalency reduction effect due to the covalency
of metal-ligand bonds are all considered. From these
formulas, the EPR parameters g and A for Dy3+ in
LuPO4 crystal are calculated, based on the Newman’s
superposition model. The results are discussed.

2. Calculations

LuPO4 crystal has the tetragonal zircon-type struc-
ture with space group I41/amd(141) [10]. The im-
purity ion Dy3+ replaces the Lu3+ ion having non-
centrosymmetrical D2d point symmetry. Thus Dy3+

is surrounded by eight nearest-neighbour O 2− ions;
four of these at a distance R1 and the other four
at a slightly different distance R2 [11, 12]. For the
LuPO4:Dy3+ crystal, the average values of ḡ ≈ (g‖ +
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2g⊥)/3 ≈ 6.6 [9, 13] suggest that the ground doublet
Γ γ is Γ6.

A Dy3+ ion with the 4f9 electronic configuration has
the ground state 6H15/2, the first excited state 6H13/2

and the second excited state 6H11/2. For a 4f9 ion
in tetragonal symmetry, the states 6H15/2, 6H13/2 and
6H13/2 of the free-ion split into eight, seven and six
Kramers doublets, respectively [9, 14]. The wave func-
tions of these doublets can be obtained by diagonaliz-
ing a 42×42 energy matrix related to the Hamilton

Ĥ = Ĥfree + Ĥ ′, Ĥ ′ = Ĥcf + ĤZ + Ĥhf, (1)

where the free-ion term Ĥfree includes Coulomb repul-
sion, spin-orbital coupling, two-body and three-body
interactions etc.. Ĥfree is the perturbation term. Ĥcf is
the crystal-field term and can be expressed in terms of
Stevens equivalent operator under tetragonal symme-
try [9]

ĤCF = B0
2O0

2 + B0
4O0

4 + B4
6(O

4
6 + O−4

6 )

+ B0
6O0

6 + B4
6(O

4
6 + O−4

6 ),
(2)

where Bq
k are crystal field parameters. The Zeeman in-

teraction ĤZ can be written as ĤZ = gJ µβ Ĥ · Ĵ, with
their original meanings [9, 13]. The hyperfine interac-
tion Ĥhf in tetragonal symmetry can be expressed by
Ĥhf = A‖ŜzÎz +A⊥(Ŝ+Î−+ Ŝ−+ Î+) in terms of hyper-
fine structure constants parallel and perpendicular to
the tetragonal axis, and Ĥhf can be also written as the
equivalent operator N̂ of magnetic hyperfine structure,
i. e., Ĥhf = PNJN̂, where NJ is the diagonal matrix ele-
ment for the 2S+1LJ state, and P is the dipolar hyperfine
structure constant in the crystal [9].

Thus, based on the perturbation method, the pertur-
bation formulas of the EPR parameters g‖, g⊥, A‖ and
A⊥ can be written as [14]

g‖ = g‖(1) + g‖(2),

g‖(1) = 2gJ〈Γ γ|ĴZ|Γ γ〉,

g‖(2) = 2∑
X

′ 〈Γ γ|ĤCF|ΓX γX〉〈ΓX γX |ĴZ|Γ γ〉
E(ΓX)−E(Γ )

,

g⊥ = g⊥(1) + g⊥(2),

g⊥(1) = gJ〈Γ γ|Ĵ+|Γ γ ′〉, g⊥(2) = 0,

(3)

A‖ = A‖(1) + A‖(2),

A‖(1) = 2PNJ〈Γ γ|N̂Z|Γ γ〉,

A‖(2) = 2P∑
X

′ 〈Γ γ|ĤCF|ΓX γX〉〈ΓX γX |N̂Z|Γ γ〉
E(ΓX)−E(Γ )

,

A⊥ = A⊥(1) + A⊥(2),

A⊥(1) = PNJ〈Γ γ|N̂+|Γ γ ′〉, A⊥(2) = 0,

(4)

where ΓX γX denotes the excited doublets. The para-
meters gJ , gJ

′, NJ and NJ
′ for various states can be

obtained from [9] and [13].
Usually, only the contributions of the first-order per-

turbation terms to the EPR parameters are considered
within the ground 6H15/2 multiplets [9, 15]. In this pa-
per we use the above second-order perturbation for-
mulas of EPR parameters for a 4f9 ion in tetrago-
nal symmetry, to study the EPR parameters g factors
and A constants. Considering the various contributions
to the EPR parameters, i. e., the J-mixing among the
ground 6H15/2, the first excited 6H13/2 and the second
excited 6H11/2 states, the mixtures among the states
with the same J-value (including 6H15/2, 6I15/2 and
2K15/2, 6H13/2, 4I13/2 and 4H13/2, and 6H11/2, 4I11/2

and 4G11/2) via spin-orbit coupling interaction, the in-
teractions between the lowest Kramers doublet Γ γ and
other 20 Kramers doublets Γ x via crystal-field and
orbital angular momentum (or hyperfine structure) as
well as the covalency reduction effect due to the cova-
lency of metal-ligand bonds, the lowest Kramers dou-
blet Γ γ (or γ ′, where γ and γ ′ stand for the two com-
ponents of Γ irreducible representation) can be ex-
pressed as

|Γ γ(or γ ′)〉 = ∑
MJ1

C(6H15/2; Γ γ(or γ ′)Mj1)

· N15/2(|6H15/2MJ1〉+ λI|4I15/2MJ1〉+ λI
′|4I15/2MJ1〉)

