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By means of the Bäcklund transformation, a quite general variable separation solution of the (2+1)-
dimensional long dispersive wave equation: λqt +qxx −2q

∫
(qr)xdy = 0, λ rt −rxx +2r

∫
(qr)xdy = 0,

is derived. In addition to some types of the usual localized structures such as dromion, lumps, ring
soliton and oscillated dromion, breathers soliton, fractal-dromion, peakon, compacton, fractal and
chaotic soliton structures can be constructed by selecting the arbitrary single valued functions appro-
priately, a new class of localized coherent structures, that is the folded solitary waves and foldons,
in this system are found by selecting appropriate multi-valuded functions. These structures exhibit
interesting novel features not found in one-dimensions. – PACS: 03.40.Kf., 02.30.Jr, 03.65.Ge.
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1. Introduction

In the study of (2+1)-dimensional nonlinear phys-
ical systems, much effort has been focused on sin-
gle valued localized excitations, such as solitons,
dromions, rings, lumps, breathers, instantons, peakons,
compactons, localized chaotic and fractal patterns,
etc. [1]. However, in nature, there exist very compli-
cated folded phenomena such as the folded protein [2],
the folded brain and skin surface, and many many
other kinds of folded biological systems [3]. The bub-
bles on (or under) a fluid surface may be thought to
be the simplest folded waves. Further, various kinds
of ocean waves are folded waves also. Loop solitons,
which are thought as a class of simplest folded waves
in the (1+1)-dimensional case, have been founded in
many (1+1)-dimensional integrable systems [4] and
have been applied in physical fields like the string in-
teraction with an external field [5], quantum field the-
ory [6] and particle physics [7]. Recently, Tang and
Lou [8] first considered these special folded local-
ized excitations and found folded solitary waves in
some (2+1)-dimensional nonlinear models, such as the
(2+1)-dimensional dispersive long wave equation, the
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(2+1)-dimensional Burgers equation, etc. They define
a new type of soliton, called the foldon if the interac-
tion between the folded solitary waves is completely
elastic. In this paper, we further consider the (2+1)-di-
mensional long dispersive wave equation (LDWE)

λ qt + qxx −2q
∫

(pq)xdy = 0, (1)

λ pt − pxx + 2p
∫

(pq)xdy = 0, (2)

where ∂x = ∂ξ , ∂y = ∂ξ − λ∂η , and λ is a constant.
This system apparently differs from the usual or tradi-
tional long dispersive wave system [9], which has been
introduced by Chakravarty, Kent, and Newman [10] by
symmetrical reduction from the self-dual Yang-Mills
field equation. It is interesting to note that (1) and (2)
can be reduced to a single nonlocal equation intro-
duced by Fokas [11],

iλ qt + qxx −2q
∫
|q|2xdy = 0, (3)

when p = q∗ and t → it. Equation (3) arises in plasma
physics under appropriate circumstances [12], and it
admits exponentially localized solutions and satisfies
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the Painlevé property [13]. Radha and Lakshmanan
investigated the Painlevé integrability properties and
bilinear forms [14] of (1) and (2). Velan and Lak-
shmanan proved that (1) and (2) admit an infinite-
dimensional symmetry and presented some physically
interesting solutions via invariance analysis [15]. Start-
ing from a special Bäcklund transformation, we con-
verted the LDWE into simple variable separation equa-
tions and obtained a quite general variable separation
solution [16]. Since some types of the usual localized
excitations of (1) and (2), such as multi-soliton, multi-
dromion, multi-lump, multi-ring soliton and oscillating
dromion solutions, fractal dromion, fractal lump, and
chaotic dromion have been obtained by selecting some
types of lower-dimensional appropriate functions, here
we try to find some kinds of folded solitary waves and
foldons for (1) and (2).

2. Variable Separation Solution for the
(2+1)-dimensional LDWE

For the concreteness and completeness of the inves-
tigation we review first the variables separation proce-
dure for (1) and (2).

Making use of the transformation

pq = wy, (4)

where w is some arbitrary potential, (1) and (2) can be
converted into the partial differential equations

λ qt + qxx −2qwx = 0, (5)

λ pt − pxx + 2pwx = 0, (6)

pq = wy, (7)

where the integration constants in (5) and (6) have been
set to be zero. By taking the Bäcklund transformation

q =
Q
f

+q0, p =
P
f
+ p0, w =−(ln f )x +w0, (8)

which can be derived from the standard Painlevé trun-
cated expansion, where f , P, Q are arbitrary differen-
tial functions of the arguments {x,y,t}, and (q0, p0,w0)
is an arbitrary seed solution, (5) – (7) become the fol-
lowing bilinear form

(D2
x + λ Dt)Q · f + q0D2

x f · f (9)

+ f 2(q0xx + λ q0t)−2 f w0x(Q+ f q0) = 0,

(D2
x −λ Pt)P · f + p0D2

x f · f (10)

+ f 2(p0xx −λ q0t)−2 f w0x(P+ f p0) = 0,

DxDy f · f + 2(PQ+ f Pq0 (11)

+ f Qp0 + f 2 p0q0 − f 2w0y) = 0,

where Dx,Dy,Dt are defined as

Dm
x Dn

yDk
t f · f = lim

x′=x,y′=y,t′=t

( ∂
∂x

− ∂
∂x′

)m
(12)

·
( ∂

∂y
− ∂

∂y′
)n( ∂

∂t
− ∂

∂t ′
)k

f (x,y, t) · f (x′,y,′ t ′),

which are the usual bilinear operators introduced first
by Hirota [17].

