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It is proven that the (2+1) dimensional higher-order Broer-Kaup system the possesses the Painlevé
property, using the Weiss-Tabor-Carnevale method and Kruskal’s simplification. Abundant local-
ized coherent structures are obtained by using the standard truncated Painlevé expansion and the
variable separation method. Fractal dromion solutions and multi-peakon structures are discussed.
The interactions of three peakons are investigated. The interactions among the peakons are not
elastic; they interchange their shapes but there is no phase shift.
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1. Introduction

The integrability of a nonlinear partial differential
equation (NPDE) is an interesting topic in nonlin-
ear science. Many methods have been established by
mathematicians and physicists to study the integrabil-
ity of NPDE’s. Some of the most important methods
are the inverse scattering method(IST) [1], the bilinear
method [2], the symmetry reductions [3], Bäcklund
and Darboux transformations [4], the Painlevé anal-
ysis method [5], etc. As known, a model which is
integrable in one sense may not be integrable in an-
other sense. For instance, some Lax integrable models
may not be Painlevé integrable [6]. Therefore, when
saying a model is integrable, we must say under what
specific meaning(s). For example, we say a model
is Painlevé integrable if the model has the Painlevé
property, and a model is Lax or IST integrable if the
model has a Lax pair and can be solved by the IST
approach.

To find some exact, physically significant coher-
ent soliton solutions (which are localized in all di-
rections) in 2+1 dimensions is much more difficult
than in 1+1 dimensions, though there are many useful
methods developed to find solutions of 1+1 dimen-
sional PDE’s. Recently, one special type of exponen-
tially localized solitons called dromions driven by
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some straight ghost line solitons or by some straight
ghost line solitons together with some curved line
solitons for many 2+1 dimensional integrable models
has been found, using different approaches [7 - 10].
From the study of the symmetry we know that there
exist quite rich symmetry structures for the 2+1 di-
mensional integrable models [11]. This implies that
2+1 dimensional integrable models may have quite
abundant structures. Recently we have found more
and more localized coherent structures (such as ring
solitons, breathers, solitoffs, lumps, instantons and
fractals) of 2+1 dimensional integrable models such
as DS (Davey-Stewartson), NNV (Nizhnik-Novikov-
Veselov), ANNV (asymmetric NNV), (2+1)-dimen-
sional AKNS equations using the variable separation
method [12].

In this paper, we combine the standard Weiss-
Tabor-Carnevale (WTC) approach and Kruskal’s sim-
plification to study the Painlevé integrability of the
2+1 dimensional higher order Broer-Kaup (HBK)
system in Section 2. In Sect. 3, we investigate exact
localized coherent structures of the HBK system us-
ing the variable separation method. We report on
fractal structures and multi-peakon solutions of the
HBK system and interactions of peakons in Sec-
tion 4. The last section gives a short summary and dis-
cussion.
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2. Painlevé Property of 2+1-dimensional
HBK System

The 2+1 dimensional HBK system

+4( + 3 3 +3 ) +12( ) = 0 (1)

+ 4( + 3 2 + 3 + 3 ) = 0 (2)

= 0 (3)

was first obtained from the inner parameter dependent
symmetry constraints of the KP equation [13]. When
we take = , the system (1) - (3) is reduced to the
usual (1+1)-dimensional HBK system.

One of the most powerful methods to prove the in-
tegrability of a model is the so-called Painlevé analy-
sis developed by WTC [5]. Furthermore, the Painlevé
analysis can also be applied to find out some exact
solutions, no matter whether the model is integrable
or not. If one needs only to prove the Painlevé prop-
erty of a model, one may use Kruskal’s simplification
for the WTC approach [14]. If one hopes to find some
more information about the model, one has to use the
original WTC approach or some of its extended forms
[10, 15, 16].

According to the standard WTC method, if the 2+1
dimensional HBK system is Painlevé integrable, then
all the possible solutions of the system can be repre-
sented as

=
=0

+ =
=0

+ (4)

=
=0

+

with sufficiently many arbitrary functions
in addition to , where = ( ) =

( ) = ( ), and = ( )
are analytical functions in the neighborhood of = 0,
and and should all be the negative integers.
In other words, the solutions of the system are single
valued on an arbitrary singularity manifold.

