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The thermal instability of a layer of a couple-stress fluid acted on by a uniform rotation is con-
sidered. Following the linearized stability theory and normal mode analysis, the dispersion relation
is obtained. For stationary convection it is found that rotation has a stabilizing effect, whereas the
couple-stress has both stabilizing and destabilizing effects. It is found that the presence of rotation
introduces oscillatory modes in the system. A sufficient condition for the non-existence of oversta-
bility is also obtained.
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1. Introduction

The thermal instability of a fluid layer heated from
below plays an important role in geophysics, oceano-
graphy, atmospheric physics etc., and has been investi-
gated by many authors, e. g. Bénard [1], Rayleigh [2],
Jeffreys [3]. A detailed account of the theoretical
and experimental studies of so called Bénard convec-
tion in Newtonian fluids has been given by Chan-
drasekhar [4]. The Boussinesq approximation, which
states that the density can be treated as a constant in
all terms of the equations of motion except the ex-
ternal force term has been used throughout. Vest and
Arpaci [5] have studied the stability of a horizontal
layer of Maxwell’s viscoelastic fluid heated from be-
low. Bhatia and Steiner [6] have considered the effect
of a uniform rotation on the thermal instability of a vis-
coelastic fluid and have found that rotation has a desta-
bilizing influence, in contrast to the stabilizing effect
on a Newtonian fluid. R. C. Sharma [7] has studied the
thermal instability of a layer of Oldroydian [8] fluid
acted on by a uniform rotation and found that rotation
has destabilizing and stabilizing effects under certain
conditions, in contrast to a Maxwell fluid where the ef-
fect is destabilizing.

There are many elastico-viscous fluid that cannot
be characterized by Maxwell’s or Oldroyd’s constitu-
tive relations. One type of elastico-viscous fluids are
couple-stress fluids. The theory of couple-stress fluids
has been formulated by Stokes [9]. One of the applica-
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tions of couple-stress fluids is the study of the mecha-
nisms of lubrication of synovial joints. A human joint
is a dynamically loaded bearing which has an articular
cartilage as bearing and a synovial fluid as lubricant.
When a fluid film is generated, squeeze-film action is
capable of providing considerable protection to the car-
tilage surface. The shoulder, ankle, knee and hip joints
are loaded bearing synovial joints of the human body,
and these joints have a low friction coefficient and neg-
ligible wear.

The normal synovial fluid is a viscous, non-
Newtonian fluid and is generally clear or yellowish.
According to the theory of Stokes [9], couple-stresses
appear in noticeable magnitudes in fluids with very
large molecules. Since the long chain hyaluronic acid
molecules are found as additives in synovial fluids,
Walicki and Walicka [10] modeled the synovial fluid
as a couple-stress fluid. The synovial fluid is the natu-
ral lubricant of joints of the vertebrates. The detailed
description of the joint lubrication has very impor-
tant practical implications. Practically all diseases of
joints are caused by or connected with a malfunction
of the lubrication. The efficiency of the physiological
joint lubrication is caused by several mechanisms. The
synovial fluid is, due to its content of the hyaluronic
acid, a fluid of high viscosity, near to a gel. A layer
of such a fluid, heated from below under the action
of rotation, may find applications in physiological pro-
cesses. Goel et al. [11] have studied the hydromagnetic
stability of an unbounded couple-stress binary fluid
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mixture under rotation with vertical temperature and
concentration gradients. Sharma et al. [12] have con-
sidered a couple-stress fluid with suspended particles
heated from below. They have found that for station-
ary convection, couple-stress has a stabilizing effect
whereas suspended particles have a destabilizing ef-
fect. In another study, Sunil et al. [13] have considered
a couple-stress fluid heated from below in a porous
medium in the presence of a magnetic field and rota-
tion, and have found that for stationary convection, ro-
tation postpones the onset of convection. The magnetic
field and couple-stress may hasten the onset of convec-
tion in the presence of rotation, while in absence of
rotation they always postpone the onset of convection.

Keeping in mind the importance of non-Newtonian
fluids, the present paper is devoted to the study of such
couple-stress fluids heated from below in the presence
of uniform rotation.

2. Formulation of the Problem and Dispersion
Relation

Consider an infinite horizontal layer of a couple-
stress fluid of depth d which is acted on by a uniform
rotation Ω(0,0,Ω) and a gravity force g(0,0,−g).
This layer is heated from below so that a steady tem-
perature β (= |dT/dz|) is maintained.