To discuss further, we take the seed solution (q0, p0,
w0) to be q0 = 0, p0 = 0, w0 = F0(x, t). Then (9) – (11)
can be simplified to

(D2
x + λ Dt)Q · f −2 f QF0x = 0, (13)

(D2
x −λ Dt)P · f −2 f PF0x = 0, (14)

DxDy f · f + 2PQ = 0. (15)

In order to find some interesting solutions of (13) –
(15), we use the variable separation ansatz

f = a1F + a2G+ a3FG, Q = F1G1 exp[λ (r + s)],

P = F1G1/exp[λ (r + s)], (16)

where a1, a2, a3 are arbitrary constants and F ≡F(x, t),
G ≡ G(y, t), F1 ≡ F1(x, t), G1 ≡ G1(y, t), r ≡ r(x, t),
s ≡ s(y, t) are all arbitrary functions of the indicated
variables.

Substituting the ansatz (16) into (15) yields

F2
1 G2

1 −a1a2FxGy = 0. (17)

Because the functions F and F1 are only functions of
{x, t} and the functions G and G1 are only functions
of {y, t}, (17) can be solved by the following variable
separated equations

F1 = δ1

√
a1a2c−1

0 Fx, G1 = δ2
√

c0Gy, (δ 2
1 = δ 2

2 = 1).

(18)

Similar to the above procedure, substituting (16) with
(17) into (13) and (14) yields the following variable
separated equations

−a1a2Ft = 2a1a2rxFx +c1F2 +c2a2F +c3a2
2, (19)
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a2
1Gt = (c1 − c2a3 + c3a2

3)G
2 (20)

+ a1(−c2 + 2c3a3)G+ a2
1c3,

s = g(y)+ b(t), (21)

8F2
x F0x = 2FxFxxx + 4λ 2F2

x (r2
x + rt + bt)−F2

xx, (22)

where g(y), b(t) are arbitrary functions of the indicated
variables.

Although it is still difficult to obtain general solu-
tions of (19) – (22) for any fixed F0, we can treat the
problem in an alternative way. Because F0 is an ar-
bitrary seed solution, we can view F as an arbitrary
function of {x, t}. The function r can be expressed by
F simply by integration from (19). Then the seed solu-
tion F0 can be fixed by (21). The result reads

rx =
−1

2a1a2Fx
(c1F2 + c2a2F + c3a2

2 + a1a2Ft), (23)

F0x =
1

8F2
x

[2FxFxxx +4λ 2F2
x (r2

x +rt +bt)−F2
xx]. (24)

As to the Riccati equation (20), its general solution has
the form

G(y, t) =
A1(t)

A2(t)+U(y)
+ A3(t), (25)

where U(y) is an arbitrary function of y while A1, A2,
and A3 are arbitrary functions of t, which are linked
with c1, c2, and c3 by

c1 =
−1
A1

(2a1a3A3A2t + a1a3A1t + a2
1A2t (26)

−a2
3A1A3t + a2

3A2
3A2t + a2

3A3A1t),

c2 =
−1
A1

(2a1A3A2t + a1A1t (27)

− 2a3A1A3t + 2a3A2
3A2t + 2a3A3A1t),

c3 =
−1
A1

(A3A1t + A2
3A2t −A1A3t). (28)

Using the relations (26) – (28), (20) becomes

Gt =
−1
A1

[
A2tG

2 − (A1t + 2A3A2t)G (29)

+ A2
3A2t + A3A1t −A1A3t

]
.

One can verify directly that (25) is a general solution
of (29).

