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Large amplitude solitary waves are investigated in a relativistic plasma with finite ion-temperature
and two temperature isothermal electrons. Sagdeev’s pseudopotential is determined in terms of the
ion speed u. It is found that there exists a critical value of u0, the value of u at which (u′)2 = 0,
beyond which the solitary waves cease to exists. The critical value also depends on parameters like
the soliton velocity v, the fraction of the cold electron concentration µ , or the ratio of the cold and
hot electron temperatures β .
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1. Introduction

Ion-acoustic solitary waves have been studied theo-
retically and experimentally by several authors [1 – 20]
during the last three decades. Washimi and Taniuti [1]
were the first to study the propagation of ion acoustic
solitary waves in a cold plasma. But Ikezi, Tailor and
Baker [20] first experimentally discovered ion-acoustic
solitons (IAS) and double layers in plasmas. The his-
tory of studies on ion acoustic waves is quite long, and
many authors worked in this field. To keep a close re-
lation between the theory and experiment, many au-
thors introduced various parameters e.g negative ion
concentration [3, 4], ion temperature [8 – 10], non-
isothermality [14], etc. in their plasma models. Most
of them derived Kortweg de Vries (KdV) or Modi-
fied KdV (MKdV) type equations which explained the
characteristics like width, amplitude or velocity of the
solitary wave nicely. Tran and Hirt [11] investigated
ion waves in multi component plasmas. But in their
model they ignored the possibility of negative ion inter-
actions with ion waves, and so the model was to some
extent limited. Das and Tagare [3] and Das [4] studied
the effects of negative ions on solitons and showed
that there exists a critical density of negative ions
at which the solitary waves becomes infinitely large.
Many authors [8 – 10] have also extended their inves-
tigation to study the effect of finite ion-temperature
on the amplitude and width of solitary waves. Soli-
tary waves and double layers in two-temperature elec-
tron plasmas have also been investigated by Das, Pal
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and Karmakar [6] and Roychoudhury, Bhattacharyya
and Varshini [7]. The evolution of solitary waves was
also studied in the frame work of the KP (Kodomtsev-
Petviashvilli) equation by Das and Sen [5]. To derive
KdV, MKdV or KP type equations most of the au-
thors used the reductive perbative technique (RPT).
A few years ago Malfliet and Wieers [21] reviewed
the studies on solitary waves in plasmas and found
that the RPT, which is based on the assumption of
smallness of amplitude can explain only small am-
plitude solitary waves. But large amplitude solitary
waves also exist in nature. Nakamura et al. [18]
observed large amplitude solitary waves in labora-
tory plasmas. So to study large amplitude solitary
waves one has to employ a nonperturbative approach.
Sagdeev’s [22] pseudopotential method is one such
method to obtain exact solitary wave solution which
has been successfully applied in various cases [23 –
25] including multicomponent and multi-dimentional
plasmas.

More recently Johnston and Epstein [26] studied the
nonlinear ion-acoustic solitary waves in a cold colli-
sionless plasma by the direct analysis of the field equa-
tions. They observed that a very small change in the
initial condition destroys the oscillatory behaviour of
the solitary waves. Recently Maitra and Roychoud-
hury [29] studied dust-acoustic solitary waves using
this technique.

In this paper our aim is to study large amplitude soli-
tary waves in a plasma with one relativistic warm ion
and two isothermal electrons. The motivation for this
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study was the following:
1) Relativistic effects play a significant role in the

study of solitary waves when the speeds of the parti-
cles are comparable to the velocity of light. For exam-
ple, ions with very high speed are frequently observed
in the solar atmosphere and interplanetary space. High
energy ion beams are observed in the plasma sheet
boundary layer of the earth’s atmosphere and in the
Van Allen radiation belts. See [30, 31].

2) Consideration of two electrons in plasmas leads
to very interesting results in the propagation of solitary
waves. Two-temperature electron plasmas can be pro-
duced in the laboratory. Since two-temperature elec-
tron plasmas observed both in the laboratory and in
space, it is important to study solitary waves in such
plasma. See [32, 33].

Here we will study how µ , the concentration of hot
and cold electrons plays a role on the region of soliton
solutions. We will also study the effect of β , the ratio
of the cold and hot electron temperatures and v, the
soliton velocity, on the existence and shape of solitary
waves.

The organization of the paper is as follows. In
Sect. 2 the basic equations are written, considering two
iso thermal electrons and a relativistic warm ion. The
governing second order ordinary differential equation
is derived. Section 3 is kept for results and discussions,
and Sect. 4 for conclusion.

