
1. Introduction

For the heavy-Fermion-superconductors and the cop-
per-oxide-high Tc-superconductors it is well known that
the T 3 law appears in the temperature dependence of
spin-lattice-relaxation-rate 1/T1 measured by NMR in
the superconducting state, reflecting the anisotropic 
energy gap. The gap anisotropy in these materials orig-
inates from the strong electron correlation. So not only
the superconducting state but also the normal state is
fascinating.

In the newly discovered superconductor MgB2

(Tc = 39 K), 1/T1 of 11B has a small coherence peak 
just below Tc and obeys the exponential law with
2D(0)/kBTc ~ 5 well below Tc [1]. This large gap sug-
gestes a strong coupling, but MgB2 is considered to be
an s wave superconductor. In superconductors such as
Sr2RuO4, CeCoIn5, CeIrIn5 and CeRhIn5, the anisotro-
py in the energy gap has also been discussed in connec-
tion with the mechanism of superconductivity. In
Sr2RuO4 (Tc ~ 1.5 K), 1/T1 of 101Ru exhibits a sharp 
decrease without a coherence peak just below Tc and
shows a T 3 behavior down to 0.15 K [2], which is 
consistent with the line-node gap model. In CeCoIn5,
CeIrIn5 and CeRhIn5, the T 3 dependence of 1/T1 of
115In is also reported well below Tc [3, 4]. The 59Co and
115In Knight shift in CeCoIn5 decreases below Tc, and
the Cooper pair is considered to be a spin singlet.

Even in the conventional superconductors, such as
the A15 compounds V3Si and Nb3Sn and a C15 Laves

phase compound HfV2, the anisotropy in the supercon-
ducting energy gap is interesting. In these materials the
Hamiltonian of a two level system, which is formed by
the strong electron-phonon coupling, is proven to be
equal to that of the Kondo system with a 1/2 spin im-
purity [5, 6]. The periodic two level system corresponds
to the dense Kondo (heavy Fermion) system. This
strong electron-phonon coupling also induces the lattice
transformation. We have measured the 51V NMR in
HfV2 and reported that 1/T1 shows a T 5 dependence and
the Knight shift K due to the 3d spin vanishes complete-
ly well below Tc (= 9.2 K) [7, 8]. In the normal state, K
depends linearly on the susceptibility c above and be-
low the lattice transformation temperature TL (~ 120 K).
The hyperfine field is obtained as – 250 kOe/mB and
– 72 kOe/mB above and below TL, respectively. This
change is due to the change on the electronic state in-
duced by the lattice transformation.

In this paper we analyze the K-c plot in the normal state
and compare the result with another analysis reported in
[7]. In the superconducting state we discuss the d wave
Anderson-Brinkman-Morel (ABM) type energy gap, in
which the gap vanishes at points on the Fermi surface.

2. K-cc plot

Figure 1 (a) shows the temperature dependence of K
in the normal state [7]. The decrease in K with decreas-
ing temperature is ascribed to the increase in the core-
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where Hi
hf is the corresponding hyperfine field and NA

Avogadro’s number. Hhf
3d orb = 216 kOe/mB is given 

from the formula, Hhf
3d orb = 2 mB 〈r–3〉 · 0.75 and 

〈r–3〉 = 1.56 · 1025 cm–3, calculated for a V atom with
[3d]4 configuration by Freeman and Watson [11]. We
assume that c5d (T) is negligibly small because the 
density of states (DOS) N5d (eF) at the Fermi level due
to Hf 5d electrons is only one tenth of N3d (eF) due to V
3d electrons according to a band calculation [12].

In the previous paper we estimated  N3d (eF),  N4s (eF)
due to V 4s electrons, K3d orb,  K4s , c3d orb and c5d orb +
(2/3) cPauli + cdia in the following way [7]. In the low-
temperature region we assumed the Korringa relation
between the relaxation rate 1/T1T and the Knight shift
K due to V 3d and 4s electrons. The least-squares fit to
the measured data of 1/T1T and K yields K3d orb, K4s and
N4s (eF). c3d orb is estimated from K3d orb. To estimate
N3d (eF), we used c = 7.0 · 10–4 emu/mol observed at 
10 K. The total spin susceptibility and the total DOS 
N (eF) are estimated from the observed value of the elec-
tronic specific heat coefficient g. In the high-tempera-
ture region, the temperature dependence of K3d (T) and
(1/T1T)3d due to V 3d electrons is discussed, based on
the narrow band models, Simple Lorentzian model and
Two-peak model. We fit the calculated K and 1/T1T to
the observed temperature dependence of them simulta-
neously by the least-squares method in order to deter-
mine N3d (eF), K3d orb, K4s, and (1/T1T)4s due to V 4s
electrons. The estimated DOS, K and c are shown in 
Table 1.

