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The linear thermal instability of a horizontal fluid layer with time-periodic temperature distribu-
tion is studied with the help of the Floquet theory. The time-dependent part of the temperature has
been expressed in Fourier series. Disturbances are assumed to be infinitesimal. Only even solutions
are considered. Numerical results for the critical Rayleigh number are obtained at various Prandtl
numbers and for various values of the frequency. It is found that the disturbances are either syn-
chronous with the primary temperature field or have half its frequency. — 2000 Mathematics Subject
Classification: 76E06, 76R10.
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1. Introduction

The present paper deals with the stability of a fluid
layer confined between two horizontal rigid planes,
heated from below and above periodically with time.
Considerable attention has been given to this prob-
lem during the last thirty years. Chandrasekhar [1] has
given a comprehensive review of the stability problem
with steady temperature gradient. In numerous stabil-
ity problems, oscillation of the basic state has been
found sometimes to have a stabilizing and sometimes
a destabilizing effect.

Venezian [2] has investigated the thermal analogue
of Donnelly’s experiment [3] for free-free surfaces, us-
ing sinusoidal temperature profile. His theory does not
yield any such finite frequency, as obtained by Don-
nelly, but finds that for the case of modulation only at
the lower surface, the modulation would be stabilizing
with maximum stabilization occurring as the frequency
goes to zero. However in his explanation, it was sug-
gested by Venezian that linear stability theory ceases to
be applicable when the frequency of modulation is suf-
ficiently small. Rosenblat and Herbert [4] have investi-
gated the linear stability problem for free-free surfaces,
using low-frequency modulation and found an asymp-
totic solution. Periodicity and amplitude criteria were
employed to calculate the critical Rayleigh number.
Rosenblat and Tanaka [5] have studied the linear sta-
bility problem for more realistic boundary conditions
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i.e. rigid walls, using Galerkin’s procedure. A similar
problem has been considered earlier by Gershuni and
Zhukhovitskii [6] for a temperature profile, obeying
rectangular law. Yih and Li [7] have investigated the
formation of convective cells in a fluid between two
horizontal rigid boundaries with time-periodic temper-
ature distribution, using Floquet theory. They found
that the disturbances (or convection cells) oscillate ei-
ther synchronously or with half frequency.

Gresho and Sani [8] have studied the effect of time-
variable gravity on thermal convection in a horizontal
fluid layer with rigid boundaries. They found that grav-
itational modulation could significantly affect the sta-
bility limits of the system. Finucane and Kelly [9] have
carried out an analytical-experimental investigation to
confirm the results of Rosenblat and Herbert. Besides
investigating the linear stability, Roppo et al. [10] have
also carried out the weakly non-linear analysis of the
problem. Aniss et al. [11] have worked out a linear
problem of the convection parametric instability in the
case of a Newtonian fluid confined in a Hele-Shaw cell
and subjected to the vertical periodic motion. In their
asymptotic analysis they have investigated the influ-
ence of the gravitational modulation on the instabil-
ity threshold. Recently Bhadauria [12], Bhadauria and
Bhatia [13], and Bhatia and Bhadauria [14, 15] have
investigated the convective instability using Saw-tooth
function, Step-function and Day-night function for the
modulation of the wall temperatures.
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The object of the present study is to find the critical
conditions under which the onset of convection takes
place. To modulate the wall temperatures, we consider
a temperature profile which is similar to the variation
of the atmospheric temperature near to the earth’s sur-
face during one complete day-night cycle. The tem-
perature profile has been expressed in Fourier series,
which includes both sine and cosine terms. Thus keep-
ing in mind its practical importance and to generalize
the study, the above profile is considered. Further, this
study can be used to calculate the results for any type
of periodic temperature profile, which could be real-
ized just by replacing the values of the Fourier coeffi-
cients. Only even solutions have been considered. The
results have their relevance with convective flows in
the terrestrial atmosphere.