Inserting (4) in (1) - (3), a leading-order analysis
uniquely gives

= = 2 = 1 (5)

0 = 0 = 0 = 2 (6)

Consequently, putting to zero all coefficients of the
powers , we can obtain the recursion relations to
determine the functions :

4( 3)( 4) 2(( 5)( 1) +3 +3 )

= ( 1) (7)

4 ( 2)( 4) 3 12( 4) 2

= ( 1) (8)

( 2) + ( 2)

= ( 1) (9)

where ( ), ( ) and
( , , ,...) are some complicated functions of

0 1 0 1 0 1 1.
From (7) - (9), putting to zero the coefficient deter-

minant of , we find that the resonances
occur at

= 1 1 2 3 3 4 4 5 (10)

The resonance at = 1 corresponds to that the sin-
gularity manifold is an arbitrary function. If the
HBK system is Painlevé integrable, the resonance
conditions at = 1 2 3 3 4 4 5 must be satisfied
identically such that the seven arbitrary functions
among the can be introduced into the gen-
eral series expansions (4). For = 1, we can easily
obtain from (7) - (9)

1 = 1 = (11)

while 1 is an arbitrary function. For = 2, (7) - (9)
give us

2 =
1

( 1 + 2) (12)

2 =
1

12
( + 4 + 12 2

1 + 12 1 )

and 2 is arbitrary. For = 3, from (7) - (9), we get

3 =
1

12 3
( + 4 + 12 1 (13)

+ 24 1
2

1 4 + 12 2
2

+ 12 1 12 1 12 2
3)
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and 3 3 are arbitrary. For = 4, we have

4 =
1

2
( 3 3 + 2 4 ) (14)

while 4 4 also are arbitrary. For = 5, because
the resonance conditions are complicated, we use
Kruskal’s simplification, i. e.:

= + ( ) = ( ) (15)

= ( ) = ( )

where ( ) is an arbitrary function of only.
One can use this simplification without loss of gen-
erality to verify the Painlevé integrability. Under the
simplification (15), the above results can be simpli-
fied as

0 = 0 = 0 = 1 1 = 1 = 0 (16)

2 =
1

( 1 + 2) 2 =
1
12

( + 12 2
1) (17)

3 =
1
12

( + 24 1 1 12 3 ) (18)

4 =
1

2
(2 4 3 )

Using the simplification (15) and the relations (16) -
(18) and with the help of the computer algebras (say
Maple) we can get

5 =
1
48

( 48 1 4 24 2 1 2 24 3 2 36 2 3

12 2 3 12 3 2 3 12 3
2
1 2 )

+
1

48 2
(24 2 3

3 + 24 1 4
3 2 3

+ 2 3 4 4 + 4 4) (19)

5 =
1

12
(48 1 4 + 24 2 1 2 + 24 3 2 (20)

+ 36 2 3 + 12 2 3 24 2 3 24 1 4

+ 12 3 2 + 3 + 12 3
2
1 + 60 5 + 2 )

and 5 is an arbitrary function from the resonance
conditions for = 5. All of the resonance conditions

with eight arbitrary functions are satisfied identically,
so that the 2+1 dimensional HBK system (1 - 3) is
Painlevé integrable.

3. Variable Separation Method

According to the standard truncated Painlevé ex-
pansion we have the Bäcklund transformation

= + 0 =
2

+ + 0 (21)

=
2

2
+ + 0

where 0 0 0 are the seed solution of the (2+1) di-
mensional HBK system. In order to better understand
the localized coherent structures of the 2+1 dimen-
sional HBK system, we find it useful to apply the
variable separation method to this system. According
to the idea of the variable separation method [12], we
assume that

= 1 + 1 ( ) + 2 ( ) + ( ) ( ) (22)

where 1 2 and A are arbitrary constants and
( ) ( ) are only functions of

, respectively, and take the seed solu-
tion as

0 0( ) 0 = 0 0 0( ) (23)

It is clear that the variables and have now been
separated totally into the functions and , respec-
tively. Substituting the Bäcklund transformation (21)
and the ansatz (22) with (23) into (1) - (3) and us-
ing computer algebras (Maple or Mathematica), we
obtain

(2( 1 + ) 1∂ )( + 4 + 12 0 (24)

+ 12( 0 + 2
0) ) + (2( 2 + ) 1∂ ) = 0

Because is -independent and is -independent,
we can separate (24) into the following two equations

+4 +12 0 +12( 0 + 2
0) 0 1 (25)

( 1 1 + 3 1 2 3
2
1 0) 2 = 0

= 3 + ( 1 + 2 2 3 + 2 1 0) (26)

+ ( 2 1 + 2
2 3 + 2 1 0 + 0) 2
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where the functions 0 0( ) 1 1( ) and
3 3( ) are introduced by the variable separation

approach.
To find the general solution of (25) for any fixed

0 0 is still quite difficult. Fortunately we know
that the seed solutions 0 0 are arbitrary functions
of and , so we can treat this problem alternatively
by considering to be an arbitrary function of and
and determining the function 0 by (25). The result is

0 = 2
0

1
12

( + 4 + 12 0 0 1

( 1 1 + 3 1 2 3
2
1 0) 2) (27)

To solve the Riccati equation (26) is very easy
because of the arbitrariness of the functions 0 1

and 3. We can get the solution of (26)

