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Simple Analytic Expressions for the Total Cross
Section for y-e Pair Production
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lc is given in units of the electron rest energy, rac2,
the threshold for triplet production is k —4.
In the low-energy region 4 ^ k 2S4.6, the cross
section derived by Votruba [10] has been used as
the leading term of a power series in (k —4). De
fining
f(k) = ot (k)lxr0*,
(1)

The total cross section for pair production by photons
in the field of free electrons is fitted to simple analytic
expressions in four intervals of the incident photon energy
which cover the whole range between threshold and infinity.

where a ^ 1/137 is the fine-structure constant and
r02 = e2/iwc2 the classical electron radius, f(k) has
the form
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The knowledge of accurate cross sections for pair
production in the field of electrons or positrons
(triplet production) is required in evaluations of
total photon absorption cross sections [1, 2], for
calculations of the cross section for pair production
in the field of atoms [3], and in astrophysical prob
lems [4—6]. Compared to the familiar BetheHeitler formulae [7] for pair production in the
Coulomb field of a nucleus, the cross section for
triplet production, though obtained by straight
forward application of quantum electrodynamics,
is extremely complicated due to recoil and exchange
effects [8]. Haug [9] has succeeded in deriving an
expression for the doubly differential cross section
for pair production in the field of free electrons in
lowest-order perturbation theory (Born approxi
mation) without neglecting the Feynman diagrams
which describe exchange and the interaction of the
incident photon with the initial electron. This
lengthy formula has to be integrated numerically
for obtaining the total cross section at ■In order to
facilitate the calculation of ot, the total cross sec
tion for triplet production has been fitted to simple
analytical expressions in four intervals of the photon
energy, the fractional error of the approximation
being less than 0.3% everywhere, mostly less than
0.1%.
The total cross section at is a relativistic in
variant ; it is a function of the invariant product of
the energy-momentum four-vectors of the incident
photon and electron which in the rest system of the
target electron reduces to the photon energy k. If
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f(k) = {5.6 -f 20.4 {k - 4) - 10.9 (A; - 4)2
- 3.6 (k - 4)3 + 7.4 (k - 4)4}
• 10-3(jfc — 4)2, 4 < k <: 4.6.
(2)
In the range 4.6
6.0, f(k) can be fitted by a
simple power series in k :
f(k) = 0.582814 - 0.29842 k + 0.04354 ifc2
- 0.0012977 ifc3, 4.6 < ifc < 6.0. (3)
The best approximation for medium energies is
given by
3.1247 - 1.3394 &-f 0.14612 A;2
f(k) =
1 + 0.4648 k -f- 0.016683 ifc2
6 < k 18.
(4)
In the high-energy region the series is based on the
three leading terms of the Borsellino formula [8,11]:
28
218
1
/< * ) = T l n ( 2 i ) - — + ¥
• { - j (In 2 jfc)3 + 3.863 (ln 2 ifc)2
- 11 ln (2 ifc)+ 27.9}, k ^ 1 4 .

(5)

The latter expression is less complicated and more
accurate than the Borsellino-Ghizzetti formula [12].
The fractional errors compared to the numerically
computed cross sections [9] are < 0 .3 % for 14 <
k < 30 and < 0.1 % for k ^ 30.
The analytic shape of the approximations (2) to
(5) is chosen such that they can be integrated in
closed form over a variety of distribution functions
for the photon energy k.
The present empirical formulae for the triplet
cross section complement the series expansion
derived by Maximon [13] for the total cross section
of photon pair production in the Coulomb field of
nuclei.

0340-4811 / 81 / 0400-0415 $ 01.00/0. — Please order a reprint rather than making your own copy.

414

Notizen

[1] J. H. Hubbell, Rad. Res. 70, 58 (1977).
[2] H. A. Gimm and J. H. Hubbell, NBS Technical Note
968, National Bureau of Standards, 1978.
[3] L. C. Maximon and H. A. Gimm, Phys. Rev. A 23,172
(1981).
[4] G. S. Bisnovatyi-Kogan, Ya. B. Zeldovich, and R. A.
Sunyaev, Sov. Astron. A. J. 15, 17 (1971).
[5] W. R. Stoeger, Astron. Astrophys. 61, 659 (1977).
[6] A. P. Marscher, W. T. Vestrand, and J. S. Scott, Astro
phys. J. 242, 1166 [1980].

[7] H. Bethe and W. Heitler, Proc. Roy. Soc. London
A 146, 83 (1934).
[8] J. Joseph and F. Rohrlich, Rev. Mod. Phys. 30, 354
(1958).
[9] E. Haug, Z. Naturforsch. 30a, 1099 (1975).
[10] V. Votruba, Phys. Rev. 73, 1468 (1948).
[11] A. Borsei lino, Nuovo Cim. 4, 112 (1947).
[12] A. Ghizzetti, Rev. Univ. Nacl. Tucuman A 6, 37
(1947).
[13] L. C. Maximon, J. Res. NBS 72B, 79 (1968).