2. Formulation

Consider a fluid layer of a viscous, incompressible
fluid, confined between two parallel horizontal walls,
one at z = −d/2 and the other at z = d/2. The walls
are infinitely extended and rigid. The configuration is
shown in the Figure 1.

The governing equations in the Boussinesq approx-
imation are

∂V
∂t

+V. V =− 1
ρm

p+[1−α(T −Tm)]X +ν 2V,

(2.1)

.V = 0, (2.2)

∂T
∂t

+ V. T = κ 2T, (2.3)

where ρm and Tm are the reference density and temper-
ature, respectively, X = (0,0,−g), where g is the ac-
celeration due to gravity, ν is the kinematic viscosity,
κ the thermal diffusivity and α the coefficient of vol-
ume expansion. V = (u,v,w), p and T are, respectively,
the fluid velocity, pressure and temperature, while t is
the time. The relation between ρm and Tm is given by

ρ = ρm[1−α(T −Tm)]. (2.4)

Fig. 1. Benard Configuration.

Fig. 2. Variation of the temperature T with time t.

To modulate the wall temperatures, we consider a
temperature profile as shown in Fig. 2 and defined as
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where ω is the modulating frequency and 2π/ω is the
period of oscillation. This temperature profile may be
similar to the variation of the atmospheric temperature
near the earth’s surface during one complete day-night
cycle. This is a temperature profile constructed with
the idea that initially the temperature of the earth’s sur-
face is minimum (in the morning), and then it increases
and attains the maximum. It remains constant for some
time (in the afternoon) and then decreases slowly to
reach the minimum. This completes the cycle. The pro-
file is constructed to study a simple convection prob-
lem and not to model the atmospheric conditions. The
Fourier series of the function (2.5) is given by

Tb(t) =
a0

2
+

∞

∑
k=1

ak coskωt +
∞

∑
k=1

bk sinkωt, (2.6)

where

a0 =
14
12

, (2.6a)

ak =
2

k2π2

[−10
7

+ cos
kπ
2

+
3
7

cos
5kπ

6

]
,(2.6b)

bk =
2

k2π2

[
sin

kπ
2

+
3
7

sin
5kπ

6

]
. (2.6c)

The profile given above includes both sine and cosine
terms, therefore it is the most general form of a pe-
riodic temperature profile. By shifting the origin we
write

Tb(t) =
∞

∑
k=1

ak coskωt +
∞

∑
k=1

bk sinkωt, (2.7)
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where ak and bk are as given above. Now, using the
temperature profile (2.7), we write the externally im-
posed wall temperatures; when the temperature of the
lower boundary as well as of the upper boundary is
modulated:

T (t)= β d

[
1+ε

{ ∞

∑
k=1

ak coskωt +
∞

∑
k=1

bk sinkωt

}]

at z = −d/2. (2.8a)

= β dε
{ ∞

∑
k=1

ak coskωt +
∞

∑
k=1

bk sinkωt

}

at z = d/2. (2.8b)

Here ε represents the amplitude of modulation and
β (= ∆T/d) is the thermal gradient. The equations
(2.1) – (2.4) and (2.8) admit an equilibrium solution in
which

V = (u,v,w) = 0, T = T̄ (z,t), p = p̄(z,t). (2.9)

The equation for the pressure p̄(z,t), which balances
the buoyancy force, is not required explicitly, however
the temperature T̄ (z,t) can be given by the diffusion
equation

∂T̄
∂t

= κ
∂2T̄
∂z2 . (2.10)

The differential equation (2.10) can be solved with
the help of the boundary conditions (2.8). Consider

T̄ (z, t) = TS(z)+ ∈ T1(z,t), (2.11)

where TS(z) is the steady temperature field and T1(z, t)
is the oscillating part. Then the solution of (2.10) is

TS(z) = ∆T

(
1
2
− z

d

)
(2.12)

and

T1(z, t) = −∆T

[
Re

{ ∞

∑
k=1

akFk(z,t)
}

+ Im

{ ∞

∑
k=1

bkFk(z,t)
}]