K is plotted against c with the temperature as an im-
plicit parameter in Fig. 2 (K-c plot). As shown in the 
inset, K depends linearly on c in both temperature rang-
es, 130–280 K and 10–90 K. From the slopes of the 
solid and broken lines in Fig. 2, the hyperfine field 
Hhf

3d = – 250 kOe/mB (high-temperature region) and 
– 72 kOe/mB (low-temperature region) are obtained.
This change in Hhf

3d is too large to be attributed to a
change in the core-polarization due to the V 3d spin.
Since the magnitude of Hhf

4s is one order of magnitude
larger than Hhf

3d, a strong 4s–3d mixing sometimes re-
duces the magnitude of the hyperfine field of transition
elements. We believe that the above decrease in the
magnitude of the hyperfine field originates from the
4s–3d mixing induced by the lattice transformation. The
fraction of N3d (eF) which has 4s character is estimated
to be about 16% to explain this decrease.

c4s and K4s are negligibly small because N4s (eF) is
negligibly small [7, 12]. We introduce the parameters 
x = c5d orb/c3d orb and y = N3d (eF)/N (eF). We write 

polarization due to the V 3d spin associated with the in-
crease in c, whose temperature dependence is shown in
Fig. 1(b). c and K are written as [9]

(1)

(2)

where c3d (T), c4s, c3d orb and cdia are the spin susceptibil-
ities due to V 3d and 4s electrons, the orbital susceptibil-
ity due to V 3d electrons and the diamagnetic susceptibil-
ity due to the V and Hf core electrons, respectively. c5d

(T) and c5d orb are the spin susceptibility and the oribital
susceptibility due to Hf 5d electrons, respectively. cPauli

is the spin susceptibility due to V 3p, Hf 5p, Hf 6s and
other electrons. cdia ~ – 4.6 × 10–5 emu/mol is given by
Gupta [10]. K3d (T), K3d orb and K4s are proportional to
c3d(T), c3d orb and c4s, respectively and written as

(3)
 
K H

N
i hf

i i

A B
i d d orb, 4s= =c

m
( , ),3 3

K K T K K= + +3 3 4d d orb s( ) ,

 

c c c c c

c c c

= + + +

+ + +

3 3 4 5

5

2
3

2
3

d d orb s d

d orb Pauli dia

( ) ( )

,

T T

514 Y. Kishimoto and T. Ohno · 51V NMR Study

Fig. 1. Temperature dependence of (a) 51V Knight shift K and
(b) magnetic susceptibility c in the normal state.



c3d orb + c5d orb = (1 + x) c3d orb = corb. cPauli is obtained
from cPauli = 2 mB

2 (1 – y) N (eF). In the low-temperature
region, using these corb , cPauli , cdia = – 4.6 · 10–5 emu/
mol and c = 7.0 · 10–4 emu/mol measured at 10 K, we
can estimate c3d (T = 0). From c3d (0) = 2 mB

2 N3d (eF)
we can estimate N3d (eF) as a function of x and y. From
N3d (eF)/N (eF) = y we get the relation 1.3 (1 – x) =
(1 + 0.51 x) y. Here, we used N (eF) = 2.36 states
(eV)–1/V spin estimated from the electronic specific
heat coefficient g [7, 8]. From the condition 0 < y < 1,
0.18 < x < 1. When x = 1, y becomes too small (y = 0),
while for x = 0.2, y becomes too large (y = 0.97). The
suitable value of x is considered to be about 0.5. In the
previous paper we estimated y = 0.68 [7], and then 
x = 0.39. In Table 2, K3d orb, c3d orb and c5d orb + (2/3)
cPauli + cdia, estimated for x = 0.5 and x = 0.39, are 
given. K3d orb = 0.66%, c3d orb = 3.4 · 10–4 emu/mol and
c5d orb + (2/3) cPauli + cdia = 1.5 · 10–4 emu/mol estimat-
ed for x = 0.39 agree with those obtained in the previ-
ous paper, as shown in Table 1 [7]. The estimated val-
ues for x = 0.5 are also nearly the same.

In the high-temperature region, considering the pre-
vious results for c3d orb, c5d orb + (2/3) cPauli + cdia and 
y > 0.66 or y > 0.73 in Table 1, we assume x = 0.2 and 
y = 0.7 or 0.8. Here, we use N (eF) = 1.84 states with
(eV)–1/V spin estimated in [7] and N (eF) = 0.91 states
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Table 1. Density of states, Knight shift and magnetic susceptibility estimated in [7].