= 1

3 +
+ 2 (28)

where 1 1( ) 2 2( ) 3 3( ) and
( ) can all be considered as arbitrary functions of the

indicated variables, while 0 1 and 3 are related to
1 1( ) 2 2( ) and 3 3( ) by

0 = 2
2 1 2 ( 2 2 2

2
2

2
2 1) 3 (29)

( 2
2 2 2) 1 ( 2 1 ) 1

1 = 2 2 1 2 ( 2 2 1 2 2 2
2
2 (30)

2 2 2 1) 3

( 2 1 2 2 2 ) 1 ( 2 1 ) 1

3 = 1 2
2
2 3 2 1

1
(31)

Now we insert (21) with (23) into the 2+1 dimensional
HBK system and get the exact solutions of the HBK
system

=
( 1 + )

1 + 1 + 2 +
+ 0 (32)

=
( 2 1)

(1 + 1 + 2 + )2
(33)

=
( 1 + )

1 + 1 + 2 +
(34)

( 1 + )2 2

(1 + 1 + 2 + )2
+ 0

where and 0 are arbitrary functions of ,
is given by (28) and 0 is determined by (27) with
(29) - (31).

4. Special Localized Structures of a 2+1-dimen-
sional HBK System

Because (32) - (34) contain the arbitrary function ,
there are abundant soliton structures following from
them, such as the multi-solitoff solutions, the multi-
dromion structure driven by multiple straight lines
and curved line ghost solitons, single- (or multi-)
curved line (camber) solitons, multi-lump structure,
breathers, instantons, etc., given in [12, 18]. Because
the field expansion (33) is the same as that of the
counterparts for the DS, NNV, and AKNS equations,
we do not discuss here these types of localized co-
herent structures further. In this paper, we focus on
fractal structures and peakon solutions.

4.1. Fractal Structure

( i ) Fracta l dromions

In 2+1 dimensions, one of the most important lo-
calized coherent structures ,which is the so-called
dromion solution that is localized exponentially in
all directions, is investigated. Recently, some types of
piecewise smooth solutions like the peakons, cuspons
and compactons are widely applied in 1+1 dimen-
sional soliton systems [19]. All these lower dimen-
sional piecewise smooth functions can also be used to
construct higher dimensional peakons, cuspons and
compactons. If we select in (33) as some types of
lower dimensional piecewise smooth functions with
fractal structures, we can construct exact solutions of
the 2+1 dimensional HBK system. For instance, if we
select ( = )

= exp (3 2 + sin(ln 2)) (35)

= ( ) exp (3 2 + sin(ln 2))

in (32) - (34), we obtain an exact solution of the
2+1 dimensional HBK system with fractal structure
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Fig. 1. Plot of the fractal dromion solution of the HBK
system for the field (33) with (35) and (36).

Fig. 2. The density of the fractal dromion (in Fig. 1) in the
intervals [ 0 11 0 11] [ 0 11 0 11] .

for small and . Figure 1 shows the dromion
structure of the field in (33). Figure 2 shows the
density plot of the dromion structure for the field
in the region [ 0 11 0 11], [ 0 11, 0 11]
for = 0. If we plot the structure of the solution
in smaller regions, say, [ 0 0044, 0 0044],
[ 0 0044, 0 0044] or [ 0 000008, 0 000008],

[ 0 000008, 0 000008] ,..., [ 6 4 10 10,
6 4 10 10], [ 6 4 10 10, 6 4 10 10] ,..., we
can get the interesting result that there are completely
similar structures, as shown in Figure 2.

( i i ) Fracta l mul t i -dromions

In addition to the regular fractal functions, there
exist some other types of irregular fractal functions.
One of the famous fractal functions is the Weierstrass
function

1( ) =
=0

(
3
2

) 2 sin((
3
2

) ( )) (36)

Fig. 3. Plot of the fractal multi-dromion solution of the HBK
system for the field (33) with (37) and (38) for = 0.

If we select and as

= 2 +
1
2 1 tanh(4 + 20) (37)

=
1
5

tanh( ) +
1
4

tanh(2 15) (38)

we can obtain a typical fractal multi-dromion struc-
ture of the field and show this structure for = 0
in Figure 3. No matter how small or large the ranges
are, one can find the amplitudes of the multi-dromion
always to change stochastically.