,

(2.13)

where

Fk(z, t) =
sinh(λkz/d)
sinh(λk/2)

eik ωt (2.14)

and

λ 2
k = ikωd2/κ . (2.15)

Here the object is to examine the behaviour of in-
finitesimal disturbances to the basic solution (2.9).
With this in view, substitute

V(u,v,w,T ) = T̄ (z, t)+θ , p = p̄(z, t)+ p1 (2.16)

into (2.1) – (2.3) and linearize with respect to the per-
turbation quantities V, θ and p1. These quantities are
Fourier analyzed with respect to their variations in XY -
plane; we write

w = w(z, t)exp[i(axx+ ayy)], (2.17)

θ = θ (z, t)exp[i(axx+ ayy)]. (2.18)

Here a = (a2
x + a2

y)1/2 is the horizontal wave number.
The variables have been non-dimensionalized accord-
ing to

r = dr′, t = τ/ω , T̄ = β dT0,

θ = β dθ ′,a2
x + a2

y = d2a′2

V = (αgβ d3a2/ν)V′,
p1 = (αgβ κd2ρm/ν)p′,

(2.19)

where r = (x,y,z). Then the non-dimensionalized lin-
ear governing equations are

a2ω∗ ∂V
∂τ

+ p = Pθ k̂ + a2P 2V, (2.20)

V = 0, (2.21)

a2ω∗ ∂θ
∂τ

+ Ra2
(

∂T0

∂z

)
w = 2θ , (2.22)

where P = ν/κ is the Prandtl number, R =
αg∆Td3/νκ is the Rayleigh number, k̂ the vertical unit
vector in the positive z direction, and ω ∗ = ωd2/κ the
non-dimensional frequency, which is a measure of the
thickness of the thermal boundary layer at the planes.
In the above equations the primes have been omitted.

The temperature gradient ∂T0

∂z
, obtained from the di-

mensionless form of (2.11) is

∂T0

∂z
= −1− ε

[
Re

{ ∞

∑
k=1

akF ′
k(z,τ)

}

+ Im

{ ∞

∑
k=1

bkF ′
k(z,τ)

}]
,

(2.23)
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where

F ′
k(z,τ) =

λk cosh(λkz)
sinh(λk/2)

eikτ , (2.24)

and

λ 2
k = ikω∗. (2.25)

Henceforth the asterisk will be dropped and ω will
be considered as the non- dimensional frequency. For
convenience, the entire problem has been expressed in
terms of w and θ . Taking the curl of (2.20) twice and
using (2.17) and (2.18), the system of equations re-
duces to

ω

(
∂2

∂z2 −a2

)
∂w
∂τ

=−Pθ +P

(
∂2

∂z2 −a2

)2

w, (2.26)

ω
∂θ
∂τ

=

(
∂2

∂z2 −a2

)
θ −Ra2

(
∂T0

∂z

)
w. (2.27)

The boundary conditions on w and θ are

w =
∂w
∂z

= 0 at z = ±1
2
, (2.28)

θ = 0 at z = ±1
2
. (2.29)

3. Method

From the expression (2.14) it is clear that Fk(z,τ) is
an odd function of z, so F ′

k(z,τ) is an even function of z.
By carefully analyzing the equations (2.26) and (2.27)
and the boundary conditions (2.28) and (2.29) one can
see that the proper solution of the equations (2.26)
and (2.27) can be divided into two non-combining
groups of even and odd solutions. Previous investiga-
tions [20, 21] on thermal convection have shown that
disturbances corresponding to even solutions are most
unstable, therefore here the stability of the disturbances
corresponding to the even eigenfunctions have been
considered.