Let Γi j, τi j , ei j, δi j, µ , µ ′, vi and xi denote the stress
tensor, shear stress tensor, rate-of-strain tensor, Kro-
necker delta, viscosity, couple-stress viscosity, velocity
vector and position vector, respectively. The constitu-
tive relations for the couple-stress fluids are

Γi j = −pδi j + τi j,

τi j = 2(µ − µ ′ 2)ei j,

ei j =
1
2

(
∂vi

∂x j
+

∂v j

∂xi

)
.

(1)

Let q(u,v,w), p, ρ , T , v and χ are respectively the
velocity, pressure, density, temperature, kinematic vis-
cosity and thermal diffusivity. Then the momentum
balance, mass balance and energy balance equations of
the couple-stress fluid (Stokes [9], Chandrasekhar [4])
in the presence of rotation are

∂q
∂t

+(q· )q = − 1
ρ0

p+ g
(

1+
δρ
ρ0

)
(2)

+
(

v− µ ′

ρ0

2
)

2q+ 2(q× �Ω),

·�q = 0, (3)

∂T
∂t

+(q· )T = χ 2T. (4)

The equation of state is

ρ = ρ0[1−α(T −T0)], (5)

where ρ0, T0 are, respectively, the reference density
and reference temperature at the lower boundary and
α is the coefficient of thermal expansion.

Here we make the Boussinesq approximation under
which the density changes may be disregarded in all
terms in the equations of motion except the one in the
external force. In the initial state the velocity, density,
pressure and temperature at any point in the fluid are
respectively given by

q = (0,0,0), ρ = ρ(z), p = p(z) and T = T (z). (6)

Let q = (u,v,w), δ p, δρ and θ denote, respectively, the
perturbations in velocity (0,0,0), pressure p, density
ρ , and temperature T .

Then the linearized perturbation equations are

∂q
∂t

= − 1
ρ0

δ p+ g
δρ
ρ0

+
(

v− µ ′

ρ0

2
)

2q+ 2(q×Ω),
(7)

·q = 0, (8)

∂θ
∂t

+(�q· )T = χ 2θ . (9)

Within the framework of the Boussinesq approxima-
tion, (7) – (9) becomes

∂
∂t

2w−gα

(
∂2θ
∂x2 +

∂2θ
∂y2

)
+ 2Ω

∂ζ
∂z

=
[

v− µ ′

ρ0

2
]

4w,

(10)

∂ζ
∂t

−2Ω
∂w
∂z

=
[

v− µ ′

ρ0

2
]

2ζ , (11)

[
∂
∂t

− χ 2
]

θ = β w, (12)

where 2 = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2, and ζ =
∂v/∂x−∂u/∂y denotes the z-component of the vortic-
ity.
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We now analyze the disturbances into normal
modes, assuming that the perturbation quantities are of
the form

[w,θ ,ζ ] = [W (z),Θ(z),Z(z)]exp(ikxx+ ikyy+ nt),
(13)

where kx, ky, are wave numbers along the x and y di-
rections, respectively, k2 = k2

x + k2
y and n is, in general,

a complex constant.

Letting a = kd, σ = nd2/ν , F = µ ′/ρ0d2ν ,
(x,y,z) → (x̂d, ŷd, ẑd) and p1 = ν/χ , (10) – (12),

using (13), give[
σ(D2 −a2)W +

(
gαd2

ν

)
a2Θ +

(
T

1/2

A d
)

DZ

]

= [1−F(D2 −a2)](D2 −a2)2W, (14)

[{1−F(D2 −a2)}(D2 −a2)−σ ]Z = −T
1/2

A

d
DW, (15)

[D2 −a2 − p1σ ]Θ = −
(

β d2

χ

)
W, (16)

where TA = 4Ω 2d4/ν2 denotes the Taylor number and
D = d/dẑ.

Eliminating Θ and Z in (14) – (16), we obtain

σ(D2 −a2)[D2 −a2 − p1σ ][{1−F(D2 −a2)}{D2 −a2}−σ ]W −Ra2[{1−F(D2 −a2)}{D2 −a2}−σ ]W (17)

−TA[D2 −a2 − p1σ ]D2W = (D2 −a2 − p1σ)[{1−F(D2 −a2)}{D2 −a2}−σ ]{1−F(D2 −a2)}{D2 −a2}2W,

where R = gαβ d4/νχ stands for the Rayleigh number.
We now assume that the fluid layer is confined between two free boundaries. The case is of artificial nature, but

due to mathematical simplicity it enables us to show the effect of rotation on the couple-stress fluid analytically.
The appropriate boundary conditions, with respect to which (14) – (16) must be solved, are

W = D2W = D4W = 0, Θ = 0, DZ = 0 at ẑ = 0 and ẑ = 1. (18)

Dropping the caps for convenience and using the above boundary conditions, it can be shown that all the even
order derivatives of W must vanish on the boundaries, and hence the proper solution of (17) characterizing the
lowest mode is