2. Basic Equations

Our analysis is based on the continuity and momen-
tum fluid equation for ions and electrons, and Poisson’s
equation, as are given below (see [6, 7]):

∂n
∂t

+
∂(nu)

∂x
= 0, (1)

∂uγ
∂t

+ u
∂uγ
∂x

+
σ
n

∂p
∂x

= −∂φ
∂x

, (2)

∂p
∂t

+ u
∂p
∂x

+ 3p
∂uγ
∂x

= 0, (3)

∂2φ
∂x2 = nec + neh−n, (4)

where

nec = µeφ/(µ+νβ ), (5)

neh = νeβ φ/(µ+νβ ), (6)

γ =
1√

1−u2/c2
. (7)

µ is the fraction of cold electrons at the temperature
Tec and ν is the fraction of hot electrons at Th. Also
µ + ν = 1, and β = Tc/Th where Tc and Th are tem-
perature of the cold and hot electrons, respectively. n,
nec and neh are the normalized ion, cold electron and
hot electron density, respectively. u, the flow veloc-
ity of the ions, and c, the velocity of light are nor-
malized to (κTeff/mi)1/2. p denotes the ion pressure
normalized to (n0κTi)−1, φ is the electrostatic poten-
tial normalized to κTeff/e. Space and time are normal-
ized by the Debye length λD = (κTeff/4πe2n0)1/2 and
ion plasma frequency ω−1

i = (mi/4πe2n0)1/2, respec-
tively. σ = Ti/Teff, where Ti is the ion-temperature, and
Teff = (Tc + Th)/(µTh + νTc). e is the electric charge.

In order to investigate the properties of solitary wave
solutions of equations (1) to (7), we assume that all de-
pendent variables depend on a single independent vari-
able ξ = x− vt, where v is the velocity of the solitary
wave and the variable ξ is the special coordinate in the
coordinate system moving with the solitary wave ve-
locity.

Now equations (1) – (4) reduce to

−v
dn
dξ

+
d(nu)

dξ
= 0, (8)

−v
duγ
dξ

+ u
duγ
dξ

+
σ
n

dp
dξ

= −dφ
dξ

, (9)

dp
dξ

+ u
dp
dξ

+ 3p
du
dξ

= 0, (10)

d2φ
dξ 2 = ne−n. (11)

Integrating equation (8) and using the boundary condi-
tions n → 1, u → u1, we get

n =
v−u1

v−u
, (12)

where u1 is the drift velocity of the ion. Now from (11),
eliminating φ , n, and p in terms of u, (also using the
boundary conditions ξ → 0, n → 1, p → 1) we get,

d2u
dξ 2 =

∂ψ
∂u

, (13)



P. Chatterjee · Speed and Shape of Solitary Waves in Two-electron Plasmas with Relativistic Warm Ions 355

where

ψ = − ge(u)+ gi(u)

(v−u)2
[
γ3 − 3σ(v−u1)2

(v−u)4

]2 , (14)

and ge(u) and gi(u) are given by

ge(u) = (µ + νβ )
[
µ(e

v1
µ+νβ −1)

+
ν

µ + νβ
(e

βv1
µ+νβ −1)

]
,

(15)
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1
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]
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where
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3σ
2

[
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]
, (17)
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1√
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Thus
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1
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[
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]
(

µe
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βv1
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v−u

)
+

2

(v−u)3
(
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−
2
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3uγ5
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(v−u)5

)

(v−u)2
(

γ3 − 3σ(v−u1)2

(v−u)4

)3 (ge(u)+ gi(u)). (19)

Considering the terms of O( 1
c2 ) and O(σ), we get

ψ =
g(u)

(v−u)2

(
1+

3u2

c2 +
6σ(v−u1)2

(v−u)4

)
, (20)

d2u
dξ 2 =

[νeC1v1 + µeC2v1 ]− v−u1
v−u

(v−u)

(
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( 2
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)
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where
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)
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u2
1
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)
+ σ

(
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)
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ν
β
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v11 = vu

(
1+

u2

2c2

)
− vu1

(
1+

u2
1

2c2

)
− u2

2
− 3u4

8c2 +
u2

1

2
+

3u4
1
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C1 =
β

µ + νβ
, (24)

C2 =
1

µ + νβ
. (25)

One can also write

ψ =
(u′)2

2
. (26)

Considering single species of electrons (µ = 1, ν = 0,
β = 1), and neglecting the relativistic effect (u1/c = 0),
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Fig. 1 ψ is plotted against u. The parameters are v = 1.25,
µ = 0.5, ν = 0.5, β = 0.05, σ = 0.001, and c = 100.