Now, since θ vanishes at z =± 1
2 , it is expanded in a

series of cos[(2n + 1)πz]. Also w is written in a series
of φn so that

(
∂2

∂z2 −a2
)2

φn = cos [(2n+ 1)πz], (3.1)

where

φn =
∂φn

∂z
= 0 at z = ±1

2
. (3.2)

The general solution of (3.1) is given by Chan-
drasekhar [1], p. 56:

φn=Pn coshaz+Qnzsinhaz+γ2
n cos[(2n+1)πz], (3.3)

where

Pn = −(−1)n (2n+ 1)πγ2
n

a+ sinha
sinh(a/2), (3.4)

Qn = (−1)n 2(2n+ 1)πγ2
n

a+ sinha
cosh(a/2), (3.5)

and

γn =
1

(2n+ 1)2π2 + a2 . (3.6)

The expansions of w and θ can be written as

w(z,τ) =
∞

∑
n=0

An(τ)φn(z), (3.7)

θ (z,τ) =
∞

∑
n=0

Bn(τ)cos[(2n+ 1)πz]. (3.8)

Now substitute (3.7) and (3.8) into (2.26) and (2.27),
and multiply by cos[(2m + 1)π ]. The resulting equa-
tions are then integrated with respect to z in the interval(− 1

2 , 1
2

)
. The outcome is a system of ordinary differen-

tial equations for the unknown coefficients An(τ) and
Bn(τ)

ω
∞

∑
n=0

[
Knm −a2Pnm

] dAn

dτ
=

−P
2

Bm + P
∞

∑
n=0

[
Lnm −2a2Knm + a4Pnm

]
An,

(3.9)

ω
2

dBm

dτ
=−1

2
[(2m+1)2π2 +a2]Bm +Ra2

∞

∑
n=0

[
Pnm

+ε
{

Re
∞

∑
k=1

akHnmk(τ)+ Im
∞

∑
k=1

bkHnmk(τ)
}]

An

(m = 0,1,2, . . .). (3.10)

The other coefficients which occur in (3.9) and (3.10)
are

Hnmk(τ) =
λk

sinh(λk/2)
Gnmkeikτ , (3.11)
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Pnm =
∫ 1/2

−1/2
φn(z)cos[(2m+ 1)πz]dz, (3.12)

Knm =
∫ 1/2

−1/2
D2φn(z)cos[(2m+ 1)πz]dz, (3.13)

Lnm =
∫ 1/2

−1/2
D4φn(z)cos[(2m+ 1)πz]dz, (3.14)

where

Gnmk =

1/2∫
−1/2

φn(z)cosh(λkz)cos[(2m+1)πz]dz. (3.15)

Here the values of the integrals (3.12) – (3.14) have
been obtained in their closed forms, however (3.11)
or (3.15) has been calculated numerically, using Simp-
son’s (1/3)rd rule [17], p. 125. Thus

Pnm =
1
2

γ2
n δnm +(−1)m(2m+ 1)πγm [2Pn cosh(a/2)+ Qn{sinh(a/2)−4aγm cosh(a/2)}] , (3.16)

Knm = −1
2

γ2
n (2n+ 1)2π2δnm +(−1)m(2m+ 1)πγm[2(a2Pn + 2aQn)cosh(a/2)

+ a2Qn{sinh(a/2)−4aγm cosh(a/2)}],
(3.17)

Lnm =
1
2

γ2
n (2n+ 1)4π4δnm +(−1)m(2m+ 1)πγm[2a4Pn cosh(a/2)

+ Qn{4a3(2−a2γm)cosh(a/2)+ a4 sinh(a/2)}],
(3.18)

where δnm is the Kronecker delta.
It is convenient for computations to take m =

0,1,2, . . . ,N − 1, i.e. 2N equations and then rearrange
them. For this, first multiply the Eq. (3.9) by the in-
verse of the matrix (Knm − a2Pnm), and then introduce
the notations

x1 = A0, x2 = B0, x3 = A1, x4 = B1, . . . . (3.19)

Now combine the equations (3.9) and (3.10) to the
form

dxi

dτ
= Hi1x1 + Hi2x2 + · · ·+ HiLxL

(i = 1,2,3, . . . ,2N and L = 2N),
(3.20)

where Hi j(τ) is the matrix of the coefficients in the
Eqs. (3.9) and (3.10).