+ ∑
MJ2

C(6H13/2; Γ γ(or γ ′)Mj2)N13/2(|6H13/2MJ2〉
+ λI

′′|4I13/2MJ2〉+ λH
′|4H13/2MJ2 >〉

+ ∑
MJ3

C(6H11/2; Γ γ(or γ ′)Mj3)N11/2(|6H11/2MJ3〉

+ λI
′′′|4I11/2MJ3〉+ λF|6F11/2MJ3〉+ λG|4G11/2MJ3〉),

(5)

where MJ1, MJ2 and MJ3 are in the ranges −15/2 ∼
15/2, −13/2∼ 13/2 and −11/2∼ 11/2, respectively.
Ni and λi are the normalization factors and mixing co-
efficients. They can be calculated from the spin-orbit
coupling matrix elements and perturbation method.
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Based on Newman’s superposition model [16, 17],
the crystal field parameters Bq

k in (2) can be ex-
pressed as

Bq
k =

n

∑
j=1

Āk(R0)(R0/R j)tk Kq
k (θ j,φ j), (6)

where the coordination factor K q
k (θ j,φ j) can be ob-

tained from the local structural parameters of the stud-
ied system. tk is the power law exponent and Āk(R0)
the intrinsic parameter with the reference distance R0.
In LuPO4 crystal, the host Lu3+ ion is coordinated
by eight nearest-neighbour O2− ions: four of these
at a distance RH

1 and angle θ1, the other four at a
slightly different distance RH

2 angle θ2, where θ j is the
angle between RH

j and the fourfold crystal axis. For
LuPO4, RH

1 ≈ 2.264 Å, θ1 ≈ 76◦32’; RH
2 ≈ 2.346 Å,

θ2 ≈ 30◦57’ [18]. Generally, considering the local lat-
tice relaxation, when an impurity ion substitutes for a
host ion, R j = RH

j (where RH
j is the cation-anion dis-

tance in the host crystal) because of the different ionic
radii of Dy3+ and the replaced Lu3+ ion. R j can be rea-
sonably estimated from the approximate formula [19]

R j = RH
j +(ri − rh)/2, (7)

where ri and rh are the ionic radii of the impu-
rity and the host, respectively. For LuPO4:Dy3+, ri ≈
0.908 Å, rh ≈ 0.85 Å [10]. The free ion parameters
of the Coulomb repulsion (E 0 ≈ 55395 cm−1, E1 ≈
6158 cm−1, E2 ≈ 30.43 cm−1 and E3 ≈ 622.75 cm−1),
the two-body interaction parameters (α ≈ 17.92 cm−1,
β ≈ −612.15 cm−1 and γ ≈ 1679.85 cm−1) the spin-
orbit coupling coefficient (ζ4f ≈ 1914 cm−1) in the en-
ergy matrix were obtained in [20].

For the (DyO8)13− cluster, no superposition model
parameters were reported. We estimate them as fol-
lows: the exponents tk are taken as those obtained for
the similar trivalent rare-earth ions Er3+ and Yb3+

in zircon-type compounds, i. e., t2 ≈ 7, t4 ≈ 12 and
t6 ≈ 11 [6, 7] and the intrinsic parameters and Ā2(R0)
and Ā4(R0) with the reference distance R0 = 2.343 are
also taken from Yb3+ in the same host LuPO4 crys-
tal [7]. Ā4(R0) is taken as the adjustable parameter ob-
tained by fitting the calculated EPR parameters (g‖, g⊥
and A‖) with the observed values.

Table 1. EPR parameters of Dy3+ in LuPO4 crystal (Ai are
in units of 10−4 cm−1).

161Dy3+ 163Dy3+

g‖ g⊥ A‖ A⊥ A‖ A⊥
Cal. 11.568 4.205 314.3(63) 115.2(22) 437.2(86) 160.3(31)
Expt. [4] 11.26(5) 4.2 312.9(30) – 441.6(20) –

Because of the covalency of the Dy3+-O2− bonds,
the orbital reduction factor k should be used in the cal-
culations. So, the dipolar hyperfine structure constant
for Dy3+ in LuPO4 crystal can be written as P = kP0
(where P0 ≈ 51.4× 10−4 cm−1, the free ion value for
the isotope 161Dy, and P0 ≈ 71.5×10−4 cm−1 [8], the
free ion value for the isotope 163Dy, respectively [9]).
From the above formulas and parameters, we reach
good fits between calculated and experimental EPR pa-
rameters g factors g‖, g⊥ of Dy3+ and hyperfine struc-
ture constants A‖ of 161Dy3+ and 163Dy3+ isotopes in
LuPO4 crystal, these parameters are

Ā6(R0) ≈ 9.2 cm−1, k ≈ 0.981. (8)

The comparisons between the calculated and experi-
mental EPR parameters are shown in Table 1.

3. Discussions

In Table 1 it can be seen that the calculated EPR
parameters g‖, g⊥ of Dy3+, and the hyperfine structure
constants A‖ of 161Dy3+ and 163Dy3+ in LuPO4 crystal
agree with the experimental values. So EPR parameters
for LuPO4:Dy3+ crystal are reasonably explained by
the above studies. This indicates that the perturbation
formulas and the used parameters in this paper can be
regarded as reasonable.

Observed values of A⊥ of 161Dy3+ and 163Dy3+ in
LuPO4 crystal are not reported. The theoretical values
of A⊥ in Table 1 remain to be checked by future exper-
imental studies.

Based on the superposition model, considering vari-
ous admixtures and interactions and the local lattice re-
laxation, the EPR parameters of LuPO4:Dy3+ are sat-
isfactorily explained. These formulas, as well as the
method of the study may be used in similar systems.
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