4.2. Peakon Structures

Since the peakon solution ( = exp( )),
which is called a weak solution of the (1+1) dimen-
sional Camassa-Holm equation [19] due to its dis-
continuity at the crest, was given already, the proper-
ties and interaction behaviors of the peakons for 1+1
dimensional integrable models have been attracted
much attention of physicists and mathematicians [20].
The collisions among the 1+1 dimensional peakons
are completely elastic [21]. However, to our knowl-
edge, the higher dimensional peakon solutions are not
yet investigated, because the 2+1 dimensional two
peakon solutions for the 2+1 AKNS were obtained
only recently [22]. The collision of two 2+1 dimen-
sional peakons is inelastic. For the 2+1 dimensional
HBK system, ff we select

= 1 +
=1

exp( + 0 )
+ 0 0

exp( + 0 ) + 2
+ 0 0

(39)
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Fig. 4a - f. Plot of the interaction of three peakons for the field given by (33) with (39), (40) and (41) at times (a) = 50,
(b) = 40, (c) = 20, (d) = 0, (e) = 6 5, (f) = 13.

and the function as a special type of a static weak
solution

=
=1

exp( ) 0

exp( ) + 2 0
(40)

respectively, where , and 0 are all ar-
bitrary constants and and are arbitrary integers,
we can obtain multi-peakon structures of the field

in (33). For instance, we take the coefficients in (39)
and (40) as

= 3 = 1 1 = 2 = 3 = 1 = 2 = 3 = 1 (41)

1 = 1 = 2 = 1 = 1 =
1
9

2 2 = 4 3 = 3

01 = 0 02 = 10 03 = 4

and obtain the three peakons structure solution of
the field . Figure 4. shows the interaction behavior



J. Lin and H.-m. Li · Structures of (2+1)-dimensional Higher Order Broer-Kaup System 935

Fig. 4g - i. (g) = 20, (h) = 30, (i) = 50.

of the three peakons. From Fig. 4(a) to (i) we ob-
serve three collisions among the three peakons in the
course of time. The middle peakon passes through
the small one and goes forward after the first colli-
sion, but they exchange their shapes, i. e. the shape of
the middle peakon becomes that of the small one and
vice versa. The second collision occurs between the
large peakon and the small one ( which is the original
middle peakon).

The property of the second interaction is the same
as that of the first one, and so the third is. After three
interactions, the large peakon has become the small

Fig. 5. Plot of the evolution of the interacting peakon centers
(located at = 0) of with (39) and (40).

one while the small peakon has become the large one,
but the middle peakon returns to its original shape
through the two collisions. We can also show that
the velocity of the motion of any peakon does not
change because of the interaction with other peakons.
Figure 5 is a plot of the evolution of the centers (at

= 0) of the three peakons which are the same as in
Figure 4. We notice that there are not any phase shifts
for interacting peakons.

5. Summary and Discussions

In summary, applying the standard WTC approach
and Kruskal’s simplification to the 2+1 dimensional
HBK system, we showed that this system satisfies the
Painlevé property. Starting from a Bäcklund trans-
formation and using the variable separation method,
we obtain generalized solutions (which include the
arbitrary functions appearing in the seed solution
and in the variable separation procedure) of the 2+1
dimensional HBK system. Many localized coherent
structures can be detected, such as multi-solitoff so-
lutions, multi-dromion structures, ring soliton solu-
tions, breathers, instantons, which are reported in
[12, 17], etc. In addition to many types of stable lo-
calized structures, one obtaines many types of fractal
patterns by selecting the arbitrary functions as fractal
solutions of some lower dimensional nonintegrable
models. We describe some types of exact fractal so-
lutions such as the fractal dromions and the fractal
multi-dromions. Because of the wide applications of
the fractal theory and the soliton theory in mathemat-
ics, physics, biology etc., studying the more fractal
solutions of the integrable equations with noninte-
grable boundary and / or initial conditions such as the
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stochastic and fractal boundary and / or initial con-
ditions will interest physicists and mathematicians.
Actually, the 2+1 dimensional HBK system is both
Lax integrable and Painlevé integrable. Whereas, as
we know, the stochastic and fractal properties are re-
lated to nonintegrable phenomena, one can find that
the initial and / or boundary conditions possess also
fractal properties if one considers the boundary and /
or initial conditions of the fractal solutions obtained
here.

In this paper we have also reported on abundant
multi-peakon structures and have investigated the in-
teractions (or collisions) of three peakons. It is known
that the travelling dromions and the travelling saddle
type ring soliton solutions possess completely elas-
tic interaction properties [12], while the interactions
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among the travelling peakons given here and in [22]
are not elastic. After the interaction the peakons ex-
change their shapes completely, while their travelling
speeds do not change and there are no phase shifts.
Though the 1+1 dimensional peakon solutions have
been investigated extensively in the literature, the 2+1
dimensional peakon structures are less known. So the
higher dimensional peakon solutions of the various
models are worth to be studied further.

Acknowledgements

The authors are is in debt to thanks for the helpful
discussions with Drs. X.-y. Tang, S.-l. Zhang, X.-m.
Qian and C.-l. Chen. The work was supported by the
National Outstanding Youth Foundation of China and
the National Natural Science Foundation of China.