4. Analysis

Since the coefficients Hi j(τ) of the equations (3.20)
are either constant or periodic in τ with the period
τ0 = 2π/ω , the stability of the solution of (3.20) can
be discussed on the basis of the Floquet theory [16],
p. 55. The solution in the Floquet theory must be of
the form eµτ P(τ), where P(τ) is a periodic function of
τ with the period τ0. The vanishing of the real part µ r

of µ gives the stability boundary. Here our aim is to
determine the condition under which µ r = 0.

The disturbance is synchronous with the unsteady
part of the mean temperature field, if the imaginary
part µi of µ is zero. However if µiτ0 is equal to π
or −π , then the disturbance is subharmonic, having a
frequency half that of the unsteady mean temperature
field. Let

xn(τ) = xin(τ) = col[x1n(τ),x2n(τ), . . . ,xLn(τ)]
(n = 1,2,3, . . . ,2N)

(4.1)

be the solutions of (3.20) which satisfy the initial con-
ditions

xin(0) = δin. (4.2)

The solutions (4.1) with the conditions (4.2)
form 2N linearly independent solutions of the equa-
tion (3.20). Once these solutions are found, one can
get the values of xin(2π) and then arrange them in the
constant matrix

C = [xin(2π)]. (4.3)

The eigenvalues λ1,λ2,λ3, . . . ,λL of the matrix C
are also called the characteristic multipliers of the sys-
tem (3.20), and the numbers µ r, defined by the relations

λ j = exp(2πµ j), j = 1,2,3, . . . ,2N (4.4)

are the characteristic exponents.
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The values of the characteristic exponents determine
the stability of the system. We assume that the µ j are
ordered so that

Re(µ1) ≥ Re(µ2) ≥ ·· · ≥ Re(µL). (4.5)

Then the system is stable if Re(µ1) < 0, while
Re(µ1) = 0 corresponds to one periodic solution and
represents a stability boundary. This periodic distur-
bance is the only disturbance, which will manifest it-
self as marginal stability.

The fourth order Runge-Kutta-Gill method [17],
p. 217, has been used to integrate the system (3.20),
and the matrix C is obtained. We have used
Rutishauser method [18], p. 116, to find the eigenval-
ues λ1,λ2,λ3, . . . ,λL of the matrix C.

5. Results and Discussion

The first approximation of the Rayleigh number for
the onset of convection, in the absence of modula-
tion (∈= 0), is found by setting n = 0, m = 0 in (3.9)
and (3.10). This corresponds to cosπz, a trial function
for θ . The corresponding value of R is

R=
(π2 + a2)3

a2
[
1−16aπ 2 cosh2(a/2)/{(π2+a2)2(sinha+a)}]

(5.1)

which gives the minimum value as

Rneut = 1715.08 for a = 3.114. (5.2)

This is in contrast to the exact value 1707.76, at the
wavenumber 3.117. The second approximation to the
Rayleigh number is found to be 1707.9375 at a =
3.11621, which is obtained by setting m, n = 0 and 1.
Similarly the third approximation, obtained by putting
n, m = 0, 1, 2 is 1707.776 at a = 3.11631. These val-
ues are equal, as they should, to Chandrasekhar’s [1]
values. By including more terms in the expansion of
w and θ one can achieve a higher degree of accuracy.
With the help of the available packages one could carry
out these calculations more accurately.

When ∈�= 0, we calculate the modified value of the
critical Rayleigh number Rc, with variation in other
parameters. We also check the critical value of the
wavenumber a. Here the results have been obtained by
solving the equations (3.20) for x1, x2, x3 and x4. The
results are calculated for moderate values of ∈, as we

Fig. 7. Variation of Rneut with ε . ω = 100.0, P = 0.1, a =
3.116846.

are interested only in the modulating effect of the os-
cillation, there seems to be no reason why this theory
can not be applied for large values of the parameters.