Finally, substituting (16) with (18) – (22) into (9),
we derive a quite general solution of the (2+1)-dimen-
sional system (5) – (7):

q =
δ1δ2

√
a1a2FxGy exp[λ (r + g(y)+ b(t))]

a1F + a2G+ a3FG
, (30)

p =
δ1δ2

√
a1a2FxGy

(a1F + a2G+ a3FG)exp[λ (r + g(y)+ b(t))]
,

(31)

w = F0 − a1Fx + a3FxG
a1F + a2G+ a3FG

, (32)

with the four arbitrary functions F(x, t), G(y, t), g(y),
and b(t), while F0 and r are determined by (23) and
(24). In the following discussion we study the structure
of the potential qp. From the solutions (30) and (31) we
have

qp =
a1a2FxGy

(a1F + a2G+ a3FG)2 . (33)

3. Folded Solitary Waves and Foldons of the
(2+1)-dimensional LDWE

It is of interest to mention that the solution (33)
is valid for many (2+1)-dimensional models, and that
many types of solutions can be obtained due to the ar-
bitrariness of the functions F and G included in (33).
Now we study the folded solitary waves and foldons.
Starting from the the expression (33), these special so-
lutions should be described by multi-valued functions.
We write a localized function℘(x, t) in the form

℘(x, t) =
M

∑
j=1

f j(ξ +v jt), x = ξ +
M

∑
i=1

g j(ξ +v jt), (34)

where v1 < v2 < .. .vM are all arbitrary constants and
( f j,g j) and ∀ j are all localized functions with f j(±∞)
and gi(±∞) = G±

i being constants. From the second
equation of (34) we know that ξ may be a multi-valued
function in some possible regions of x by selecting the
function g j suitably. So the function ℘(x, t) may be a
multi-valued function of x in these regions, though it is
a single valued function of ξ . It is also clear that℘(x, t)
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Fig. 1. Four typical folded solitary wave structures for the
field pq expressed by (33) and t = 0 in (34), (35). The related
concrete choices are: (a) Fx = sech2(ξ −v1t), Gy = sech2θ ,

x = ξ −1.2tanh(ξ −v1t), y = θ +k0 tanhθ , F =
∫ ξ Fxxξ dξ +

l0, G =
∫ θ Gyyθ dθ +h0 and a1 = 1, a2 =−2, a3 = 0, k0 = 1,

l0 = 8, h0 = 0; (b) same as (a) but with k0 = −1.1; (c) Fx,
F , G and a1, a2, a3 are the same as (a), however Gy =
sech2θ + sech6θ , x = ξ +2tanh(ξ −v1t)+ tanh2(ξ −v1t)−
k0 tanh3(ξ − v1t), y = θ +2tanhθ + tanh2(θ )− k0 tanh3(θ )
and l0 = 50, h0 = 50, k0 = 5.5; (d) same as (c) but with
h0 = 250, k0 = 10.
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Fig. 2. Time evolution of two foldons for the field pq de-
fined by (33) with Fx = 0.8sech2ξ + 0.5sech2(ξ − 0.25t),
Gy = sech2θ , x = ξ − 1.5tanh ξ − 1.5tanh(ξ − 0.25t), y =
θ − 2tanh θ , F =

∫ ξ Fxxξ dξ + 20, G =
∫ θ Gyyθ dθ and

a1 = 1, a2 =−2, a3 = 0. (a) t =−18, (b) t = 7.2, (c) t = 18.

is an interaction solution of M localized solutions be-
cause of the property ξ |x→∞→ ∞. Now, if we specify
different functions appearing in the formula (33), then
we can get various types of folded solitary waves and /
or foldons.

In Fig. 1, four typical special folded solitary waves
are plotted for the field quantity pq shown by (3)
with Fx =℘(x, t),F =

∫ ξ Fxxξ dξ + l0 and the functions
G(y, t) being given in a similar way:

Gy =
M

∑
j=1

Q j(θ ), y = θ + R(θ ), G =
∫ θ

Gyyθ dθ + h0,

(35)

where l0 and h0 are arbitrary integration constants. In
(35),Q j(θ ), ∀ j, and R(θ ) are localized functions of θ .
The more detailed choices of functions in the figures
are directly given in the figure legends.
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Figures 2a – c show the possible existence of foldons
which are given by (33), and the concrete choice of the
functions is given in the figure legends. From Fig. 2a
and 2c we can see that the interaction of two foldons
is completely elastic. Because one of the velocities of
foldons has been chosen as zero, it can also be seen
that there are phase shifts for the two foldons. Espe-
cially, before the interaction, the static foldon (the large
one) is located at x =−1.5, and after the interaction the
large foldon is shifted to x = 1.5.

4. Summary and Discussion

In summary, with the help of the Bäcklund trans-
formation, a rather general variable separation solu-
tion for the(2+1)-dimensional LDWE is found. Start-
ing from the formula for the quantity pq expressed by
(33) of the (2+1)-dimensional LDWE, folded solitary
waves and foldons have been obtained by choosing
arbitrary functions appropriately. We can see that the
foldons may be folded quite arbitrarily and complicat-

edly, and that they possess quite rich structures and in-
teraction behaviors. Explicit phase shifts for the local-
ized structures defined by (33) have been given. In the
natural world there exist many complicated folded and
/ or multi-valued phenomena. Seeking folded solitary
waves and foldons and solutions of their interaction in
other high dimensional nonlinear models seems useful
and should be studied further.
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