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The Schrödinger equation has been solved by \/N expan
sion for a two nucleon system which interacts by an attrac
tive Yukawa potential. For the ground and first excited 
states, energy eigenvalues have been obtained.

The Schrödinger equation of quantum mechanical 
systems can be solved by large-V expansions [1-4]. 
We have applied this method to obtain the energies of 
the ground and first excited states of the deuteron. The 
calculations are carried out by simple algebraic recur
sion methods.

The radial part of the N-dimensional Schrödinger 
equation has the form

The most important term (N
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where l{l + N — 2) is the eigenvalue of the generalised 
angular momentum operator and m the reduced mass.

For the deuteron, m is half of its mass and the 
Yukawa type interaction potential in N dimensions 
takes the form

i>N(r) = — v0 exp {— 9ocr/N2}/r. (2)
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u(r) = Eu(r),

where a = VJk2 and k = N + 2 I.
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where r0 is obtained by minimization of the potential 
1 a

Yr2 ~ 7 '
= 1/4 a, E(~2)= —2ä: (5)

In order to make higher order corrections to the 
ground state energy, one writes x = r(x) — r0 and 
chooses the ground state wave function as

u0(r) = e0o(x>. 

Then (3) transforms to the Riccati equation
- i ( ^ ( x )  + 0'o2(x)) + /c2 Fcff(x)

+ ( - ± k + § ) r - 2(x) + Q(x) = <?0

(6)
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where

Kff(x) =
l

8 r (x) r(x)
+ 2 ä : (8)

and Fcff is chosen in such a way that Fcff(0) = 0. In (7), 
S"0 and Q(x) are given by

= En - k 2E{~2),

Q(x) = 9 et ä X - i  r
n = 0 («+1)!
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(10)

where E0 is the ground state energy.
The recurrence relations for Eq] and <Pq} are ob

tained by substituting the expansions
From (1) and (2), putting R(r) = exp {-{N -  l)/2} u(r) 
and giving lengths in terms of the 7r-meson wave 
length (\/£n = f.i0 = OJ F _1) and energies in terms of 
£ = 2 /j.q h2/m = 40.64 MeV, one obtains

n= - 1
E{0n)k

s  < (x ) /c
n= - 1

(11)

(12)

and Q{x) of (10) into (9) and combining terms of the 
same order in k. E(0n) are determined from the solution 
at x = 0.

From (9) and (11) the ground state energy is calcu
lated to be

En = k2 E(-2) + zn= - 1
k~" Eq'. (13)

When E{0n) is substituted in (13) (k = 3 is taken) the 
ground state energy in units of MeV becomes

E0 = - V 2 S0(ß),
£

(14)
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(15)
(16)0 = 9 a/4 F0 . 

The condition for the series (15) to converge is

For several values of 0 the corresponding £ 0 values 
are determined. Taking F0 = 14.33 g (0.1 ^ g  ^1.5) as 
given in [5], the ground state energy for deuteron [6], 
|£ 0| = 2.2245 MeV, is calculated.

First Excited State

The techniques are similar to the 1 = 0 case except 
that now the wave function of the first state is written
as

Ul(r) = (x -c )e 9llx). (17)

When ux(r) is substituted in (3) an equation similar to 
(7) is obtained, here E{ is the energy of the first excited 
state. Power series for <P\ (x) and S\ of the form of (11) 
and (12) and

c =  X CMk
n= - l

(18)

are substituted, and equating terms of the same order 
in k again, the recurrence relations are obtained. The

equations are solved for <P["\ Cin) and E[n) in a similar 
manner as has been done for the groud state. 

The energy of the excited state in units of MeV is

Ei =

where

SAß) = ~

Vo2
SAß),
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(19)

(20)

On chosing three values for ß and using the V0 values 
already used for the ground state, the following first 
excited state energies are obtained:
0 = 0.0 and V0= 13.4465 MeV 
0 = 0.2 and V0= 14.7288 MeV 
0 = 0.4 and V0 = 16.2159 MeV

Ex = —0.5561 MeV, 
E, = -  0.2930 MeV, 
Ex = —0.0175 MeV.

When ß > 0.4, Ex changes sign, which implies that the 
bound state does not longer exist.

We conclude that by using the large-iV expansion 
we obtained results for the ground and first excited 
states of the deuteron that are consistent with the 
results calculated with other methods, [5], p. 268. The 
Yukawa type interaction can easily be transformed 
into a Coulomb type interaction in the limit a -»• 0. 
The contribution of the charge interactions to the 
energies may also be calculated in a similar way using 
1 /N expansions. It is also possible to obtain solutions 
by choosing more realistic nucleon-nucleon poten
tials [7],

[1] R. A. Ferrell and D. J. Scalapino, Phys. Rev. A 9, 846 
(1974).

[2] G. Moreno and A. Zepeda, J. Phys. B 17, 21 (1984).
[3] L. D. Mlodinow and M. P. Shatz. J. Math. Phys. 25, 943 

(1984).
[4] A. Chatterjee. J. Phys. A 18, 1193 (1985).

[5] S. Flüage. Practical Quantum Mechanics, Springer-Ver
lag, Berlin 1974.

[6] J. M. Eisenberg and W. Greiner, Microscopic Theory of 
the Nucleus, North-Holland. Amsterdam 1976.

[7] P. V. Reid. Ann. Phys. 50, 411 (1968).

Nachdruck — auch auszugsweise — nur mit schriftlicher Genehmigung des Verlages gestaltet 
Verantwortlich für den Inhalt: A. KLEMM 

Satz und Druck: Konrad Triltsch. Würzburg