N (eF) N3d (eF) N4s (eF) N3d (eF)/N (eF) K3d orb c3d orb c5d orb + 2/3 cPauli + cdia

(states (eV)–1/V spin) (%) (10–4 emu/mol)

Low-temperature region 2.36 1.60 1.3 × 10–3 0.68 0.66 3.4 1.5
High-temperature region

Simple Lorentzian model <1.84* 1.22 4.5 × 10–2 >0.66* 0.85 4.4 0.80
Two-peak model <0.89* 0.66 3.8 × 10–2 >0.73* 0.90 4.7 0.31
Band calculation** 0.91 0.64 – 0.70

* cdia + c5d orb > 0 is assumed, though c5d orb is not known; ** Reference [12].

Table 2. K3d orb, c3d orb and c5d orb + (2/3) cPauli + cdia estimated from the K-c plot for some values of x (= c5d orb/c3d orb) and 
y (= N3d (eF)/N (eF)).

N (eF) c5d orb/c3d orb N3d (eF)/N (eF) K3d orb c3d orb c5d orb + (2/3) cPauli + cdia

(states (eV)–1/V spin) (%) (10–4 emu/mol)

Low temperature region 2.36 0.5 0.53 0.63 3.2 2.1
2.36 0.39 0.68 0.66 3.4 1.5

High temperature region 1.84 0.2 0.7 0.84 4.4 0.89
1.84 0.2 0.8 0.86 4.5 0.75
0.91 0.2 0.7 0.86 4.5 0.68
0.91 0.2 0.8 0.87 4.5 0.61

Fig. 2. K-c plot. Broken and solid lines show the linear fit below
and above the lattice transformation temperature TL (~ 120 K),
respectively. The parameters, K3dorb , corb and 2/3 cPauli + cdia for
x = 0.39 and y = 0.68 in the low-temperature region, and those
for x = 0.2, y = 0.8 and N (eF) = 1.84 states (eV)–1/V spin in the
high temperature region are illustrated by the broken and solid
lines, respectively. An enlarged plot is also shown.



(eV)–1/V spin reported by a band calculation [12]. The
obtained values of K3d orb, c3d orb and c5d orb + (2/3) cPau-

li + cdia from the K-c plot are listed in Table 2. The ob-
tained K3d orb = 0.84 ~ 0.87%, c3d orb = (4.4 ~ 4.5) · 10–4

emu/mol and c5d orb + (2/3) cPauli + cdia = (0.61 ~ 0.89)
· 10–4 emu/mol are consistent with those ob-
tained in [7] (Table 1). The values y = 0.7 or 0.8, 
and N (eF) = 1.84 states (eV)–1/V spin or N (eF) = 0.91
states (eV)–1/V spin do not make so much difference.
Therefore, the assumption x = 0.2 is considered to be
reasonable. In Fig. 2, the parameters, K3d orb, corb and
cdia + (2/3) cPauli for x = 0.39 and y = 0.68 in the 
low-temperature region, and for x = 0.2, y = 0.8 and 
N (eF) = 1.84 states (eV)–1/V spin in the high-tempera-
ture region are illustrated by broken and solid lines, re-
spectively.

Both below and above TL, the physical quantities ob-
tained from the K-c plot are consistent with those esti-
mated in [7]. The change in N (eF), N3d (eF), K3d orb, 
c3d orb and c5d orb + (2/3) cPauli + cdia at TL originates
from the lattice transformation.

3. Anisotropy of the Superconducting Energy Gap

In the superconducting state, the low temperature
limiting value of K after the diamagnetic correction is
larger than K3d orb = 0.66%, which is estimated in the
low-temperature region in the normal state [7]. This is
interpreted as the loss of all of 3d spin susceptibility and
means that the Cooper pair is of spin singlet. 1/T1 shows
a very small enhancement just below Tc, and a T 5 de-
pendence well below Tc, while the electronic specific
heat is proportional to T 3 at low temperatures [7, 8].
These temperature dependences mean that the Cooper
pair is of a d wave ABM type in which the supercon-
ducting energy gap vanishes at points on the Fermi sur-
face. 

As a simple example of an even parity d wave ABM
gap, the q- and j-dependent gap in k-space, D (q, j) is
written as [13],

(4)

One can ascertain that ΩD (q, j)Ω vanishes at points, 
(q, j) = (q1, np/2), where cos2 q1 = 1/3 and n is an in-
teger. For another example for the d wave ABM gap,
there is an even parity d g wave,
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or an even parity d e wave, 

(6)

gap in the respective coordinate, where e = (– 1 + i ��3)/2.
There are nodes in the [1, 1, 1] and equivalent directions
on the Fermi surface both in the d g and d e energy gaps.