W = W0 sinπz, (19)

where W0 is a constant.
Substituting (19) in (17), we obtain the dispersion relation

R1 =
{
(1+ x+ iσ1p1)[{1+ F1(1+ x)}(1+ x)+ iσ1][1+ F1(1+ x)][1+ x]2 + iσ1(1+ x)(1+ x+ iσ1p1)

· [{1+ F1(1+ x)}(1+ x)+ iσ1]+ T1(1+ x+ iσ1p1)
}{

[{1+ F1(1+ x)}(1+ x)+ iσ1]x
}−1

(20)

where

R1 =
R
π4 , T1 =

TA

π4 , a2 = π2x,

σ
π2 = iσ1 and F1 = π2F.

3. The Stationary Convection

For the case of stationary convection, i. e. σ = 0,

(20) reduces to

R1 =
(1+ x)3 + 2F1(1+ x)4 + F2

1 (1+ x)5 + T1

x[1+ F1(1+ x)]
. (21)

In the absence of the couple-stress parameter, (21) re-
duces to

R1 =
(1+ x)3 + T1

x
,

a result given by Chandrasekhar [4], Eqn. (130), p. 95.
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Fig. 1. The variation of R1 with T1

for fixed values of F1 = 10 and x =
0.2, 1.0.

Fig. 2. The variation of
R1 with F1 for fixed val-
ues of T1 = 2000 and
x = 0.2, 1.0.

To study the effect of rotation and the couple-stress
parameter, we examine the nature of dR1/dT1 and
dR1/dF1.

Equation (21) yields

dR1

dT1
=

1
x[1+ F1(1+ x)]

, (22)

which is always positive. So the rotation has a stabiliz-
ing effect on the system.

dR1

dF1
=

1+ x
x

[
2(1+ x)3 (23)

− {(1+ x)3 + 2F1(1+ x)4 + F2
1 (1+ x)5 + T1}

[1+ F1(1+ x)]2

]
,

which may be positive as well as negative. The couple-
stress parameter thus has both stabilizing and destabi-
lizing effects on the system.

The dispersion relation (21) is also analysed numeri-
cally. Figure 1 shows the variation of R1 with respect to
T1, for F1 = 10 and the wave numbers x = 0.2, x = 1.0.
The Rayleigh number R1 increases with increase of the
rotation parameter T1, showing its stabilizing effect on
the system. Figure 2 shows the variation of R1 with re-
spect to F1, for fixed values of T1 = 2000 and the wave
numbers x = 0.2, x = 1.0. It depicts both the stabilizing
and destabilizing effect of the couple-stress parameter
on the system.
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4. Stability of the System and Oscillatory Modes

Multiplying (14) by W ∗, the complex conjugate of
W , integrating over the range of z and making use
of (15) and (16) together with the boundary condi-
tions (18), we obtain

−σ I1 +
gαχa2

νβ
(I2 + p1σ∗I3)−d2(I4 + FI5)−d2σ∗I6

= I7 + FI8, (24)

where

I1 =
1∫

0

(|DW |2 +a2|W |2)dz, I2 =
1∫

0

(|DΘ |2 +a2|Θ |2)dz,

I3 =
1∫

0

(|Θ |2)dz, I4 =
1∫

0

(|DZ|2 + a2|Z|2)dz,

I5 =
1∫

0

(|D2Z|2 +2a2|DZ|2 +a4|Z|2)dz, I6 =
1∫

0

(|Z|2)dz,

I7 =
1∫

0

(|D2W |2 + 2a2|DW |2 + a4|W |2)dz, (25)

I8 =
1∫

0

(|D3W |2 +3a2|D2W |2 +3a4|DW |2 +a6|W |2)dz,

and σ ∗ is the complex conjugate of σ . The integrals
I1 – I8 are all positive definite. Putting σ = σr + iσi

in (24) and equating the real and imaginary parts, we
obtain

σr

[
−I1 +

gαχa2

νβ
p1I3 −d2I6

]

= −gαχa2

νβ
I2 + d2(I4 + FI5)+ I7 + FI8,

(26)

and

σi

[
I1 +

gαχa2

νβ
p1I3 −d2I6

]
= 0. (27)

In the absence of rotation, (27) reduces to

σi

[
I1 +

gαχa2

νβ
p1I3

]
= 0, (28)

and the terms in brackets are positive definite. Thus
σi = 0, which means that oscillatory modes are not al-
lowed and the principle of exchange of stabilities is
satisfied in the absence of rotation. It is clear from (27)
that the presence of rotation brings oscillatory modes
(as σi may not be zero) which were non-existent in
their absence for a couple-stress fluid layer heated from
below.
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