Here it is possible to obtain a relationship between
the critical Rayleigh number Rc and the correspond-
ing critical wavenumber ac in terms of the other pa-
rameters P, ∈ and the dimensionless frequency ω . The
critical Rayleigh number is the minimum value of R
as a function of the wavenumber a with variation in
the parameters P, ∈ and ω . The corresponding value
of a is known as the critical wavenumber ac. To ob-
tain the critical curve Rc versus ω (Figs. 3, 5) we pro-
ceed as follows: First fix P and ∈, then for some value
of ω , find that value of the wavenumber for which R
is minimum. This minimum value of R and the cor-
responding value of the wavenumber are the critical
Rayleigh number and the critical wavenumber, respec-
tively. Continuing in this way we find Rc and the cor-
responding ac for different values of ω . Thus we get
two curves Rc versus ω and ac versus ω , for fixed
values of P and ∈. Each of these two curves con-
sists of different curves, corresponding to synchronous
solutions(S-curves) having the same frequency as the
applied temperature field and corresponding to a sub-
harmonic one(H-curve) having half the frequency of
the applied temperature field.

From Figs. 3, 5 one can see that each cusp in the
Rc-ω curve is really the intersection of an S-curve
and an H-curve, both of which can be continued be-
yond their intersections. Thus in the area above the
H-curve there are also synchronous disturbances, but
disturbances with half-frequency can be expected to
be more unstable. Similarly above an S-curve there
are disturbances with half frequency but synchronous
disturbances are more unstable. The critical wavenum-
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Fig. 8. Variation of Rneut with a. ω = 100.0, P = 0.1, ε = 0.1.

ber appears to be discontinuous from the a c-ω curves
(Figs. 4, 6) only because S-curves and H-curves are not
continued beyond their intersections. The a c-ω curves
are also composed of S-curves and H-curves. The ex-
istence of synchronous and subharmonic disturbances
has already been indicated by Gresho and Sani [8], Yih
and Li [7], Clever et al. [19] and Aniss et al. [11] in
their investigations.

From Fig. 3 it is clear that the effect of modula-
tion on the thermal instability is one of stabilization as
convection occurs at higher Rayleigh number than in
the unmodulated case (ε = 0, Rc = 1707.9375). This
stabilizing effect decreases with increasing frequency.
Also Fig. 5 shows that the modulation destabilizes the
system; with convection occurring at an earlier point
than in the steady case. This is because convective
waves propagate across the fluid layer, thereby inhibit-
ing the instability, and so convection occurs at a higher
Rayleigh number (Fig. 3) than that predicted by the
theory with steady temperature gradient (5.2). How-
ever, when the Prandtl number increases, the viscous
term dominates and so convection occurs at an early
point (Fig. 5).

The above results agree with the results of
Venezian [2] and Bhatia and Bhadauria [15]. They
found that, when the temperature modulation is out
of phase and the Prandtl number is small, the effect
of modulation is stabilizing. However at high Prandtl
number this effect is destabilizing. The results also
agree with those of Bhadauria [18], and Yih and Li [7]
who found, while studying the instability of unsteady
flow, that the effect of modulation is destabilizing.
They also found that the critical curve is composed of
two curves, one corresponding to the synchronous so-
lution and the other corresponds to the subharmonic
one.

As predicted by Yih and Li [7], here it is found that
when the modulating frequency is small there is a sud-
den fall in the value of the critical Rayleigh number
(Figs. 3, 5).

The value of R at neutral stability (Rneut), with re-
spect to the amplitude of a modulation ε , is shown in
Fig. 7. It is found that, as the amplitude of the modula-
tion increases, Rneut also increases, showing the stabi-
lizing effect. This agrees with the findings of Rosenblat
and Tanaka [5], where their Rc increases monotonically
with ε .

In Fig. 8 we depict the variation of Rneut with the
wavenumber a. From the figure it is clear that the crit-
ical value of the wavenumber a is very close to 3.11.
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