Fig. 3a. ψ is plotted against u for different values of v, viz.
v = 1.2 and 1.25. Other parameters are same as those in Fig-
ure 1.

Fig. 2a. u is plotted against ξ for u0 = 0.841314. Other pa-
rameters are same as those in Figure 1.

Fig. 3b. ψ is plotted against u for different values of µ , viz.
µ = 0.5 (ν = 0.5), and 0.6. Other parameters are same as
those in Figure 1.

Fig. 2b. u is plotted against ξ for u0 = 0.841315. Other pa-
rameters are same as those in Figure 1.

Fig. 3c. ψ is plotted against u for different values of β ,
(=0.045, 0.05). Other parameters are same as those in Fig-
ure 1.0
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drift velocity of the ion (u1 = 0) and ion temperature
(σ = 0), Eq. (20) and (21) reduce to Eq. (22) and (23)
of [26].

3. Results and Discussions

To find the region of existence of solitary waves one
has to study the nature of the functions ψ(u) and φ1(u),
defined by

ψ(u) =
(u′)2

2
, (27)

where

u′′ =
∂ψ
∂u

= φ1(u). (28)

For solitary wave (see [29]) φ1(u) will have two roots,
one being at u = 0 and other at some point u = u 2 (≥
0). Also φ1(u) should be positive in the interval (0,u2)
and negative in (u2,umax) , where umax = u0 is obtained
from the nonzero root of ψ(u). To get the shape of the
travelling solitary wave one has to solve ψ1(u) = u′′
numerically with suitable boundary conditions.

Figure 1 shows the plot of ψ vs. u with v = 1.25.
Other parameters are σ = 0.001, µ = 0.5, ν = 0.5,
u1 = 0.01 and β = 0.05. It is seen that ψ(u) crosses
the u axis at u = u0 = 0.841314. Hence the ampli-
tude of the solitary wave for this set of parameters
will be 0.841314. To get the shape of the solitary
wave we have solved numerically u ′′ = ψ1(u) with
u0 = 0.841314, u′

0 = 0. Figure 2a depicts the soliton
solution u(ξ ) plotted against ξ . Other parameters are
same as those in Figure 1. It is seen that u0 = 0.841314
is the critical value for u. For u0 > 0.841314 the soli-
ton solution ceases to exist and it is shown in Fig-
ure 2b. In this figure u0 is taken as 0.841315. All the
other parameters are same as those in Figure 2a. Here
it is seen that a very small change (0.000001) in u 0
destroys the periodic behaviour of the solitary wave.
Hence it is seen that such a small change in u0 can
destroy the periodic behaviour of the solitary wave.
In [26] (where a single species of electron was consid-
ered and the ion temperature and relativistic correction
of ion velocity were neglected) it was shown that for
v = 1.25 the periodic behaviour of the soliton breaks at

u0 = 0.711604, but in this case the periodic behaviour
breaks at u0 = 0.841314, provided one considers the
present model. To see the effect of the parameters v, µ
or β on the critical values, Figs. 3a, b and c are drawn.
In Fig. 3a ψ is plotted against u for v = 1.2 and 1.25.
Other parameters are same as those in Figure 1. Here it
is seen that the critical value of breaking of the soliton
solution increases with the increase of v. In Fig. 3b ψ
is plotted against u for µ = 0.5(ν = 0.5), 0.6(ν = 0.4).
The other parameters are same as those in Figure 1. In
this case the critical value of breaking of the soliton
solution decreases with increase of µ , the cold elec-
tron concentration. In Fig. 3c ψ is plotted against u
for β = 0.05, 0.045. The other parameters are same as
those in Figure 1. In this case also the critical value
of breaking of the soliton solution decreases with the
increase of β , the ratio of cold and hot electron tem-
peratures. Hence the soliton velocity v, electron con-
centration or ratio of cold and hot electron temperature
all play significant roles in the forming and breaking of
the solitary waves.

4. Conclusions

Using the pseudopotential approach, we have stud-
ied the speed and shape of the solitary waves.
Sagdeev’s potential is obtained in terms of u, the ion
velocity. Considering a single species of electrons ne-
glecting the ion temperature, the relativistic correction
of the ion velocity, and the ion-drift velocity, our re-
sult reproduces the result obtained by Johnston and Ep-
stein [26]. It is seen that there exists a critical value of
u at which u′2 = 0, beyond which the soliton solution
would not exist. This critical value is extremely sensi-
tive to other parameters and also depends on the soliton
velocity. So it is seen that parameters like the soliton
velocity, cold and hot electron concentration or ratio of
cold and hot electron temperature all play significant
roles in the forming and breaking of the solitary wave.
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