The ratio (1/T1)s/(1/T1)n of the spin-lattice relaxation
rate (1/T1)s in the superconducting state to (1/T1)n in the
normal state at the same temperature T is written in the
form [14]

(7)

where f (E) is the Fermi-Dirac distribution function, 
Ns (E) DOS in the superconducting state and Ms (E) the
coherent factor term. Ns (E) and Ms (E) are written as

(8)

(9)

Ms (E) is caused by the following processes. When the
Cooper pair is of spin singlet, the interactions H+

IS =
A ∑

k, k′
I+ a*k′, ↓ ak′, ↑ and H–

IS = A ∑
k, k′

I– a*k′, ↑ ak′, ↓, which

bring about the spin-lattice relaxation, induce the tran-
sition between the following electronic states: initial
state Ωi Ò with an electron with wave vector k and 
spin ↑, and a Cooper pair (k′, ↑, – k′, ↓), and final 
state Ω f Ò with an electron with wave vector – k′ and
spin ↓ , and a Cooper pair (k′, ↑, – k′, ↓). Ωi Ò and Ω f Ò
are written in terms of the creation and annihilation op-
erators a*ks and aks of the conduction electron with
wave vector k and spin s as 

Ωi Ò = [(1– hk′)
1/2+ hk′

1/2 a*k′ ↑ a*– k′ ↓]a*k ↑Ω0Ò, (10)

Ω f Ò = [(1– hk)1/2+ hk
1/2 a*k ↑ a*– k ↓]a*– k′′ ↓Ω0Ò , (11)

where Ω0Ò is a vacuum state and
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where ek is the energy of an electron with wave vector k
measured from the Fermi energy and Ek =���ek

2 +��D2(q,��j).
(1/T1)s is proportional to the square of the matrix ele-
ment 〈 fΩH+

ISΩi Ò. Substituting (10) and (11), (1/T1)s is
proportional to [(1 – hk)1/2 (1 – hk′)

1/2 + hk
1/2 hk′

1/2]2.

(13)

Ms (E) comes from the second term in (13).
In the case of a spin triplet Cooper pair, we have to

consider the transition between the following electronic
states instead of (10) and (11):

(14)

(15)

In this case, Ω〈 fΩH+
ISΩi ÒΩ2 is proportional to (1 – hk)

(1 – hk′).

(16)

and Ms (E) disappears.
 

1

1

1

2 2 2 2

T
E E

EE

E E

f E f E E E







∝ ′ ′

⋅ ′
′ ′

⋅ ′ ′

∫ ∫ ∫ ∫
s

d d d dW W

D D– –

( ) ( – ( )) ( – ),d

 
Ω Ωf h h a a a〉 = + 〉↑ ↑ ′↓[( – ) ] ./ /

– –
* * *1 01 2 1 2

k k k k k

 
Ω Ωi h h a a a〉 = + 〉′ ′ ′↑ ′↑ ↑[( – ) ] ,/ /

–
* * *1 01 2 1 2

k k k k k

 

1

1

1

2 2 2 2

T
E E

EE

E E

f E f E E E







∝ ′ ′

⋅ ′ + ′
′ ′

⋅ ′ ′

∫ ∫ ∫ ∫
s

d d d dW W

DD
D D

( )

– –

( ) ( – ( )) ( – ).d

In case of anisotropy expressed by (4) one can ascer-
tain the relation

∫ dW D (q, j) = 0 . (17)

Because the denominator of the integrand in (9) con-
tains D (q, j), (17) does not mean that Ms (E) = 0 direct-
ly. To ascertain whether Ms (E) = 0 or not, we carried
out a numerical calculation of (9) and found that Ms (E)
is at most 10–2 and negligibly small compared to Ns (E).
Without the calculation of the temperature dependence
of (1/T1)s according to (7), it is not clear whether d wave
gaps expressed by (4)–(6) are really appropriate for
HfV2. The calculation of (1/T1)s with these ABM gaps
is now in progress.

4. Summary

We have investigated the change in the electronic 
state in the C15 Laves phase compound HfV2 above
and below the lattice transformation temperature TL by
a K-c plot. Both below and above TL, the physical quan-
tities obtained from the K-c plot are consistent with 
those estimated in [7]. The change in N (eF), N3d (eF), 
K3d orb, c3d orb and c5d orb + (2/3)cPauli + cdia at TL origi-
nates from the lattice transformation.

In the superconducting state, we discussed the d wave
ABM type energy gap in which the gap vanishes at
points on the Fermi surface.
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